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PerÐlhyh

Ta t gmata polumer¸n eÐnai pukn� sust mata makromorÐwn. Se tìso pukn� su-

st mata h eleujerÐa twn diamorf¸sewn kai h kÐnhsh k�je polumerik c alusÐdac ephr-

re�zontai shmantik� apì thn diaplok  twn alusÐdwn, h opoÐa ofeÐletai sto ìti den

mporoÔn na diaper�soun h mÐa thn �llh. Upì orismènec sunj kec oi polumerikèc a-

lusÐdec mporoÔn na jewrhjoÔn wc anoiktèc   kleistèc kampÔlec sto q¸ro. To jèma

aut c thc diatrib c eÐnai h an�ptuxh kai h melèth mètrwn diaplok c polumerik¸n thg-

m�twn, qrhsimopoi¸ntac ergaleÐa apì thn TopologÐa, sugkekrimèna apì thn JewrÐa

Kìmbwn. H JewrÐa Kìmbwn melet� aplèc kleistèc kampÔlec me stìqo thn kat�tax 

touc sÔmfwna me thn poluplokìthta thc diaplok c touc.

Sto Kef�laio 1 dÐnoume mÐa eisagwg  sthn JewrÐa Kìmbwn kai thn Algebrik 

TopologÐa me èmfash sta majhmatik� ergaleÐa pou qrhsimopoioÔntai se aut  thn dia-

trib . Pio sugkekrimèna, eis�goume tic ènnoiec: analloÐwtec kìmbwn (arijmìc periè-

lixhc, arijmìc auto-perièlixhc, sustrof ), omotopÐa, omologÐa, sunomologÐa, q¸roc

epik�luyhc, qeirourgik  3-pollaplot twn, kotsÐdec.

Sthn perÐptwsh kleist¸n alusÐdwn h diaplok  twn polumer¸n mporeÐ na metrhjeÐ

mèsw topologik¸n analloÐwtwn kìmbwn kai krÐkwn. Sthn perÐptwsh anoikt¸n alu-

sÐdwn oi topologikèc analloÐwtec kìmbwn kai krÐkwn den mporoÔn na efarmosjoÔn.

'Ena mètro diaplok c anoikt¸n   kleist¸n polumerik¸n alusÐdwn se èna t gma eÐ-

nai to olokl rwma perièlixhc kat� Gauss, L, pou eÐnai mÐa topologik  analloÐwth

sthn perÐptwsh twn kleist¸n alusÐdwn. O arijmìc perièlixhc kat� Gauss eÐnai to

basikì ergaleÐo aut c thc diatrib c. Sto Kef�laio 2 deÐqnoume ìti o arijmìc periè-

lixhc kat� Gauss mporeÐ na efarmosjeÐ se anoiktèc alusÐdec gia na d¸sei èna mètro

thc poluplokìtht�c touc. Sth sunèqeia, qrhsimopoioÔme to olokl rwma perièlixhc

kat� Gauss gia na ektim soume thn auxhtik  t�sh tou mèsou tetragwnikoÔ arijmoÔ

sustrof c, Wr, (Je¸rhma 2.6.2), tou mèsou tetragwnikoÔ arijmoÔ perièlixhc (Je-

¸rhma 2.6.4), tou mèsou tetragwnikoÔ arijmoÔ auto-perièlixhc, Sl, (Je¸rhma 2.6.5),

kai tou mèsou apìlutou arijmoÔ perièlixhc (Je¸rhma 2.6.7) omoiìmorfwn tuqaÐwn pe-

rip�twn se periorismèno q¸ro se sqèsh me to m koc touc, n. ApodeiknÔoume ìti:

E[Wr2] ∼ E[L2] ∼ E[Sl2] = O(n2) kai E[|L|] = O(n) kai ta arijmhtik� mac apo-

telèsmata se tuqaÐouc perip�touc epibebai¸noun tic analutikèc mac problèyeic. H

prosomoÐwsh polumerik¸n alusÐdwn apì omoiìmorfouc tuqaÐouc perip�touc eÐnai èna

aplopoihmèno, all� qr simo, montèlo gia anoiktèc   kleistèc polumerikèc alusÐdec se
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periorismèno q¸ro.

H prosomoÐwsh polumerik¸n thgm�twn apì pio realistik� montèla kai h ektÐmhsh

thc diaplok c twn montèlwn aut¸n eÐnai duskolìterh, all� èqei megalÔtero endia-

fèron. Gia thn prosomoÐwsh enìc t gmatoc polumeroÔc sun jwc qrhsimopoioÔntai

Periodikèc Sunoriakèc Sunj kec (PSS). Me tic PSS to polumerikì t gma par�getai

apì èna kelÐ prosomoÐwshc, to opoÐo epanalamb�netai ston q¸ro dhmiourg¸ntac èna

�peiro plègma. Efarmìzontac èna klasikì mètro diaplok c se èna sÔsthma me PSS

ja prèpei na k�noume èna �peiro (  polÔ meg�lo) pl joc upologism¸n kai, epiplèon,

up�rqei èna �peiro pl joc alusÐdwn sthn Ðdia sqetik  jèsh. Apì thn �llh, to ke-

lÐ prosomoÐwshc perièqei ìlh thn topologik  plhroforÐa tou �peirou q¸rou, ìmwc

ta tm mata alusÐdwn pou perièqontai mèsa sto kelÐ eÐnai polÔ kont� se sqèsh me to

sunolikì m koc twn pragmatik¸n alusÐdwn kai den eÐnai profanèc p¸c sqetÐzetai h

diaplok  touc me thn diaplok  pou parathreÐtai ston suneq  q¸ro tou �peirou sust -

matoc. Epiplèon, gia na l�boume upìyin touc megalÔterouc bajmoÔc diaplok c, prèpei

na melet soume thn diamìrfwsh olìklhrwn twn alusÐdwn ston suneq  q¸ro.

Sto Kef�laio 3, qrhsimopoi¸ntac ton arijmì perièlixhc kat� Gauss, orÐzoume è-

na nèo mètro diaplok c gia alusÐdec se PSS, ton periodikì arijmì perièlixhc, LKP .

Melet�me tic idiìthtèc tou gia kleistèc kai gia anoiktèc alusÐdec se sust mata me

PSS. Gia kleistèc alusÐdec, deÐqnoume ìti tautÐzetai me ton arijmì tom¸n enìc 2-

kukl matoc kai mÐac 2-alusÐdac se mÐa 3−pollaplìthta (sthn perÐptws  mac, stereìc
tìroc, pepaqumènoc tìroc   3-tìroc se mÐa, dÔo   treÐc PSS antÐstoiqa). Gia anoiktèc

alusÐdec o LKP eÐnai èna �peiro �jroisma, gia to opoÐo apodeiknÔoume ìti sugklÐnei

sthn perÐptwsh susthm�twn me mÐa, dÔo   treÐc PSS antÐstoiqa (Jewr mata 3.3.1,

3.3.7 kai 3.3.16). Autì ja mporoÔse Ðswc na jewrhjeÐ to kentrikì apotèlesma au-

t c thc diatrib c. O upologismìc tou periodikoÔ arijmoÔ perièlixhc sthn perÐptwsh

anoikt¸n alusÐdwn mporeÐ na eÐnai dÔskoloc. Gia thn efarmog  sta polumer  orÐzou-

me kai melet�me ton topikì periodikì arijmì perièlixhc, LK, kai tonperiodikì arijmì

perièlixhc kelioÔ, LKC , wc proseggÐseic tou periodikoÔ arijmoÔ perièlixhc. Aut� ta

mètra mporoÔn na upologisjoÔn polÔ eÔkola gia èna t gma polumeroÔc. Sth sunè-

qeia, upologÐzoume autèc tic posìthtec gia deÐgmata thgm�twn PoluaijulenÐou (PE)

kai sugkrÐnoume thn katanom  tou LK prÐn kai met� thn efarmog  tou algorÐjmou

CReTA, o opoÐoc qrhsimopoieÐtai gia na lhfjeÐ adropoihmènh plhroforÐa sqetik� me

thn diaplok  twn polumer¸n. Ta apotelèsmat� mac epibebai¸noun ìti o algìrijmoc

CReTA diathreÐ thn topologik  plhroforÐa enìc t gmatoc.
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H diaplok  twn thgm�twn polumeroÔc eÐnai èna prìblhma poll¸n swm�twn. Ta pa-

rap�nw mètra diaplok c metroÔn thn diaplok  zeug¸n alusÐdwn   thn auto-diaplok 

mÐac alusÐdac se PSS. Sto Kef�laio 4 qrhsimopoioÔme ton periodikì arijmì periè-

lixhc gia na orÐsoume èna mètro diaplok c gia olìklhro to t gma polumeroÔc, ton

periodikì pÐnaka perièlixhc. Melet�me tic idiìthtèc tou kai thn ex�rths  tou apì to

mègejoc tou kelioÔ prosomoÐwshc. ApodeiknÔoume ìti to �jroisma twn stoiqeÐwn k�-

je seir�c tou periodikoÔ pÐnaka perièlixhc eÐnai anex�rthto tou megèjouc tou kelioÔ

(Je¸rhma 4.1.28). EpÐshc, apodeiknÔoume ìti k�poiec apì tic idiotimèc tou periodikoÔ

pÐnaka perièlixhc eÐnai anex�rthtec tou megèjouc tou kelioÔ prosomoÐwshc (Je¸rhma

4.1.30). Gia na l�boume peraitèrw plhroforÐa gia thn diaplok  tou sust matoc apì

ton periodikì pÐnaka perièlixhc, ton susqetÐzoume me èna gr�fhma kai qrhsimopoioÔme

ergaleÐa thc JewrÐac Grafhm�twn (ìpwc h stajer� tou Cheeger kai h Laplasian  e-

nìc graf matoc) gia na melet soume thn omoiogèneia thc diaplok c se èna t gma. Sth

sunèqeia upologÐzoume touc pÐnakec perièlixhc diafìrwn susthm�twn tuqaÐwn perip�-

twn kai ta arijmhtik� mac apotelèsmata epibebai¸noun tic problèyeic mac, deÐqnontac

ìti o pÐnakac perièlixhc mporeÐ na diakrÐnei ta mh omoiogen  sust mata.
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Summary

Polymer melts are dense systems of macromolecules. In such dense systems the

conformational freedom and motion of each chain is signi�cantly a�ected due to the

uncrossability of polymer chains which gives rise to entanglement. Under certain

conditions polymer chains can be viewed as closed or open mathematical curves. The

subject of this thesis is the study and the development of topological measures of

entanglement in polymer melts using tools mainly from Knot Theory. Knot Theory

deals with simple closed curves in space and its aim is to classify them according to

their entanglement complexity.

In Chapter 1 we give an introduction to Knot Theory and Algebraic Topology.

More precisely, we discuss the notions: knot invariants (linking number, self-linking

number, writhe), homotopy, homology, cohomology, covering space, surgery on 3-

manifolds, braids.

In this thesis we explore measures of entanglement for open or closed polymer

chains in a melt. Our main tool is the Gauss linking integral, L. This is a topological

invariant in case of closed chains. In Chapter 2 we show that it can be applied to

open chains to give a measure of their complexity. First, we use the Gauss linking

integral to estimate the scaling of the mean squared writhe, Wr, and mean absolute

linking number of uniform random walks with respect to their length, n. We show

that: E[Wr2] ∼ O(n2) and E[L2] = O(n2). Our numerical results on uniform random

walks con�rm our analytical predictions. Uniform random walks comprise a simpli�ed

model for open or closed polymer chains in con�ned spaces.

Next we focus on realistic samples of polymer melts. For the simulation of a

polymer melt Periodic Boundary Conditions (PBC) are used. With the use of PBC,

the simulation cell is replicated in space to form an in�nite lattice. Applying a

traditional measure of entanglement to a system with PBC would imply an in�nite

(or very large) number of computations. Moreover, there is an in�nite number of

chains in the same relative position. On the other hand, the simulation cell contains

all the entanglement information, but measuring the entanglement of the short arcs

that lie inside it is not representative of the entanglement complexity of the global

chains created in the continuous space.

In Chapter 3 we de�ne a new measure of entanglement for chains in PBC, the

periodic linking number, LKP . We study its properties for closed and open chains
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in systems employing PBC. For closed chains, we show that it coincides with the

intersection number of a 2-chain and a 2-cycle in a 3−manifold (in our case, solid

torus, thickenned torus, or 3-torus, according to one, two or three PBC). For open

chains, LKP is an in�nite summation for which we prove convergence in case of

systems employing one, two or three PBC respectively. This is probably the main

result of this study. For the purpose of application to polymers we de�ne the local

periodic linking number, LK, and the cell periodic linking number, LKC as cut-o�s of

the periodic linking number. We then apply them to samples of Polyethylene melts.

We compare the distribution of LK before and after the application of the CReTA

algorithm, used to obtain coarse grained information of entanglement in polymers.

The entanglement in polymer melts is a many body problem. The above measures

of entanglement measure the pairwise entanglement of chains or the self-entanglement

of a chain. In Chapter 4 we use the periodic linking number to de�ne a measure of

entanglement of the entire polymer melt, the periodic linking matrix. We study its

properties and its dependence on the size of the system. We prove that the sum of the

elements of each row of the periodic linking matrix are independent of cell size. Also,

we prove that some of the eigenvalues of the periodic linking matrix are invariant of

cell size. In order to extract further information from the linking matrix we relate it

to a weighted graph and use tools from Graph Theory (such as the Cheeger constant

and the Laplacian of a graph) to study the homogeneity of entanglement in a melt.

We then compute the periodic linking matrices of di�erent systems of random walks.

Our numerical results con�rm our predictions and show that the linking matrix can

measure the homogeneity of the entanglement in a melt.

This research has been co-�nanced by the European Union (European Social Fund

- ESF) and Greek national funds through the Operational Program "Education and

Lifelong Learning" of the National Strategic Reference Framework (NSRF) - Rese-

arch Funding Program: Heracleitus II. Investing in knowledge society through the

European Social Fund.
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Kef�laio 1

Eisagwgikèc 'Ennoiec apì thn

JewrÐa Kìmbwn kai thn

Algebrik  TopologÐa

Se aut  thn Par�grafo, dÐnoume mÐa sÔntomh eisagwg  sthn JewrÐa Kìmbwn kai parajè-

toume k�poiouc basikoÔc orismoÔc kai apotelèsmata thc Algebrik c TopologÐac (ta opoÐa

ja qrhsimopoihjoÔn sthn Par�grafo 3.2.1). Pio sugkekrimèna, eis�goume tic ènnoiec: anal-

loÐwth kìmbwn (arijmìc perièlixhc, arijmìc auto-perièlixhc, sustrof ), omotopÐa, omologÐa,

sunomologÐa, q¸roc epik�luyhc, qeirourgik  3-pollaplot twn, kotsÐdec.

1.1 Diagr�mmata Kìmbwn/KrÐkwn kai AnalloÐ-

wtec

'Enac kìmboc eÐnai mÐa emfÔteush enìc kÔklou ston S3   ston R3. 'Enac krÐkoc me n suni-

st¸sec eÐnai mÐa emfÔteush n kÔklwn sto q¸ro. DÐnontac se k�je sunist¸sa ènan prosa-

natolismì paÐrnoume ènan prosanatolismèno kìmbo   krÐko. 'Opwc ja doÔme ìloi oi kìmboi  

krÐkoi pou sunant¸ntai stic efarmogèc twn polumer¸n èqoun ènan fusikì prosanatolismì.

Sth sunèqeia ja jewroÔme ìti ìloi oi kìmboi   krÐkoi èinai prosanatolismènoi.

DÔo kìmboi (  krÐkoi) eÐnai isotopikoÐ e�n up�rei mÐa suneq c paramìrfwsh (omoiomìrfi-

smìc) tou q¸rou pou mac p�ei apì ton ènan ston �llo. To kentrikì prìblhma thc JewrÐac

Kìmbwn eÐnai na kajorÐsoume e�n dÔo kìmboi eÐnai isotopikoÐ   ìqi. Se k�je kl�sh isotopÐac

kìmbwn   krÐkwn antisoiqeÐ ènac tÔpoc kìmbou   krÐkou. Gia na xeqwrÐsoume touc diaforeti-

13
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koÔc tÔpouc kìmbwn/krÐkwn qrhsimopoioÔntai analloÐwtec isotopÐac, oi opoÐec eÐnai idiìthtec

oi opoÐec paramènoun analloÐwtec upì isotopikèc kin seic tou kìmbou/krÐkou.

Oi kìmboi kai oi krÐkoi mporeÐ na keÐtontai se �llec 3−pollaplìthtec, diaforetikèc tou

S3   tou R3: MÐa n−pollaplìthta eÐnai ènac q¸roc Hausdor� tètoioc ¸ste k�je shmeÐo

x ∈Mn èqei mÐa geitoni� omoiomorfik  me ton Rn.

Gia thn melèth twn kìmbwn kai krÐkwn, jewrhtikèc (mèsw thc algebrik c topologÐac) kai

sunduastikèc mèjodoi (mèsw diagramm�twn kìmbwn/krÐkwn) qrhsimopoioÔntai kai sundu�zon-

tai gia na xeqwrÐsoume touc diaforetikoÔc tÔpouc kìmbwn kai krÐkwn.

'Enac trìpoc na melet soume kìmbouc   krÐkouc ston S3   ton R3 èggeitai sto na ta

prob�lloume se èna epÐpedo. MÐa probol  lègetai genik  e�n up�rqoun mìno peperasmèna

pollapl� shmeÐa kai ìla ta pollapl� shmeÐa èinai dipl� shmeÐa. 'Ena di�gramma kìmbou  

krÐou eÐnai mÐa genik  probol  enìc kìmbou   krÐkou antÐstoiqa se èna epÐpedo.

DÔo kìmboi   krÐkoi eÐnai isodÔnamoi e�n dÔo opoiad pote diagr�mmat� touc eÐnai isodÔn-

ma mèsw mÐac akoloujÐac kin sewn Reidemeister (deÐte Eikìna 1.1) [116]. MÐa analloÐwth

isotopÐac enìc diagr�mmatoc kìmbou   krÐkou eÐnai mÐa idiìthta tou diagr�mmatoc pou paramè-

nei analloÐwth upì kin seic Reidemeister. Sth sunèqeia ja melet soume k�poiec analoÐwtec

kìmbwn kai krÐkwn.

Sq ma 1.1: Oi kin seic Reidemeister.

O arijmìc diastaur¸sewn

To aploÔstero mètro pou eÐnai endeiktikì thc poluplokìthtac enìc kìmbou kai pou mpo-

reÐ na upologisjeÐ apì èna di�gramma kìmbou   krÐkou eÐnai o arijmìc diastaur¸sewn sto

di�gramma. Fusik�, autì den eÐnai analloÐwth isotopÐac, afoÔ, e�n epilèxoume mÐa �llh ka-

teÔjunsh probol c, o arijmìc twn diastur¸sewn mporeÐ na all�xei. O el�qistoc arijmìc



1.1. DIAGR�AMMATA K�OMBWN/KR�IKWN KAI ANALLO�IWTES 15

Sq ma 1.2: (a) +1 diastaÔrwsh kai (b) −1 diastaÔrwsh

diastaur¸sewn wc proc ìlec tic diamorf¸seic enìc kìmbou kai wc proc ìlec tic dunatèc

kateujÔnseic probol c, onom�zetai o arijmìc diastaur¸sewn c(K), eÐnai mÐa analloÐwth i-

sotopÐac. Par�oti o c(K) eÐnai èna mètro pou orÐzetai eÔkola, o upologismìc tou gia ènan

kìmbo mporeÐ na eÐnai p�ra polÔ dÔskoloc. Pr�gmati, to na apofasÐoume e�n èna di�gramma

anaparist� ton tetrimmèno kìmbo eÐnai èna polÔ dÔskolo alogorijmikì prìblhma [52].

O arijmìc perièlixhc

Ta diagr�mmata kìmbwn   krÐkwn klhronomoÔn ton prosanatolismì tou antÐstoiqou kìm-

bou   krÐkou, opìte ja jewroÔme prsanatolismèna diagr�mmata kìmbwn/krÐkwn. Se èna

prosanatolismèno di�gramma kìmbou   krÐkou, k�je diastaÔrwsh eÐnai enìc tÔpou apì autoÔc

pou faÐnontai sthn Eikìna 2.1. Apì sÔmbash, o algebrikìc arijmìc diastaur¸sewn eÐnai +1

gia mÐa diastaÔrwsh tou pr¸tou tÔpou kai −1 gia mÐa diastaÔrwsh tou deÔterou tÔpou.

O arijmìc perièlixhc dÔo prosanatolismènwn apl¸n kleist¸n kampÔlwn qwrÐc diastaur¸-

seic isoÔtai me to misì algebrikì �jroisma twn diastaur¸sewn metaxÔ twn dÔo probeblhmènwn

kampul¸n se opoiad pote kateÔjunsh probol c. KaneÐc mporeÐ na èukola na epibebai¸sei ìti

autì eÐnai mÐa analloÐwth twn kampÔlwn stic kin seic Reidemeister. O arijmìc perièlixhc

dÔo prosanatolismènwn kleist¸n kampul¸n eÐqe oristeÐ arqik� apì ton Gauss [46] mèsw enìc

oloklhr¸matoc pou metr� ton algebrikì bajmì kat� ton opoÐo mÐa kampÔlh peristrèfetai

gÔrw apì thn �llh:

Orismìc 1.1.1. [Gauss 1877]O arijmìc perièlixhc kat� Gauss dÔo prosanatolismènwn

kampul¸n l1 kai l2, twn opoÐwn h parametrikopoÐhsh kata m koc eÐnai γ1(t), γ2(s) antÐstoiqa,

orÐzetai san èna diplì olokl rwma p�nw apì tic l1 kai l2:

L(l1, l2) =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dtds (1.1)

ìpou (γ̇1(t), γ̇2(s), γ1(t)− γ2(s)) eÐnai to miktì ginìmeno twn γ̇1(t), γ̇2(s) kai γ1(t)− γ2(s).

'Ena shmantikì meinèkthma tou arijmoÔ perièlixhc eÐnai ìti prìkeitai gia mÐa asjen c to-

pologik  analloÐwth. Den mporeÐ na xeqwrÐsei akìma kai aploÔc tÔpouc krÐkwn. O krÐkoc

Whitehead kai oi krÐkoi Borromean eÐnai paradeÐgmata gia ta opoÐa o arijmìc perièlixhc eÐnai
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mhdèn (ìpwc gia ton tetrimmèno krÐko), en¸ autoÐ eÐnai topologik� peplegmènoi, deÐte Eikìna

1.3.

Sq ma 1.3: L = 0 gia ton krÐko whitehead.

Par' ìl' aut�, o arijmìc perièlixhc eÐnai èna jemeli¸dec ergaleÐo sthn an�ptuxh pio euaÐ-

sjhtwn topologik¸n analloÐwtwn kìmbwn kai krÐkwn. Gia par�deigma. mporeÐ na qrhsimopoi-

hjeÐ, èmmesa mèsw tou �peirou kalÔmmatoc tou sumplhr¸nmatoc tou krÐkou, gia na deÐxei ìti o

krÐkoc Whitehead eÐnai m  tetrimmènoc. EÐnai epÐshc ousiastikì ston orismì tou poluwnÔmou

tou Alexander enìc kìmbou   krÐkou, mÐa topologik  analloÐwth pou ja suzht soume sthn

sunèqeia.

Polu¸numa Kìmbwn/KrÐkwn

'Ena polu¸numo kìmbwn eÐnai mÐa apeikìnish apì èna di�gramma kìmbou se ènan daktÔlio

poluwnÔmwn Laurent, to opoÐo eÐnai analloÐwto upì kin seic Reidemeister. Qrhsimopoi¸ntac

to �peiro kuklikì k�lumma tou sumplhr¸matoc enìc kìmbou kai ton arijmì perièlixhc, to

1928 o Alexander ìrise èna peperasmèno akèraio polu¸numo Laurent gia ènan topologikì

tÔpo kìmbou, to polu¸numo Alexander, to opoÐo èqei melethjeÐ kai efarmosjeÐ ekten¸c apì

tìte pou anakalÔfjhke [2]. To 1969, o Conway br ke ènan trìpo upologismoÔ tou polu¸-

numou Alexander enìc krÐkou qrhsimopoi¸ntac thn eponomazìmenh sqèsh skein. Aut  èinai

mÐa genik� grammik  sqèsh metaxÔ twn poluwnÔmwn Alexander diagramm�twn kìmbwn pou dia-

fèroun mìno topik�. Pio sugkekrimèna, susqetÐzei to polu¸numo enìc diagr�mmatoc krÐkou

me ta polu¸numa diagramm�twn krÐkwn pou dhmiourgoÔntai all�zontac mÐa dastaÔrwsh tou

arqikoÔ diagr�mmatoc, deÐte Eikìna 1.4.

To 1984, qrhsimopoi¸ntac mejìdouc apì tic �lgebec von Neumann, o Jones dhmioÔrgh-

se mÐa anapar�stash thc om�dac kotsÐdwn pou tou epètreye na orÐsei èna �llo polu¸numo

kìmbwn to opoÐo apodeÐqjhke ìti eÐnai mÐa polÔ pio dunat  analloÐwth kìmbwn kai krÐkwn

[64, 63]. To 1985 to polu¸numo Alexander kai to polu¸numo Jones autì genikeÔjhke sto po-

lu¸numo HOMFLYPT dÔo metablht¸n [44, 107, 39]. O Kau�man anak�luye mÐa jemelei¸dh
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kataskeu  san to polu¸numo Jones kai �llo èna, anex�rthto, polu¸numo dÔo metablht¸n

[67]. Aut  h melèth enèpneuse mÐa suneqizìmenh exèlixh ìlo kai dunatìterwn analloÐwtwn.

Sq ma 1.4: Ta polu¸numa Alexander, Jones kai HOMFLYPT upologÐzontai apì èna

di�gramma kìmbou   krÐkou qrhsimopoi¸ntac tic sqèseic skein. Gia to polu¸numo

Jones: (t1/2 − t−1/2)V (L0) = t−1V (L+) − tV (L−). Gia to polu¸numo HOMFLYPT:

lP (L+) + l−1P (L−) +mP (L0) = 0.

An kai prìkeitai gia auxanìmena dunatèc analloÐwtec, up�rqoun m  isodÔnamoi kìmboi  

krÐkoi gia touc opoÐouc dÐnoun thn Ðdia tim . 'Omwc genik�, autèc oi analloÐwtec eÐnai ikanèc

na prosdiorÐsoun pist� touc tÔpouc kìmbwn pou sunant¸ntai stic prosomoi¸seic polumer¸n.

O upologismìc enìc poluwnÔmou kìmbwn   krÐkwn qrei�zetai poluwnumikì qrìno sthn

qeirìterh perÐptwsh. Par' ìl' aut�, autì den eÐnai èna meionèkthma gia thn efarmog  touc se

pragmatik� sust mata, afoÔ oi diamorf¸seic pou lamb�noun sun jwc ta polumer  eÐnai polÔ

pio aplèc.

1.2 'OmotopÐa kai Jemeli¸dhc Om�da

Orismìc 1.2.1. E�n (X,TX) kai (Y, TY ) eÐnai topologikoÐ q¸roi, mÐa sun�rthsh h : X → Y

eÐnai ènac omoiomorfismìc e�n kai mìno an

1. h eÐnai 1-1 kai epÐ

2. U ∈ TX an kai mìno an h(U) ∈ TY (h, h−1 suneq c).

'Ena monop�ti ston q¸ro X eÐnai mÐa suneq c apeikìnish f : I → X ìpou I = [0, 1].

Ta shmeÐa f(0) kai f(1) onom�zontai ta arqik� kai telik� shmeÐa tou monopatioÔ antÐstoiqa.

ParathreÐste ìti an f−1 orÐzetai wc f−1(t) = f(1−t), t ∈ I, tìte f−1 eÐnai èna monop�ti ston

X pou en¸nei to f(1) me to f(0). 'Enac kìmboc eÐnai èna monop�ti gia to opoÐo f(0) = f(1),

dhlad  mÐa kleist  kampÔlh, tètoia ¸ste f(x1) ̸= f(x2) ∀x1, x2 ∈ (0, 1). MÐa suneq c

paramìrfwsh enìc monopatioÔ orÐzetai wc ex c:
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Orismìc 1.2.2. MÐa omotopÐa metaxÔ dÔo monopati¸n eÐnai mÐa oikogèneia ft : I → X, 0 ≤
t ≤ 1, tètoia ¸ste

(1) ta shmeÐa ft(0) = x0 kai ft(1) = x1 eÐnai anex�rthta tou t,

(2) h antÐstoiqh apeikìnish F : I × I → X orÐzetai wc F (s, t) = ft(s) eÐnai suneq c. Tìte ta

dÔo monop�tia lègontai omotopik�, f0 ∼ f1.

Sq ma 1.5: a) OmotopÐa. b) H sÔnjesh monopati¸n sèbetai tic kl�seic omotopÐac.

H omotopÐa eÐnai sqèsh isodunamÐac. Dojèntwn dÔo monopati¸n f, g : I → X tètoia ¸ste

f(1) = g(0), up�rqei mÐa sÔnjesh, pou orÐzetai wc: f · g(s) = f(s), e�n 0 ≤ s ≤ 1/2  

= g(2s − 1) e�n 1/2 ≤ s ≤ 1. Aut  h pr�xh sèbetai tic kl�seic omotopÐac (deÐte Eikìna

1.5). E�n periorÐsoume thn prosoq  mac se kleistèc kampÔlec pou èqoun to arqikì kai telikì

shmeÐo tautÐzetai kai lègetai shmeÐo b�shc, tìte to sÔnolo twn kl�sewn omotopÐac [f ] twn

kampÔlwn f : I → X sto shmeÐo b�shc x0 eÐnai mÐa om�da me thn sqèsh isodunamÐac ∼, h
jemelei¸dh om�da tou X sto shmeÐo x0, kai sumbolÐzetai wc π1(X,x0).

Par�deigma 1: H jemeli¸dhc om�da tou kÔklou π1(S1) = Z (deÐte Eikìna 1.16).

Sq ma 1.6: H jemeli¸dhc om�da tou kÔklou, π1(S1) = Z. H apeikìnish Φ : Z→ π1(S
1)

pou stèlnei ènan akèraio n sthn kl�sh omotopÐac thc kleist c kampÔlhc ωn(s) =

(cos2πns, sin2πns) me b�sh to (1, 0) eÐnai ènac isomorfismìc.

Par�deigma 2: 'Estw Rn o Eukleidioc n−q¸roc. Tìte h π1(Rn, x0) eÐnai h tetrimmènh

om�da (h om�da pou perièqei mìno to tautotikì stoiqeÐo). E�n f eÐnai mÐa kleist  kampÔlh



1.3. OMOLOG�IA 19

ston Rn me b�sh to x0, h omotopÐa eujeÐac gramm c eÐnai èna monop�ti omotopÐac metaxÔ thc f

kai tou stajeroÔ monopatioÔ sto x0 (h grammik  omotopÐa ft(s) = (1− t)f0(s) + tf1(s). Pio

genik�, e�nX eÐnai èna opoiod pote kurtì uposÔnolo tou Rn, tìte π1(X,x0) eÐnai h tetrimmènh

om�da. Pio sugkekrimèna, h monadiaÐa mp�la Bn ston Rn èqei tetrimmènh jemelei¸dh om�da.

'Estw ϕ : X → Y mÐa apeikìnish pou stèlnei to shmeÐo x0 ∈ X sto shmeÐo y0 ∈ Y . Tìte
h ϕ ep�gei ènan omomorfismì ϕ∗ : π1(X,x0)→ π1(Y, y0), pou orÐzetai sunjètontac kampÔlec

me b�sh to x0 me thn ϕ1, dhlad , ϕ∗[f ] = [ϕf ]. Autì to monop�ti eÐnai kal� orismèno kai eÐnai

ènac omoiomorfismìc. Oi epagìmenoi omoiomorfismoÐ epitrèpoun oi sqèseic metaxÔ twn q¸rwn

na gÐnoun sqèseic metaxÔ twn jemelei¸dwn om�dwn touc:

Prìtash 1.2.3. E�n ϕ : X → Y eÐnai mÐa isodunamÐa omotopÐac, tìte o epagìmenoc omo-

morfismìc ϕ∗ : π1(X,x0)→ π1(Y, ϕ(x0)) eÐnai ènac isomorfismìc gia k�je x0 ∈ X

'Enac �lloc trìpoc gia na melethjoÔn oi kìmboi èinai na melethjoÔn ta sumplhr¸mat�

touc: E�n K1,K2 eÐnai isotopikoÐ kìmboi èqoume ènan omoiomorfismì h : R3 → R3 tètoion

¸ste h(K1) = K2. PeriorÐzontac thn h sto R \K1 dÐnei ènan omoiomorfismì tou R3 \K1 me

ton R3 \K2 (dhlad , isotopikoÐ kìmboi èqoun omoiomorfik� sumplhr¸mata). H π1(R3 \K)

lègetai om�da tou kìmbou. IsotopikoÐ kìmboi èqoun thn Ðdia om�da kìmbou: E�n K1 ∼ K2

tìte π1(R3 \K1) ∼ π1(R3 \K2). 'Omwc eÐnai al jeia ìti m  isotopikoÐ kìmboi mporeÐ na èqoun

thn Ðdia om�da kìmbou.

H jemelei¸dhc om�da π1(X) eÐnai idiaÐtera qr simh ìtan melet¸ntai q¸roi qamhl c di�-

stashc, ìpwc ja perÐmene kaneÐc apì ton orismì touc, o opoÐoc qrhsimopoieÐ apeikonÐseic mìno

apì q¸rouc qamhl¸n diast�sewn ston X, dhlad  kampÔlec I → X, kai omotopÐec kampul¸n,

dhlad  apeikonÐseic I×I → X. Kaj¸c h jemelei¸dhc om�da qarakthrÐzei tic qamhlèc diast�-

seic den perimènoume na eÐnai polÔ ekleptismèno ergaleÐo gia q¸rouc uyhl¸n diast�sewn (den

mporèi na xeqwrÐsei tic sfaÐrec Sn, n ≥ 2). Autìc o periorismìc se qamhlèc diast�seic mporeÐ

na apokleisteÐ jewr¸ntac tic antÐstoiqec om�dec uyhl¸n diast�sewn thc π1(X). 'Omwc autèc

èqoun to meionèkthma ìti eÐnai polÔ dÔskola upologÐsimec. Gia autìn ton lìgo h omologÐa

kai h sunomologÐa qrhsimopoioÔntai gia ton upologismì om�dwn omotopÐac.

1.3 OmologÐa

Ja perigr�youme mÐa sunduastik  prosèggish thc topologÐac pou basÐzetai ston diaqwrismì

tou q¸rou se domik� stoiqeÐa (eponomazìmena keli� sugkentrwnmèna se sumploka) kai tìte

melet¸ntai aut� kai o trìpoc me twn opoÐo sugkoll¸ntai gia na diamorf¸soun ton q¸ro.



20 KEF�ALAIO 1. EISAGWGIK�ES �ENNOIES

'Ena n−sÔmploko orÐzetai san to mikrìtero kurtì sÔnolo ston EukleÐdio q¸ro Rm pou

perièqei n+ 1 shmeÐa v0, . . . , vn pou den keÐtontai se mÐa uperepif�neia di�stashc mikrìterhc

apì n. Dhlad , èna shmeÐo x an kei se èna n−sÔmploko an kai mìno an x = λ0v0 + . . . λnvn,

ìpou λi > 0 kai
∑
λi = 1. MÐa isodÔnamh sunj kh ja  tan ìti ta dianÔsmata diafor¸n

v1−v0, . . . , vn−v0 eÐnai grammik� anex�rthta (deÐte Eikìna 1.7). Ta shmeÐa vi eÐnai oi korufèc
tou sumplìkou, kai èna n−sÔmploko sumbolÐzetai wc ⟨v0, . . . , vn⟩. E�n sb soume mÐa apì tic

n + 1 korufèc enìc n−sumplìkou, èstw thn k−st  koruf , tìte oi upìloipec n korufèc

par�goun èna (n − 1)−sÔmploko, to opoÐo sumbolÐzoume ⟨v0, . . . , v̄t, . . . , vn⟩, kai onom�zetai
mÐa èdra tou < v0, . . . , vn >.

Sq ma 1.7: 'Estw v0, v1, . . . , vk shmeÐa tou EukleÐdeiou n−q¸rou En se genik  jèsh.

To mikrìtero kurtì sÔnolo pou ta perièqei eÐnai èna sÔmploko di�stashc k. Sumbo-

lÐzoume ⟨v0⟩ thn koruf    to 0−sÔmploko v0. ⟨v0, v1⟩ eÐnai h akm    to 1−sÔmploko
apì to v0 sto v1. ⟨v0, v1, v2⟩ eÐnai to 2−sÔmploko me korufèc tic v0, v1, v2 me ton

prosanatolismì pou orÐzei h seir� touc. 'Ena 3−sÔmploko ⟨v0, v1, v2, v3⟩ èqei ton
prosanatolismì mÐac èlikac   mÐac bÐdac pou orÐzetai apì tic �llec akmèc.

Gia na jumìmaste p¸c koll¸ntai aut� ta sÔmploka gia na diamorf¸soun ton q¸ro, prè-

pei na touc d¸soume ènan prosanatolismì. MÐa akm  èqei ènan fusikì prosanatolismì:

apì to arqikì sto telikì shmeÐo. deÐqnoume ton prosanatolismì me èna bèloc, deÐte Eikìna

1.7. Prosanatolismìc mporeÐ na dojeÐ kai se 2−sÔmploka, deÐte Eikìna 1.7. All�zontac

th seir� twn koruf¸n mporoÔme na all�xoume ton prosanatolismì tou sumplìkou. Genik�

−⟨v0, . . . , vn⟩ = ⟨v1, . . . , vn⟩.
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'Estw X 'Enac q¸roc, h apeikìnish σa : ∆n → X onom�zetai èna monadikì n−sÔmploko.
MÐa dom  ∆−sumplìkwn se ènan q¸ro X eÐnai mÐa sullog  apeikonÐsewn σa : ∆n → X, me n

pou exart¸ntai apì ton deÐkth a, tètoiec ¸ste:

(i) O periorismìc σa|Int(∆)n eÐnai epimorfismìc, kai k�je shmeÐo tou X an kei sthn eikìna

skrib¸c enìc tètoiou periorismoÔ σa|Int(∆)n.

(ii) K�je periorismìc tou σa se mÐa èdra tou ∆n eÐnai mÐa apì tic apeikonÐseic σβ : ∆n−1 → X.

Ed¸ tautÐzoume thn èdra tou ∆n me to ∆n−1 me ton kanonikì grammikì omoiomorfismì metaxÔ

touc pou diathreÐ thn di�taxh twn koruf¸n (deÐte Eikìna 1.8).

Sq ma 1.8: Apagoreumènec tomèc.

(iii) 'Ena sÔnolo A ⊂ X eÐnai anoiktì an kai mìno an σ−1
α (A) eÐnai anoiktì ston ∆n gia k�je

σα.

MÐa epÐptwsh tou (iii) eÐnai ìti o X mporeÐ na qtisteÐ tautÐzontac k�je èdra enìc ∆n
α me to

∆n−1
β pou antistoiqeÐ ston periorismì σβ tou σα sthn prokeÐmenh èdra, ìpwc sthn Eikìna

1.9.

Sq ma 1.9: MÐa dom  ∆−sumplìkwn p�nw ston tìro, to probolikì epÐpedo, kai to

Klein bottle. K�je q¸roc mporeÐ na prokÔyei apì èna tetr�gwno tautÐzontac tic

apènanti akmèc ìpwc upodeiknÔoun ta tìxa. Kìbwntac èna tetr�gwno kat� m koc mÐac

diagwnÐou par�gei dÔo trÐgwna tautÐzontac kata zeÔgh tic akmèc touc.
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'Opwc mporoÔme na doÔme sto par�deigma enìc ∆−sumplìkou ston tìro, to tìxo dÐnei

mÐa fusik  shmasÐa sthn èkfrash +b: èstw b h diadrom  kat� m koc enìc monopatioÔ b kat�

thn kateÔjunsh tou tìxou. Tìte 2b orÐzei mÐa diadrom  dÔo forèc gÔrw apì to b kai −b mÐa
diadrom  kat� m koc tou b me ton antÐjeto prosanatolismì. 'Ara, apodÐdoume nìhma sto nb

gia k�je n ∈ Z. AntÐstoiqh shmasÐa èqei k�je pollapl�sio mÐac akm c a. Epiplèno, a + b

shmaÐnei mÐa diadrom  mprost� kat� m koc tou monopatioÔ a kai met� kat� m koc tou b.

Me b�sh ta n−sÔmploka kai thn sqèsh pou orÐsame mporoÔme na fti�xoume om�dec. 'Estw
Cn(X) h eleÔjerh abelian  om�da me b�sh ta anoikt� n−sÔmploka σα touX. Ta stoiqeÐa tou

Cn(X) onom�zontai n−alusÐdec, kai mporoÔn na graftoÔn san peperasmèna tupik� ajroÐsmata∑
α nασα.

To sÔnoro enìc n−sumplìkou eÐnai to n−sÔmploko pou apoteleÐtai apì ìla ta (n −
1)−sÔmploka pou eÐnai èdrec tou ⟨v0, . . . , vn⟩, me ton prosanatolismì pou klhronomoÔn apo

ton prosanatolismì tou ⟨v0, . . . , vn⟩. Gia èna genikì ∆−sÔmploko X orÐzoume ènan omomor-

fismì sunìrou ∂n : Cn(X)→ Cn−1(X) kajorÐzontac tic timèc tou sta stoiqeÐa thc b�shc.

∂n(σα) =
∑
t

(−1)tσα|⟨v0, . . . , v̄t, . . . , vn⟩ (1.2)

L mma 1.3.1. H sÔnjesh Cn(X)
∂n−→ Cn−1(X)

∂n−→ Cn−2(X) eÐnai mhdèn.

'Ara èqoume orÐsei ènan omomorfismì sunìrou gia om�dec alusÐdwn upodiair¸ntac sÔmploka

keli¸n se uposÔmploka, kai èqoume mÐa akoloujÐa omomorfismoÔ abelian¸n om�dwn

. . .→ Cn+1
∂n+1−−−→ Cn

∂n−→ Cn−1 → . . .→ C1
∂1−→ C0

∂0−→ 0 (1.3)

me ∂n∂n+1 = 0 gia k�je n. MÐa tètoia akoloujÐa lègetai sÔmploko alusÐdwn. H eikìna

tou ∂n+1 perièqetai ston pur na tou ∂n gia k�je n. E�n h eikìna tou ∂n+1 isoÔtai me ton

pur na tou ∂n gia k�je n, h akoloujÐa lègetai akrib c. E�n ìqi, melet�me thn apìklis 

thc apì to na eÐnai akrib c orÐzontac thn nst
′h−om�da omologÐac tou sumplìkou alusÐdwn wc

thn om�da phlÐko Hn = ker ∂n/Im∂n+1. Ta stoiqèia tou ker ∂n lègontai kukl mata kai ta

stoiqeÐa tou Im∂n+1 lègontai sÔnora. Ta stoiqèia tou Hn eÐnai sÔmploka tou Im∂n+1, pou

onom�zontai kl�seic omologÐac. DÔo kukl mata pou anaparastoÔn thn Ðdia kl�sh omologÐac

lègontai omologik� (sumbolÐzoume a ∼ b). Autì shmaÐnei ìti h diafor� touc eÐnai èna sÔnoro

(deÐte Eikìna 1.10).
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Sq ma 1.10: a) EÐnai c+ d ∼ b, afoÔ h diafor� touc eÐnai to sÔnoro enìc 2−kelioÔ τ ,
dhlad  ∂(τ) = c+d−b. b) To sÔnoro tou a eÐnai mhdèn, ìmwc a ̸∼ 0, afoÔ den eÐnai to

sÔnoro enìc 2−kelioÔ (periklÔei mÐa koilìthta). c) Apì thn �llh, b ∼ 0, afoÔ eÐnai

to sÔnoro enìc 2−kelioÔ σ kai to sÔnorì tou eÐnai mhdèn.

Gia mÐa apeikìnish f : X → Y , ènac epagìmenoc omomorfismìc f♮ : Cn(X) → Cn(Y )

orÐzetai sunjètontac k�je monadikì n−sÔmploko σ : ∆n → X me thn f gia na l�boume èna

monadikì n−sÔmploko f♮(σ) = fσ : ∆n → Y , kai epekteÐnontac thn f♮ grammik� mèsw thc

f♮(
∑

i niσi) =
∑

)inif♮(σi) =
∑

i nifσi. Oi apeikonÐseic f♮ : Cn(X) → Cn(Y ) ikanopoioÔn

f♮∂ = ∂f♮. 'Ara oi f♮ orÐzoun mÐa apeikìnish alusÐdwn apì to monadikì sÔmploko alusÐdwn

tou X se autì tou Y . Apì thn sqèsh f♮∂ = ∂f♮ ep�getai ìti h f♮ stèlnei kukl mata se

kukl mata afoÔ ∂α = 0 shmaÐnei ∂(f♮α) = f♮(∂α) = 0. EpÐshc, f♮ stèlnei sÔnora se sÔnora.

'Ara f♮ ep�gei ènan omomorfismì f∗ : Hn(X)→ Hn(Y ).

Prìtash 1.3.2. MÐa apeikìnish alusÐdwn metaxÔ sÔmplìkwn alusÐdwn ep�gei omomorfi-

smoÔc metaxÔ twn om�dwn omologÐac twn dÔo sumplìkwn.

1.4 SunomologÐa

Dojèntoc enìc q¸rou X kai mÐac abelian c om�dac G, orÐzoume thn om�da Cn(X;G) thc

monadik c n−sunalusÐdac me suntelestèc ston G na eÐnai h duik  om�da Hom(Cn(X), G)

thc monadik c om�dac alusÐdwn Cn(X). 'Ara mÐa n−sunalusÐda ϕ ∈ Cn(X;G) antistoiqeÐ se

k�je monadikì n−sÔmploko σ : ∆n → X mÐa tim  ϕ(σ) ∈ G.
H apeikìnish sun-sunìrou δ : Cn(X;G) → Cn+1(X;G) eÐnai h duik  ∂∗, �ra gia mÐa

sunalusÐda ϕ ∈ Cn(X;G), to sun-sÔnoro tou δϕ eÐnai h sÔnjesh Cn+1(X)
∂−→ Cn(X)

ϕ−→ G.

Autì shmaÐnei ìti gia èna monadikì (n+ 1)−sÔmploko σ : ∆n+1 → X èqoume

δϕ(σ) =
∑
i

(−1)iϕ(σ|[v0, . . . , v̄i, . . . , vn+1]) (1.4)
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Sq ma 1.11: Gia mÐa abelian  om�da G, to sÔnolo ìlwn twn sunart sewn apì amèc

tou X sthn G apoteleÐ epÐshc mÐa abelian  om�da, thn opoÐa sumbolÐzoume ∆0(X;G).

OmoÐwc, èqoume ∆1(X;G),∆2(X;G). MÐa sun�rthsh ϕ ∈ ∆0(X;G) èqei δϕ = 0 an

kai mìno an h ϕ èqei thn Ðdia tim  kai sta dÔo �kra k�je akm c tou X. H H1(X;G) =

∆1(X;G)/Imδ ja eÐnai tetrimmènh an kai mìno an h exÐswsh δϕ = ψ èqei mÐa lÔsh

ϕ ∈ ∆0(X;G) gia k�je ψ ∈ ∆1(X;G). δψ = 0 an kai mìno an h ψ ikanopoieÐ thn

prosjetik  idiìthta ψ([v0, v2]) = ψ([v0, v1]) + ψ([v1, v2]).

Profan¸c èqoume ìti δ2 = 0 afoÔ δ2 eÐnai o duikìc tou ∂2 = 0. 'Etsi mporoÔme na orÐsoume

thn om�da sunomologÐac Hn(X;G) me suntelestèc ston G na eÐnai to phlÐko ker δ/Imδ sthn

Cn(X;G) sto sÔmploko sunalusÐdwn

. . .← Cn+1(X;G)
δ←− Cn(X;G)← . . .← C0(X;G)← 0 (1.5)

StoiqeÐa tou ker δ eÐnai ta sunkukl mata, kai stoiqeÐa toj Imδ eÐnai ta sun-sÔnora. Mia

sunalusÐda ϕ eÐnai èna sunkÔklhma an δϕ = ϕ∂ = 0,   me �lla lìgia, an ϕ mhdenÐzetai sta

sÔnora.
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1.4.1 Duðkìc isomorfismìc Poincaré

'Estw ìti mÐa kleist  prosanatolismènh pollaplìthta Mn diasp�tai se keli� me dÔo diafo-

retikoÔc trìpouc ètsi ¸ste na up�rqei mÐa 1-1 antistoiqÐa metaxÔ twn anoikt¸n k−keli¸n thc
mÐac di�spashc kai ta anoikt� (n−k)−keli� thc �llhc di�spashc. SumbolÐzoume ta antÐstoi-

qa anoikt� keli� wc σi kai σ∗i antÐstoiqa. Ac upojèsoume ìti σi ∩ σ∗j = ∅ gia i ̸= j kai ìti ta

keli� σi kai σ∗i tèmnontai k�jeta se èna shmeÐo gia k�je i. JewroÔme ìti ta keli� σi kai σ∗i
eÐnai prosanatolismèna ètsi ¸ste ta e1, . . . , ek kai ϵ1, . . . , ϵn−k na eÐnai jetik� prosanatoli-

smènec b�seic gia toMn. Tèloc upojètoume ìti h om�da twn suntelest¸n eÐnai h prosjetik 

om�da enìc prosetairistikoÔ antimetajetikoÔ daktulÐou R me tautotikì stoiqeÐo. Se aut  thn

perÐptwsh, mporoÔme na jewr soume ìti o arijmìc diastaur¸sewn gia tic alusÐdec
∑
aiσi

kai
∑
biσ

∗
i ; orÐzontai wc

int(
∑

aiσi,
∑

biσ
∗
i ) =

∑
δijaibj =

∑
aibi (1.6)

To aparaÐthto zeÔgoc twn diasp�sewn keli¸nK kaiK∗ mporeÐ na kataskeuasteli wc ex c:

Gia K jewroÔme mÐa tuqaÐa trigwnopoÐhsh thc pollaplìthtac Mn. 'Estw K ′ h barukentrik 

di�spash aut c thc trigwnopoÐhshc. Gia k�je sÔmploko ∆k thc trigwnipoÐhshc tou K, èstw

ìla ta sÔmploka tou K ′ pou tèmnoun to ∆k akrib¸c sto barÔkentrì tou. H ènws  touc eÐnai

èna kleistì (n − k)−kelÐ, sumbolÐzoume me (∆k)∗. Aut� ta keli� apoteloÔn thn di�spash

tou K∗.

Qrhsimopoi¸ntac ton arijmì diastaur¸sewn, kataskeu�zoume mÐa digrammik  apeikìnish

ϕ : Hk(M
n;R)×Hn−k(M

n;R)→ R. (1.7)

Pio sugkekrimèna, paÐrnoume tic diasp�seic twnK kai K∗, kai epilègoume ta keli�
∑
aiσi

kai
∑
biσ

∗
i pou anaparistoÔn tic kl�seic omologÐac α ∈ Hk(M

n;R) kai β ∈ Hn−k(M
n;R), kai

orÐzoume ϕ(α, β) na eÐnai o arijmìc diastaur¸sewn aut¸n twn keli¸n (kuklhm�twn).MporoÔme

na exakrib¸soume ìti autìc o arijmìc diastaur¸sewn den exart�tai apì ta kukl mata pou

anaparistoÔn ta α kai β.

Qrhsimopoi¸ntac tic diasp�seic keli¸n twn K kai K∗, mporoÔme na l�boume thn antistoi-

qÐa metaxÔ twn alusÐdwn
∑
aiσi kai

∑
aiσ

∗
i . Wstìso, aut  h antistoiqÐa den èqei endiafèron

wc proc thn omologÐa epeid  oi alusÐdec (∂σ)∗ kai ∂(σ∗) an koun se diaforetikoÔc q¸rouc

(dhlad , e�n dimσ = k, tìte dim(∂σ)∗ = n − k + 1, ìpou dim ∂(σ∗) = n − k − 1). EÐnai

pio fusikì na susqetÐsoume k�je alusÐda ck =
∑
aiσi me mÐa sunalusÐda cn−k gia thn opoÐa

cn−k(σ∗i ) = ai, dhlad ,

cn−k
(∑

biσ
∗
i

)
=

∑
aibi = int

(
ck,

∑
biσ

∗
i

)
. (1.8)
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Me �lla lìgia h tim  thc sunalusÐdac cn−k sth suggekrimènh alusÐda isoÔtai me ton arijmì

diastaur¸sewn tou cn−k me to ck kai mÐa tètoia sunalusÐda up�rqei kai eÐnai monadik .

'Eqoume

δcn−k(dn−k+1) = cn−k(∂dn−k+1)

= int(ck, ∂dn−k+1) = (−1)kint(∂ck, dn−k+1),
(1.9)

dhlad , me k�je alusÐda thc morf c ∂ck sqetÐzetai h sunalusÐda ±δcn−k. Sugkekrimèna, autì

shmaÐnei ìti sta kukl mata kai ta sÔnora antistoiqoÔn sunkukl mata kai sunsÔnora, antÐ-

stoiqa. 'Ara autìc o isomorfismìc metaxÔ tou q¸rou twn k−alusÐdwn ston K kai tou q¸rou

twn (n− k)−sunalusÐdwn ston K∗ ep�gei ènan isomorfismì metaxÔ twn om�dwn Hk(M
n;R)

ksi Hn−k(Mn;R), pou lègetai isomorfismìc duðkìthtac Poincaré.

Parat rhsh 1.4.1. 'Estw c1, c2 kleistèc prosanatolismènec kampÔlec ston S3. Kajo-

rÐzoun ta monodi�stata kukl mata (me suntelestèc ston Z), ta opoÐa epÐshc sumbolÐzoume

me c1, c2. 'Estw d1 mÐa didi�stath alusÐda tètoia ¸ste ∂d1 = c1. O arijmìc diastaur¸sewn

int(d1, c2) isoÔtai me ton arijmì perièlixhc twn kampÔlwn c1 kai c2, lk(c1, c2). EÐnai eÔko-

lo na exakrib¸soume ìti o arijmìc diastaur¸sewn int(d1, c2) den exart�tai apì thn epilog 

tou d1. Pr�gmati, e�n d′1 eÐnai mÐa �llh alusÐda gi athn opoÐa ∂d′1 = ∂d1, tìte d′1 − d1

eÐnai èna kÔklhma kai, �ra, èna sÔnoro (epeid  h didi�stath om�da omologÐac thc sfaÐrac

S3 eÐnai tetrimmènh). 'Estw e mÐa tridi�stath alusÐda gia thn opoÐa d′1 − d1 = ∂c. Tìte

int(d′1− d1, c2) = int(∂e, c2) = int(e, ∂c2) = 0. EÐnai eÔkolo na deÐxoume ìti autìc o orismìc

eÐnai isodÔnamoc me to misì algebrikì �jroisma twn diastaur¸sewn metaxÔ twn dÔo kampul¸n

se opoiad pote probol  touc. Gia na deÐxoume ìti oi dÔo orismoÐ eÐnai isodÔnamoi, topoje-

toÔme tic kampÔlec c1, c2 ètsi ¸ste na af noun to epÐpedo tou diagr�mmatoc mìno se mikrèc

geitonièc twn diastaur¸sewn. MporoÔme epÐshc na upojèsoume ìti h epif�neia d1 brÐsketai

p�nw apì to epÐpedo tou diagr�mmatoc, ektìc apì mikrèc geitonièc twn diastaur¸sewn (deÐte

Eikìna 1.12).
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Sq ma 1.12: H epif�neia d1.

Endiaferìmaste mìno stic diastaur¸seic ìpou h kampÔlh c2 pern� p�nw apì thn c1. Aut�

eÐnai akrib¸c ta shmeÐa ìpou h c2 tèmnei thn epif�neia d1. Ta prìshma den prokaloÔn kanèna

prìblhma. Gia par�deigma sthn Eikìna 1.12, b b�sh e1, e2, ϵ1 eÐnai prosanatolismènh jetik�

(qrhsimopoioÔme ton Ðdio sumbolismì ìpwc ston orismì tou arijmoÔ diastaur¸sewn); autì

antistoiqeÐ se mÐa jetik  diastaÔrwsh.

1.5 Q¸roi epik�luyhc

1.5.1 Q¸roi ginìmena kai q¸roi phlÐka

Se aut  thn par�grafo melet�me trìpouc kataskeu c nèwn topologik¸n q¸rwn apì palioÔc.

Dojèntwn topologi¸n stouc X kai Y , mÐa topologÐa orÐzetai fusik� ston X × Y =

{(x, y) : x ∈ X, y ∈ Y }.

Orismìc 1.5.1. 'Estw X ènac topologikìc q¸roc me topologÐa τ kai Y ènac topologikìc

q¸roc me topologÐa τ . MÐa b�sh gia thn topologÐa ginìmeno ston X × Y dÐnetai apì ton B

ìpou N ∈ B an N eÐnai thc morf c N = O×O′ gia O ∈ τ kai O′ ∈ τ ′. Sunart seic probol c
pX : X × Y → X kai pY : X × Y → Y orÐzontai wc pX(x, y) = x and pY (x, y) = y

ParathroÔme ìti kaneÐc xekin� me thn sullog  ìlwn twn anoikt¸n sunìlwn tou X kai tou

Y , all� katal gei se mÐa b�sh   èna sÔsthma geitoni¸n tou X × Y , ìqi ìlh thn topologÐa.
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Sq ma 1.13: 'Estw I to monadiaÐo di�sthma [0, 1] kai S1 o monadiaÐoc kÔkloc, tìte I×I
eÐnai to monadiaÐo tetr�gwno, S1 × I eÐnai ènac kÔlindroc, kai S1 × S1 ènac tìroc.

Par�deigma 1: O tìroc eÐnai o q¸roc S1×S1, deÐte Eikìna 1.13. O tìroc me to eswterikì

tou eÐnai to ginìmeno S1 × D2, to ginìmeno S1 × S1 × I eÐnai o pepaqumènoc tìroc, kai

S1 × S1 × S1 eÐnai o trÐa tìroc, T 3.

Orismìc 1.5.2. 'Estw X ènac topologikìc q¸roc me ∼ mÐa sqèsh isodunamÐac orismènh

ston X. OrÐzoume thn kl�sh isodunamÐac x ∈ X me [x] = {y ∈ X : y ∼ x}. O q¸roc taÔtishc

X/ ∼ orÐzetai wc to sÔnolo twn kl�sewn isodunamÐac thc sqèshc ∼, �ra X/ ∼= {[x] : x ∈
X}. Up�rqei mÐa fusik  sun�rthsh f : X → X/ ∼ pou orÐzetai wc f(x) = [x]. 'Estw τ h

topologÐa tou X. OrÐzoume thn topologÐa phlÐko τ ′ ston X/ ∼ orÐzontac U ⊂ X/ ∼ na eÐnai

anoiktì an f−1(X/ ∼) eÐnai anoiktì ston X. 'Ara X/ ∼∈ τ an kai mìno an f−1(X/ ∼) ∈ τ .

'Enac nèoc q¸roc eÐnai ènac trìpoc na poÔme ìti ènac nèoc q¸roc dhmiourg jhke paÐrnontac

ton ènan q¸ro X kai koll¸ntac k�je x se k�je y pou ikanopoieÐ y ∼ x, deÐte Eikìna 1.16.

Sq ma 1.14: MÐa geitoni� tou [x] ∈ X/ ∼ orÐzetai san èna sÔnolo tètoio ¸ste h

antÐstrofh eikìna tou X eÐnai mÐa ènwsh geitoni¸n ìlwn twn shmeÐwn tou y me y ∼ x.

Par�deigma 2: 'Ena par�deigma aut c thc kataskeu c eÐnai h sun�rthsh f : R→ S1 a-

pì ìlouc touc pragmatikoÔc arijmoÔc ston kÔklo S1 = {(x, y) ∈ R2 : x2 + y2 = 1} pou orÐze-
tai wc f(t) = (cos(2πt), sin(2πt)). ParathroÔme ìti f(t) ∈ S1 afoÔ cos2(2πt)+sin2(2πt) = 1

gia k�je t ∈ R. Tìte f(0) = (1, 0), f(14) = (0, 1), f
(
1
2

)
= (−1, 0), . . . , f(1) = (1, 0), klp.

Tìte h dr�sh thc f mporeÐ na anaparastajeÐ tulÐgontac thn gramm  me for� antÐstrofh thc
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for�c tou rologioÔ gÔrw apì ton kÔklo, ètsi ¸ste f(0) = f(1) = . . . = f(n) = (1, 0)

gia n ∈ Z. 'Enac �lloc trìpoc gia na perigr�youme autì to par�deigma eÐnai orÐzontac mÐa

sqèsh isodunamÐac ston R me t ∼ s e�n s = t + n gia k�poio n ∈ Z, pou eÐnai mÐa sqèsh

isodunamÐac. Tìte R/ ∼ eÐnai to sÔnolo twn pragmatik¸n arijm¸n me to 0 kollhmmèno sto

1, 2, . . . ,−1,−2, . . . , kai kollhmmèno sto 5
4 ,

9
4 ,

13
4 ,

17
4 , . . . , klp. Me �lla lìgia, paÐrnoume è-

na di�sthma [0, 1] kai koll�me to shmeÐo 0 sto 1, tìte paÐrnoume to di�sthma (1, 2] kai to

tulÐgoume gÔrw apì ton kÔklo, koll¸ntac to 5
4 sto shmeÐo 1

4 ,
3
2 sto 1

2 , kai 2 sto 1, klp.

Epanalamb�noume gia to (2, 3], klp. O q¸roc R/ ∼ moi�zei me ènan kÔklo S1, me thn gramm 

twn pragmatik¸n arijm¸n tuligmènh gÔrw tou �peirec forèc.

Sq ma 1.15: To R me thn taÔtish pou orÐzei h f tulÐgetai gÔrw apì ton kÔklo.

Par�deigma 3: O kÔlindroc kataskeu�zetai me autìn ton trìpo apì to monadiaÐo tetr�gwno

X ston R2 ìpou X = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} kai x p�ei apì ta arister� sta dexi� kai

to y apo k�tw proc ta p�nw. 'Ara ta shmeÐa stic p�nw kai k�tw akmèc èqoun y = 0   1, kai oi

aristerèc kai dexièc akmèc èqoun x = 0, 1. H sqèsh isodunamÐac pou orÐzetai af nontac thn

kl�sh isodunamÐac [(x, y)] na apoteleÐtai mìno apì to shmeÐo (x, y) e�n x ̸= 0, 1, ètsi ¸ste to

shmeÐo (x, y) den eÐnai kollhmèno se kanèna �llo shmeÐo tou eswterikoÔ twn p�nw kai k�tw

akm¸n tou tetrag¸nou, kai orÐzontac (0, y) ∼ (1, y) gia k�je y. Ta shmeÐa sthn arister  akm 

tou tetrag¸nou koll¸ntai sta antÐstoiqa shmeÐa sthn dexi� akm . 'Ara, [(x, y)] = {(x, y)}
e�n x ̸= 0, 1 kai 0 ≤ y ≤ 1,   [(x, y)] = {(0, y) ∼ (1, y)} e�n x = 0, 1 kai 0 ≤ y ≤ 1.

Sq ma 1.16: Koll¸ntac tic akmèc ènìc tetrag¸nou fti�qnoume ènan kÔlindro.

Par�deigma 4: O tìroc me eswterikì dhmiourgeÐtai apì thn taÔtish enìc zeÔgouc apènanti

edr¸n enìc monadiaÐou kÔbou. 'Enac �lloc trìpoc na to doÔme autì, eÐnai orÐzontac mÐa

sqèsh isodunamÐac ston R3 me (t1, t2, t3) ∼ (s1, s2, s3) e�n s1 = t1 + n gia k�poio n ∈ Z. O

pepaqumènoc tìroc dhmiourgeÐtai apì thn taÔtish dÔo zeug¸n apènanti edr¸n tou kÔbou. 'Enac
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�lloc trìpoc na to doÔme autì eÐnai orÐzontac mÐa sqèsh isodunamÐac ston R3 me (t1, t2, t3) ∼
(s1, s2, s3) e�n (s1, s2) = (t1, t2) + (n,m) gia k�poio n,m ∈ Z. O trÐa tìroc dhmiourgeÐtai me

thn t�utish tri¸n zeug¸n apènanti edr¸n tou kÔbou kai mporoÔme na to doÔme orÐzontac mÐa

sqèsh isodunamÐac ston R3 me (t1, t2, t3) ∼ (s1, s2, s3) e�n (s1, s2, s3) = (t1, t2, t3) + (n,m, k)

gia k�poio n,m, k ∈ Z, deÐte Eikìnec 1.17,1.18 kai 1.19.

Sq ma 1.17: Koll¸ntac dÔo èdrec tou kÔbou fti�qnoume ènan tìro me perieqìmeno.

Sq ma 1.18: Koll¸ntac tèsseric èdrec tou kÔbou fti�qnoume ènan pepaqumèno tìro.
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Sq ma 1.19: Koll¸ntac ìlec tic èdrec tou kÔbou fti�qnoume ton trÐa tìro.

1.5.2 Q¸roc epik�luyhc kai olikì k�lumma

Orismìc 1.5.3. 'Estw X ènac topologikìc q¸roc. 'Enac q¸roc epik�luyhc tou X eÐnai

ènac q¸roc X̄ kai mÐa suneq c apeikìnish p : X̄ → X tètoia ¸ste: k�je shmeio x ∈ X èqei

mÐa sunnektik  geitoni� U tètoia ¸ste to p−1(U) apoteleÐtai apì èna sÔnolo xènwn sunìlwn,

kai e�n V eÐnai sunnektik  sunist¸sa tou p−1(U), tìte o p : V → U eÐnai omoiomorfismìc.

ParathroÔme ìti e�n (p,X) eÐnai ènac q¸roc epik�luyhc, tìte o X èqei thn topologÐa

phlÐko se sqèsh me thn sun�rthsh p.

Par�deigma 1: Sunant same èna par�deigma q¸rou epik�luyhc kat� ton upologismì thc

π1(S
1), deÐte to Par�deigma 1 sthn Par�grafo 1.2. Aut  eÐnai h apeikìnish R→ S1 pou eÐdame

san thn probol  mÐac èlikac se ènan kÔklo, me thn èlika na keÐtai p�nw apì ton kÔklo kai na

ton kalÔptei. Pio sugkekrimèna, èqoume p : R → S1 pou dÐnetai wc p(t) = (cos 2πt, sin 2πt),

kai to k�lumma {Uα} mporeÐ na jewrhjeÐ ìti apoteleÐtai apì anoikt� tìxa twn opoÐwn h ènwsh

eÐnai to S1. 'Ena sqetikì par�deigma eÐnai h elikoei c epif�neia S ⊂ R3 pou apoteleÐtai apì

shmeÐa thc morf c (s cos 2πt, sin 2πt, t) gia (s, t) ∈ (0,∞)×R. Autì prob�lletai ston R2\{0}
mèsw thc apeikìnishc (x, y, z) → (x, y), kai aut  h probol  orÐzei ènan q¸ro epik�luyhc

p : S → R2 \ {0} afoÔ gia k�je anoiktì dÐsko U ston R2 \ {0}.

Orismìc 1.5.4. Dojèntwn twn shmeÐwn x kai y tou q¸rou X, èna monop�ti ston X apì

to x sto y eÐnai mÐa suneq c apeikìnish f : [a, b] → X enìc kleistoÔ diast matoc stouc

pragmatikoÔc p�nw ston X, ètsi ¸ste f(a) = x kai f(b) = y. 'Enac q¸roc X onom�zetai

dromosunnektikìc an k�je zeÔgoc shmeÐwn tou X mporoÔn na enwjoÔn me èna monop�ti ston

X. 'Enac q¸roc lègetai apl� sunnektikìc an eÐnai ènac dromosunnektikìc q¸roc kai e�n

π1(X,x0) eÐnai to tetrimmèno stoiqeÐo gia k�poio x0 ∈ X, kai �ra gia k�je x0 ∈ X.

'Enac apl� sunnektikìc q¸roc epik�luyhc enìc dromosunnektikoÔ q¸rou eÐnai ènac q¸roc

epik�luyhc k�je �llou dromosunnektikoÔ q¸rou epik�luyhc tou X. 'Enac apl� sunnektikìc

kalluptikìc q¸roc X ja onom�zetai olikì k�lumma. EÐnai monadikì wc proc omomorfismì,
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gi' autì onom�zetai olikì k�lumma. Pio genik�, up�rqei mÐa merik  di�taxh metaxÔ twn diafo-

retik¸n dromosunnektik¸n kalumatik¸n q¸rwn tou X, an�loga me to poioÐ eÐnai kalÔmmata

poi¸n. Autì antistoiqeÐ sthn merik  di�taxh mèsw uposunìlwn twn antÐstoiqwn upoom�dwn

thc π1(X),   kl�seic suzugÐac twn upoom�dwn e�n agno soume ta shmeÐa b�shc.

Par�deigma 2: To olikì k�lumma tou tìrou me perieqìmeno eÐnai o R × I, pou prìkeitai

gia èna k�lumma pou prokÔptei apì �peira dipl¸mata en¸nontac touc kÔbouc kat� m koc twn

x−edr¸n touc. To olikì k�lumma tou pepaqumènou tìroueÐnai o R2 en¸nontac touc kÔbouc

kat� m koc twn x− kai y−edr¸n. To olikì k�lumma tou trÐa tìrou eÐnai o R3 en¸nontac

touc kÔbouc kat� m koc twn x−, y− kai z−edr¸n.

Idiìthtec anÔywshc

L mma 1.5.5. 'Estw(X̄, p) ènac q¸roc epik�luyhc tou X, x̄0 ∈ X̄, kai x0 = p(x̄0). Tìte gia

k�je monop�ti f : I → X me arqikì shmeÐo to x0, up�rqei èna monadikì monop�ti g : I → X̄

me arqikì shmeÐo to x̄0, tètoio ¸ste pg = f .

L mma 1.5.6. 'Estw (X̄, p) ènac q¸roc epik�luyhc tou X kai èstw Y ènac sunnektikìc

q¸roc. Dojèntwn dÔo suneq¸n monopati¸n f0, f1 : Y → X̄ tètoia ¸ste pf0 = pf1, to sÔnolo

{y ∈ Y : f0(y) = f1(y)} eÐnai eÐte kenì eÐte ìlo to Y .

L mma 1.5.7. 'Estw (X̄, p) ènac q¸roc epik�luyhc touX kai èstw g0, g1 : I → X̄ monop�tia

ston X̄ pou èqoun to Ðdio arqikì shmeÐo. E�n pg0 ∼ pg1, tìte g0 ∼ g1; pio sugkekrimèna, ta

g0 kai g1 èqoun to Ðdio telikì shmeÐo.

L mma 1.5.8. E�n (X̄, p) eÐnai ènac q¸roc epik�luyhc tou X, tìte ta sÔnola p−1(x) gia

k�je x ∈ X èqoun thn Ðdia plhjikìthta.

Je¸rhma 1.5.9. 'Estw (X̄, p) ènac q¸roc epik�luyhc tou X, x̄0 ∈ X̄, kai x0 = p(x̄0).

Tìte o epagìmenoc omomorfismìc p∗ : π(X̄, x̄0)→ π(X,x0) eÐnai ènac monomorfismìc.

L mma 1.5.10. 'Estw p : E → B mÐa kaluptik  apeikìnish; èstw p(e0) = b0. E�n E eÐnai

apl� sunnektikìc, tìte to b0 èqei mÐa geitoni� U ètsi ¸ste h prosj kh i : U → B ep�gei ton

tetrimmèno omomorfismì.

Apìdeixh. 'Estw U mÐa geitoni� tou b0 pou kalÔptetai omoiìmorfa apì to p; spazoume to

p−1(U) se komm�tia; èstw Uα to komm�ti pou perièqei to e0. 'Estw f mÐa kampÔlh ston U me

b�sh to b0. Epeid  to p orÐzei ènan omoiomorfismì tou Uα me ton U , h kampÔlh f anhy¸netai

se mÐa kampÔlh f̄ sto Uα me b�sh to e0. AfoÔ to E eÐnai apl� sunnektikì, up�rqei mÐa

omotopÐa monopati¸n F̄ ∈ E metaxÔ tou f̄ kai mÐac stajer c kampÔlhc. Tìte p ◦ F̄ eÐnai mÐa

omotopÐa monopati¸n metaxÔ twn f kai mÐa stajer  kampÔlh.
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1.6 Qeirourgik 

Oi kìmboi sqetÐzontai sten� me kleistèc, sunnektikèc, prosanatolismènec (KSP) 3-pollaplìthtec,

kaj¸c k�je (KSP) 3-pollaplìthta mporoÔn na kataskeuastoÔn mèsw topologik c qeirour-

gik c kat� m koc enìc krÐkou (Lickorish-Wallace) [116].

Gia mÐa sugkekrimènh aktÐna R, o basikìc orismìc tou S3 eÐnai:

S3 = {x ∈ R4 : ||x||2 = R} (1.10)

'Omwc mporoÔme na d¸soume thn parak�tw anapar�stash:

S3 = {(z, w) ∈ C2 : |x|2 + |w|2 = R2} (1.11)

'Enac �lloc trìpoc na anaparast soume thn S3 sÔmfwna me thn stereografik  probol  eÐnai

san thn ènwsh tou R3 me èna exwterikì shmeÐo. Den eÐnai eÔkolo na anaparastajeÐ gewmetrik�

oÔte stic qamhlèc diast�seic. Wstìso mporoÔme na fantastoÔme na en¸noume ìlo to �peiro

sÔnoro tou R3 me èna exwterikì shmeÐo. 'Omwc eÐnai dÔskolo na to doÔme diìti eÐnai dunatìn

na gÐnei mìno se ènan 4-di�stato q¸ro.

Je¸rhma 1.6.1. H S3 eÐnai omoiomorfik  me thn ènwsh dÔo tìrwn me perieqìmeno.

Apìdeixh. 'Estw S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 2}, dhlad  e�n z = aeiα, w = beiβ :

(z, w) ∈ S3 ↔ a2 + b2 = 2. JewroÔme t¸ra M1 = {|z| ≤ |w|},M2 = {|z| ≥ |w|}. Autì eÐnai

isodÔnamo me to M1 = {a ≤ 1},M2 = {a ≥ 1}.
Mènei na deÐxoume ìti oi M1,M2 eÐnai omoiomorfikoÐ me ton tìro me perieqìmeno. DeÐte

thn Eikìna 1.20.

Sq ma 1.20: Suntentagmenec ston tìro me perieqìmeno.
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MporoÔme na kajier¸soume ènan omoiomorfismì metaxÔ twn M1 kai T 2 wc ex c:

T 2 →M1

(r, α, β) 7→ (reiα,
√
2− r2eiβ)

ParathreÐste ìti gia mÐa stajer  tim  tou β, ìla ta shmeÐa (0, α, β) ∈ T 2 eÐnai to Ðdio shmeÐo

mèsa ston tìro me perieqìmeno, p�nw ston kentrikì kÔklo a = 0.

OmoÐwc, mporoÔme na orÐsoume ènan omoiomorfismì metaxÔ twn M2 kai T 2. Pr�gmati

M2 = {a ≥ 1}, ìmwc autì eÐnai isodÔnamo me to na poÔme M2 = {b ≤ 1}. 'Etsi ìpwc kai to

M1 h parak�tw apeikìnish deÐqnei ìti to M2 eÐnai omoiomorfikì me ton tìro me perieqìmeno:

T 2 →M2

(r, α, β) 7→ (
√
2− r2eiα, reiβ).

Aut  h an�lush mac epitrèpei na doÔme thn anapar�stash tou S3 san thn sunènwsh dÔo

tìrwn me perieqìmeno. MporoÔme na jewr soume ènan apì touc tìrouc (èstw ton M2) san

èna mèroc tou R3. Tìte, afoÔ S3 = R3 ∪ {∞}, mporoÔme na poÔme ìti R3 \M2 eÐnai ènac

tìroc me perieqìmeno, e�n prosjèsoume èna shmeÐo sto �peiro. M�lista mporoÔme apl� na

jewr soume ìti o kentrikìc �xonac mèsa apì thn trÔpa tou M2 me èna exwterikì shmeÐo

sto �peiro eÐnai o kentrikìc kÔkloc mèsa ston M1. H sunènwsh twn sunìrwn touc gÐnetai

proskoll¸ntac se k�je meshmbrinì tou M1 (zwgrafismèno me kìkkino sthn Eikìna 1.21) mÐa

par�llhlo tou M2 (me pr�sino sthn Eikìna 1.21).

Sq ma 1.21: H S3 san sunènwsh dÔo tìrwn me perieqìmeno ston R3.
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Ac jewr soume t¸ra to epìmeno: bg�zoume ton tìro me perieqìmeno T2 apì thn S3 kai antÐ

na to epanalamb�noume me ton Ðdio trìpo (pou ja par gage xan� thn S3), pr¸ta efarmìzoume

ènan omoiomorfismì ϕ sto sÔnorì tou, antall�ssontac meshmbrinoÔc (α2) kai par�llhlouc

(β2).

ϕ : ∂T2 → ∂T2

α2 7→ β2

β2 7→ α2

Sth sunèqeia, xanakoll�me touc dÔo tìrouc me perieqìmeno mazÐ tautÐzontac ta sÔnor�

touc. Autì eÐnai akìma dunatì afoÔ to ϕ(∂T2) eÐnai akìma omoiomorfikì me to ∂T1. AntÐ gia

tic prohgoÔmenec tautÐseic, dhlad  antÐ na koll soume to α1 sto β2 kai to β1 sto α2, t¸ra

tautÐzoume to α1 me to ϕ(β2), kai me ton Ðdio trìpo ta β1 kai ϕ(α2).

To apotèlesma eÐnai to ex c: koll¸ntac to α1 sto ϕ(β2) = α2 mac dÐnei thn S2 epeid 

tautÐzoume ta sÔnora dÔo dÐskwn. Kai, afoÔ tautÐzoume to β1 me to ϕ(α2) = β2, to k�noume

autì gia k�je meshmbrinì, dhlad  gÔrw apì mÐa olìklhrh par�llhlo, pou eÐnai omoiomorfikì

me to S1. H pollaplìthta pou lamb�noume me autìn ton trìpo eÐnai to S2 × S1. 'Eqoume

k�nei autì pou lègetai qeirourgik  se 3−pollaplìthtec.

Par�deigma 1: O krÐkoc borromean anaparist� ton T 3 = S1 × S1 × S1, upì thn ènnoia

ìti qeirourgik  kat� m koc tou mac dÐnei ton trÐa tìro.

1.7 KotsÐdec

H om�da kotsÐdwn n klwst¸n mÐac sunnektik c epif�neiac S, Bn(S), orÐzetai wc h jemeli¸dhc

om�da tou q¸rou twn diamorf¸sewn m  diatetagmènwn n−�dwn diaforetik¸n shmeÐwn sthn S,
π1(Conf(S, n)/Σn), ìpou Σn sumbolÐzei thn om�da metajèsewn. Me autìn ton sumbolismì

h epif�neia pou sqetÐzetai me thn klasik  om�da kotsÐdwn tou Artin, Bn, eÐnai o dÐskoc.

Ta stoiqeÐa thc Bn mporoÔn na jewrhjoÔn eÐte wc algebrik�   topologik� antikeÐmena, mÐa

kotsÐda n klwst¸n eÐnai omoiomorfik  eikìna n tìxwn kat�llhla emfuteumèna sthn S2×[0, 1],
monotonik� wc proc mÐa sun�rthsh Ôyouc.

Oi kotsÐdec sqetÐzontai me touc prosanatolismènouc kìmbouc kai krÐkouc (deÐte thn Ei-

kìna 1.22) oi opoÐoi, antÐstoiqa, mporoÔn na isotophjoÔn se kleistèc kotsÐdec mèsw tou

Jewr matoc Alexander [19]. Epiplèon, apì to Je¸rhma Markov, dÔo krÐkoi eÐnai isotopikoÐ

an kai mìno an oi antÐstoiqec kotsÐdec diafèroun mèsw suzugÐac sthn Bn, kai mèsw jeti-

k c kai arnhtik c stajeropoÐhshc: α ∼ ασ±1
n , α ∈ Bn (ìpou σi eÐnai h stoiqei¸dhc jetik 

diastaÔrwsh metaxÔ twn i kai i+ 1 klwst¸n).
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Sq ma 1.22: To kleÐsimo mÐac kotsÐdac se kìmbo.

H basik  kataskeu  tou poluwnÔmou Jones 2 metablht¸n,   tou poluwnÔmou HOMFLY-

PT eÐnai, h anapar�stash thc om�dac kotsÐdwn Bn stic �lgebrec Hecke tÔpou A, Hn(q),

efarmìzontac to Ðqnoc Ocneanu kai met� anaprosarmìzontac to Ðqnoc sÔmfwna me ic jetikèc

kai arnhtikèc stajeropoi seic. To polu¸numo Jones kataskeu�zetai me ènan parìmoio trìpo

anaparast¸ntac thn Bn sthn �lgebra Temperley-Lieb, TLn.

H isodunamÐa kotsÐdwn gia klasikoÔc kìmbouc basÐzetai sthn suzugÐa thc om�dac ko-

tsÐdwn kai tic kin seic stajeropoÐhshc. H LampropoÔlou kai o Rourke èdeixan ìti ìlec oi

kin seic eÐnai eidikèc peript¸seic mÐac pio genik c kÐnhshc, thc kÐnhshc L [78]. Sto [78] oi

ènnoiec twn mikt¸n krÐkwn kai mikt¸n kotsÐdwn eis�gontai gia na anaparastajoÔn krÐkoi

kai kotsÐdec se 3-pollaplìthtec [78, 79, 51]. Aut� apoteloÔntai apì dÔo mèrh: to kinoÔme-

no komm�ti pou anaparist� ton krÐko sthn 3-pollaplìthta kai ton qeirourgikì krÐko   thn

qeirourgik  kotsÐda, pou eÐnai stajer� kai anaparastoÔn thn 3-pollaplìthta sthn S3, deÐte

Eikìna 1.23.

Sq ma 1.23: 'Enac miktìc krÐkoc kai mÐa mikt  kotsÐda.



Kef�laio 2

Diaplok  anoikt¸n alusÐdwn

Se autì to kef�laio melet�me tic idiìthtec tou arijmoÔ perièlixhc kat� Gauss gia kleistèc kai

anoiktèc alusÐdec. Sth sunèqeia, qrhsimopoioÔme to olokl rwma perièlixhc kat� Gauss gia

na ektim soume thn auxhtik  t�sh tou mèsou tetragwnikoÔ arijmoÔ sustrof c,Wr (Je¸rhma

2.6.2), tou mèsou tetragwnikoÔ arijmoÔ perièlixhc (Je¸rhma 2.6.4), tou mèsou tetragwnikoÔ

arijmoÔ auto-perièlixhc, Sl (Je¸rhma 2.6.5), kai tou mèsou apìlutou arijmoÔ perièlixhc

(Je¸rhma 2.6.7) omoiìmorfwn tuqaÐwn perip�twn se periorismèno q¸ro se sqèsh me to m koc

touc, n. EpÐshc parousi�zoume arijmhtik� apotelèsmata se tuqaÐouc perip�touc ta opoÐa

epibebai¸noun tic analutikèc mac problèyeic.

'Ena t gma polumeroÔc mporeÐ na apoteleÐtai apì kuklik� polumer  (kleistèc alusÐdec),

grammik� polumer  (anoiktèc alusÐdec),   mÐa sullog  apì kuklik� kai grammik� polumer .

Oi polumerikèc alusÐdec eÐnai makri� eÔkampta mìria pou epib�lloun topologik� empìdia to

èna sto �llo epeid  den mporoÔn na diaper�soun to èna to �llo ([27, 115]). AutoÐ oi qw-

rikoÐ periorismoÐ, pou lègontai topologikoÐ periorismoÐ (TP)   diaplokèc, ephrre�zoun thn

diamìrfwsh kai thn kÐnhsh twn alusÐdwn se èna polumerikì t gma kai èqoun melethjeÐ qrhsi-

mopoi¸ntac di�fora montèla twn diaplok¸n sta polumer  ([99, 132]). O Edwards prìteine na

jewr soume ìti h topik  allhlepÐdrash metaxÔ twn alusÐdwn periorÐzei thn kÐnhs  touc se mÐa

swlhnoeid  perioq . O �xonac tou swl na eÐnai mÐa adropoihmènh anapar�stash thc alusÐdac

kai onom�zetai prwtarqikì monop�ti [34]. Lìgw thc aplìtht�c tou, to montèlo swl na mac

epitrèpei na k�noume mÐa jewrhtik  melèth kai na perigr�youme tic dunamikèc kai reologikèc

idiìthtec twn polumerik¸n thgm�twn [81, 59, 70, 115, 131]. Wstìso, mÐa xek�jarh èkfrash

thc akrib c shmasÐac thc diaplok c kai to p¸c mporeÐ na metrhjeÐ o bajmìc thc diaplok c

paramènei èna �luto prìblhma.

Sth majhmatik  melèth twn polumer¸n, sun jwc jewroÔme diamorf¸seic alusÐdwn qwrÐc

37
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allhlepidr�seic metaxÔ twn monomer¸n pou brÐskontai makri� kat� m koc mÐac alusÐdac, akìma

kai e�n proseggÐzoun to èna to �llo ston q¸ro. Tètoiec alusÐdec lègontai idanikèc alusÐdec

[115]. Aut  h kat�stash den pragmatopoieÐtai potè gia pragmatikèc alusÐdec, all� up�rqoun

di�foroi tÔpoi polumerik¸n susthm�twn me sqedìn idanikèc alusÐdec. Se mÐa endi�mesh jer-

mokrasÐa, eponomazìmenh θ-jermokrasÐa, oi alusÐdec eÐnai se sqedìn idanikèc diamorf¸seic,

epeid  oi elktikèc kai apwstikèc dun�meic twn morÐwn akur¸noun h mÐa thn �llh. Epiplèon,ta

t gmata grammik¸n polumer¸n kai dialum�twn uyhl c jermìthtac èqoun diamorf¸seic sqedìn

idanik¸n alusÐdwn epeid  oi allhlepidr�seic metaxÔ twn monomer¸n exont¸nontai lìgw twn

gÔrw alusÐdwn. H diamìrfwsh mÐac idanik c alusÐdac qwrÐc allhlepidr�seic metaxÔ twn mo-

nomer¸n eÐnai to ousiastikì arqikì shmeÐo twn montèlwn sthn fusik  twn polumer¸n. K�je

dunat  diamìrfwsh mÐac idanik c alusÐdac mporeÐ na apeikonisjeÐ me ènan tuqaÐo perÐpato.

'Ara, ta statistik� stoiqeÐa twn tuqaÐwn perip�twn kai twn idanik¸n alusÐdwn eÐnai parìmoia.

Apì ta [28, 29, 105, 126] gnwrÐzoume ìti h pijanìthta èna polÔgwno   mÐa anoikt  alusÐda

me n akmèc sto kubikì plègma kai ston 3-di�stato q¸ro na mhn eÐnai peplegmènh teÐnei sto

mhdèn kaj¸c to n teÐnei sto �peiro. Autì to apotèlesma epibebai¸nei thn upojesh twn

Frisch-Wasserman-Delbruck ìti ta makri� kuklik� polumer  se di�luma eÐnai peplegmèna me

meg�lh pijanìthta. 'Ena pio dunatì je¸rhma eÐnai ìti h pijanìthta ènac sugkekrimènoc tÔpoc

kìmbou na emfanÐzetai san mèroc enìc tuqaÐou peripatou   polug¸nou teÐnei sto 1 kaj¸c to

n teÐnei sto �peiro. Wstìso, h pijanìthta na diamorfwjeÐ ènac sugkekrimènoc tÔpoc kìmbou

teÐnei sto mhdèn kaj¸c to n teÐnei sto �peiro ([139]). H pijanìthta ta polumer  na eÐnai

peplegmèna exart�tai epÐshc apì tìuc qwrikoÔc periorismoÔc stouc opoÐouc upìkeintai. Autì

èqei melethjèi apì touc [5, 130]. Gia par�deigma, ta mìria DNA periorismèna se ioÔc èqoun

polÔ megalÔterh pijanìthta na eÐnai peplegmèna. Epiplèon, h katanom  twn tÔpwn kìmbwn

eÐnai diaforetik  apì thn katanom  tou DNA se di�luma ([3, 137]).

Ta polumer  se di�luma eÐnai eÔkampta mìria, ètsi oi anoiktèc polumerikèc alusÐdec mpo-

roÔn na apomakrunjoÔn, toul�qiston se meg�lec klÐmakec qrìnou. 'Etsi, o orismìc thc

diaplok c prèpei na anfèretai se stajerèc diamorf¸seic ston q¸ro, kai, �ra, den epitrèpoun

thn qr sh thc ènnoiac thc topologik c analloÐwthc. Se antÐjesh, gia kleistèc polumerikèc

alusÐdec, h diaplok  touc den all�zei upì suneqeÐc paramorf¸seic pou den epitrèpoun to

sp�simo twn alusÐdwn   sthn mÐa alusÐda na diaper�sei mèsa apì thn �llh. Gia na qarakthrÐ-

soume thn diaplok  twn anoikt¸n alusÐdwn mporoÔme na qrhsimopoi soume thn mèjodo DMS

([92, 93]) gia na kajorÐsoume to f�sma kai thn katanom  twn tÔpwn kìmbwn, pou dhmiour-

goÔntai kleÐnontac tic anoiktèc alusÐdec se mÐa "sfaÐra sto �peiro". Oi tÔpoi kìmbwn pou

prokÔptoun mporoÔn na analujoÔn qrhsimopoi¸ntac, gia par�deigma, ta polu¸numa Jones  

HOMFLYPT.

Sthn par�grafo 2.1 parousi�zoume èna klasikì mètro diaplok c, ton arijmì perièlixhc
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kat� Gauss, o opoioc eÐnai mÐa klasik  topologik  analloÐwth sthn perÐptwsh kuklik¸n

polumer¸n. Gia zeÔgh anikt¸n   mikt¸n alusÐdwn, sthn par�grafo 2.5 ja deÐxoume ìti aut 

h posìthta eÐnai ènac pragmatikìc arijmìc, pou èinai qarakthristikìc thc diamìrfwshc, all�

all�zei suneq¸c upì suneqeÐc paramorf¸seic twn alusÐdwn. 'Ara, h efarmog  tou arijmoÔ

perièlixhc kat� Gauss se anoiktèc alusÐdec den eÐnai topologik  analloÐwth, all� exart�tai

apì thn gewmetrÐa twn alusÐdwn. Autì to mètro eÐnai polÔ euaÐshjto stic diamorf¸seic

[1, 15, 74, 75]. Gia zeÔgh �pagwmènwn� anoikt¸n polumerik¸n alusÐdwn, ja doÔme ìti to

olokl rwma perièlixhc kat� Gauss mporeÐ na efarmosjeÐ gia na upologÐsei ènan mèso arijmì

perièlixhc. Me parìmoio trìpo, to olokl rwma perièlixhc kat� Gauss mporeÐ na efarmosjeÐ

thn sustrof  kai ton arijmì auto-perièlixhc mÐac �pagwmènhc � diamìrfwshc mÐac anoikt c

alusÐdac.

Se sqèsh me tic kat� mèso ìro idiìthtec twn polumer¸n se di�luma, ja melet soume thn

mèsh tim  aut¸n twn idiot twn ston q¸ro twn dunat¸n diamorf¸sewn. H bibliografÐa deÐqnei

ìti gia ta peir�mata, thn jewrÐa kai thn prosomoÐwsh, o Mèsoc Arijmìc Diastaur¸sewn

(MAD) eÐnai h kÔria posìthta pou qrhsimopoieÐtai apì touc ereunhtèc [7, 8, 9, 30, 31, 34,

43, 113, 119, 121]. Autì den eÐnai oÔte topologikì oÔte gewmetrikì qarakthristikì, kaj¸c

exart�tai apì thn sugkekrimènh diamìrfwsh, kai all�zei upì suneqeÐc paramorf¸seic [47].

Upì mÐa ènnoia, o arijmìc perièlixhc eÐnai èna pio dunatì mètro diaplok c apì ton MAD

[3, 4, 5, 11, 14, 18, 20, 26, 35, 36, 45, 55, 56, 57, 59, 66, 68, 72, 82, 85, 86, 88, 89, 98, 99, 100,

111, 114, 122, 125, 135, 136, 138].

2.1 Arijmìc perièlixhc

'Estw dÔo prosanatolismènec kampÔlec sto q¸ro l1, l2 me parametrikopoi seic γ1(t), γ2(s).

'Estw akìma èna di�gramma tou krÐkou pou apoteleÐtai apì tic l1, l2 wc proc di�nusma ξ⃗.

Se k�je diastaÔrwsh ci metaxÔ twn l1, l2 mÐa apì tic dunatìthtec sthn Eik. 2.1 mporeÐ

na sumbeÐ. Apì sÔmbash, dÐnoume prìshmo +1 se mÐa diastaÔrwsh tou pr¸tou tÔpou kai

−1 se mÐa diastaÔrwsh tou deÔterou tÔpou. 'Ara, gia k�je di�gramma wc proc di�nusma ξ⃗

twn l1, l2 orÐzetai ènac arijmìc lkξ(l1, l2) wc to misì algebrikì �jroisma twn pros mwn twn

diastaur¸sewn metaxÔ twn l1 kai l2.

lkξ(l1, l2) =
1

2

∑
ci

sign(ci) (2.1)

ìpou ci diastaur¸seic metaxÔ twn l1, l2.

'Estw t¸ra parametrikopoi seic m kouc tìxou twn l1, l2 γ1(t), γ2(s) me (t, s) ∈ [0, 1] ×
[0, 1], dhlad  tètoiec ¸ste |γ̇1(t)| = 1 kai |γ̇2(s)| = 1 gia k�je (t, s) ∈ [0, 1] × [0, 1]. Sto
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Sq ma 2.1: (a)DiastaÔrwsh me prìshmo +1 kai (b) diastaÔrwsh me prìshmo −1

k�je (t, s) mporoÔme na antistoiqÐsoume to monadiaÐo di�nusma Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| = ξ⃗ p�nw

sthn eujeÐa twn shmeÐwn γ1(t), γ2(s). E�n jewr soume thn probol  k�jeth sto ξ⃗ = Γ(t, s),

to pl joc twn dipl¸n shmeÐwn thc probol c ja eÐnai ìso to pl joc twn zeugari¸n (ti, si)

gia ta opoÐa Γ(t, s) ∥ ξ⃗   Γ(t, s) ∥ −ξ⃗, dhlad  ja eÐnai Ðso me thn plhjikìthta tou sunìlou

Γ−1(ξ⃗) ∪ Γ−1(−ξ⃗), Sq ma 2.2.

An oi l1, l2 eÐnai kleistèc kampÔlec tìte o arijmìc lkξ(l1, l2) eÐnai akèraioc, den exart�tai

apì to epÐpedo probol c kai metr�ei to algebrikì pl joc twn for¸n pou peristrèfetai h

mÐa kampÔlh gÔrw ap'thn �llh sto q¸ro. An ìmwc mÐa apì tic dÔo eÐnai anoikt , o arijmìc

lkξ(l1, l2) den eÐnai akèraioc kai mporeÐ na metab�lletai apì probol  se probol , �ra den eÐnai

kal� orismènoc gia tic kampÔlec l1, l2. Gia autì ja orÐsoume th mèsh tim  touc L(l1, l2)(pou

den exart�tai apì thn probol ). Gia to skopì autì diamerÐzoume thn epif�neia thc sfaÐrac se

peperasmènec to pl joc epimèrouc epif�neiec embadoÔ Aξ kai jewroÔme ìti to lkξ(l1, l2) eÐnai

topik� stajerì sthn epif�neia Aξ (dhlad , jewroÔme thn Aξ epÐpedh �ra orÐzei èna monadikì

k�jeto di�nusma ξ). Tìte h mèsh tim  E[lkξ(l1, l2)] thc diakrit c tuqaÐac metablht c lkξ(l1, l2)

eÐnai :

E[lkξ(l1, l2)] =
∑
ξ∈δn

lkξ(l1, l2)pξ (2.2)

ìpou pξ, h gewmetrik  pijanìthta na epilèxoume to di�nusma ξ⃗ thc S2, eÐnai pξ =
Aξ

A ìpou Aξ

eÐnai to embadìn thc epif�neiac Aξ thc diamèrishc kai A to embadìn thc S2. 'Ara,

E[lkξ(l1, l2)] =
∑
ξ∈δn

lkξ(l1, l2)pξ =
∑
ξ∈δn

lkξ(l1, l2)
Aξ

A
=

1

A

∑
ξ∈δn

lkξ(l1, l2)Aξ (2.3)

Gia akoloujÐa diamerÐsewn δn thc S2 tètoia ¸ste µ(δn)→ 0 paÐrnoume to ìrio thc parap�nw

sqèshc

L(l1, l2) = lim
µ(δn)→0

E[lkξ(l1, l2)] (2.4)

Autì eÐnai to epifaneiakì olokl rwma
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Sq ma 2.2: Sto k�je (t, s) mporoÔme na antistoiqÐsoume to monadiaÐo di�nusma

Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| = ξ⃗ p�nw sthn eujeÐa twn shmeÐwn γ1(t), γ2(s). E�n jewr soume

thn probol  k�jeth sto ξ⃗ = Γ(t, s), to pl joc twn dipl¸n shmeÐwn thc probol c ja

eÐnai Ðso me thn plhjikìthta tou sunìlou Γ−1(ξ⃗) ∪ Γ−1(−ξ⃗).
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Sq ma 2.3: To Γ(s, t) · (γ̇1(t)× γ̇2(s)) ja eÐnai +1   −1 an�loga me tic topikèc jèseic

twn dÔo kampÔlwn.

L(l1, l2) =
1

4π

∫∫
ξ∈S2

lkξ(l1, l2)dA (2.5)

Prokeimènou t¸ra na per�soume se èna diplì olokl rwma gia ton tÔpo tou L(l1, l2)

skeptìmaste wc ex c: Gia mÐa diamèrish Dm tou [0, 1] × [0, 1] mèsw thc apeikìnishc Γ :

[0, 1]× [0, 1]→ S2 antistoiqeÐ mÐa diamèrish δm thc S2. Gia thn diamèrish δm èqoume

E[lkξ(l1, l2)] =
∑
ξ∈δm

lkξ(l1, l2)pξ

=
1

4π

∑
ξ∈δm

1

2

∑
(s,t)∈Γ−1(ξ)∪Γ−1(−ξ)

sign(s, t)Aξ

(2.6)

'Omwc gia k�je (s, t) ∈ Γ−1(ξ⃗) ∪ Γ−1(−ξ⃗) eÐnai sign(s, t)Aξ = Γ(s, t) · γ̇1(t)×γ̇2(s)
|γ1(t)−γ2(s)|2∆s∆t,

diìti Γ(s, t), γ̇1(t)
|γ1(t)−γ2(s)| ,

γ̇2(t)
|γ1(t)−γ2(s)| eÐnai anhgmèna sthn Ðdia mon�da m kouc kai to exwterikì

ginìmeno twn γ̇1(t)
|γ1(t)−γ2(s)| ,

γ̇2(t)
|γ1(t)−γ2(s)| èqei mètro

|γ̇1(t)×γ̇2(s)|
|γ1(t)−γ2(s)|2 = | sin( ̂γ̇1(t), γ̇2(s))|. 'Ara, to

embadìn Aξ gr�fetai sunart sei twn ∆s,∆t wc Aξ = | sin( ̂γ̇1(t), γ̇2(s))|∆s∆t.

Tèloc, to eswterikì ginìmeno tou Γ(s, t) me to monadiaÐo suggramikì tou γ̇1(t) × γ̇2(s) ja

eÐnai +1   −1 an�loga me tic topikèc jèseic twn dÔo kampÔlwn, Sq ma 2.3.

'Ara,
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E[lkξ(l1, l2)] =
1

8π

∑
ξ∈δm

∑
(s,t)∈Γ−1(ξ)∪Γ−1(−ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)
|γ1(t)− γ2(s)|2

∆s∆t

=
1

8π

∑
ξ∈δm

( ∑
(s,t)∈Γ−1(ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)
|γ1(t)− γ2(s)|2

∆s∆t

+
∑

(s,t)∈Γ−1(−ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)
|γ1(t)− γ2(s)|2

∆s∆t
)

=
1

8π
2
∑
ξ∈δm

( ∑
(s,t)∈Γ−1(ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)
|γ1(t)− γ2(s)|2

∆s∆t
)

=
1

4π

∑
(s,t)∈Dm

Γ(s, t) · γ̇1(t)× γ̇2(s)
|γ1(t)− γ2(s)|2

∆s∆t

(2.7)

Gia akoloujÐa diamerÐsewn Dm thc [0, 1] × [0, 1] tètoia ¸ste µ(Dm) → 0 paÐrnoume to ìrio

thc parap�nw sqèshc pou eÐnai to diplì olokl rwma

L(l1, l2) = lim
µ(Dm)→0

E[lkξ(l1, l2)] =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dt ds (2.8)

H parap�nw an�lush exhgeÐ ton orismì pou èdwse o arqik� Gauss gia ton arijmì perièlixhc.

Orismìc 2.1.1 (Gauss). O arijmìc perièlixhc kat� Gauss dÔo prosanatolismènwn kam-

pÔlwn l1 kai l2, twn opoÐwn h parametrikopoÐhsh eÐnai γ1(t), γ2(s) orÐzetai san èna diplì

olokl rwma p�nw apì tic l1 kai l2:

L(l1, l2) =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dtds (2.9)

ìpou (γ̇1(t), γ̇2(s), γ1(t)− γ2(s)) eÐnai to meiktì ginìmeno twn γ̇1(t), γ̇2(s) kai γ1(t)− γ2(s).

SÔmfwna me thn parap�nw an�lush o arijmìc L(l1, l2) den exart�tai apì to epÐpedo pro-

bol c twn l1 kai l2 kai sthn perÐptwsh pou autèc eÐnai anoiktèc kai sthn perÐptwsh pou autèc

eÐnai kleistèc.

Sth sunèqeia, ja prosarmìsoume ton arijmì perièlixhc sthn perÐptwsh pou oi l1, l2 eÐnai

dÔo polugwnikèc kampÔlec. Gia dÔo prosanatolismèna polÔgwna X̄ = (X0, X1, . . . , Xn) kai

Ȳ = (Y0, Y1, . . . , Yn) , twn opoÐwn h parametrikopoÐhsh eÐnai γ1(t), γ2(s) antÐstoiqa, autì

mporoÔme na to ekfr�soume san
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L(X̄, Ȳ ) =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dtds

=
1

4π

∑
1≤i,j≤n

∫
[0,1]

∫
[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))
|li(t)− lj(s)|3

dtds

(2.10)

ìpou li(t) = (t − 1)Xi−1 + tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi, lj(s) = (s −
1)Yj−1 + sYj eÐnai h parametrikopoÐhsh thc akm c Yj−1Yj , kai l̇i(t) = Xi−1 + Xi, l̇j(s) =

Yj−1 + Yj .

Parat rhsh 2.1.2. (i) O arijmìc perièlixhc isoÔtai me ton algebrikì arijmì twn for¸n

pou h kampÔlh γ2 pern� mèsa apì thn epif�neia S1 me thn γ1 wc perÐmetro.

(ii) Gia dÔo kleistèc kampÔlec o arijmìc perièlixhc mporeÐ na ekfrasteÐ san ton bajmì hc

apeikìnishc Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| apì ton tìro sthn sfaÐra.

Idiìthtec tou arijmoÔ perièlixhc

O arijmìc perièlixhc dÔo prosanatolismènwn kampul¸n èqei tic parak�tw idiìthtec:

(i) O parap�nw orismìc tou L(l1, l2) eÐnai anex�rthtoc apì to epÐpedo probol c twn l1 kai l2

anex�rthta apì to e�n autèc eÐnai anoiktèc   kleistèc.

(ii) Gia kleistèc alusÐdec, o L(l1, l2) eÐnai ènac akèraioc kai isoÔtai me to misì algebrikì

�jroisma twn diastaur¸sewn twn probol¸n twn dÔo kampul¸n se opoiod pote epÐpedo.

(iii) Gia anoiktèc alusÐdec, o L(l1, l2) eÐnai ènac pragmatikìc arijmìc kai isoÔtai me thn mèsh

tim  toj misoÔ algebrikoÔ ajroÐsmatoc twn probol¸n twn dÔo kampul¸n wc proc ìla ta

dunat� epÐpeda probol c.

(iv) O L(l1, l2) eÐnai anex�rthtoc apì ton prosanatolismì twn dÔo kampul¸n (Gia dÔo tuqaÐec

kampÔlec, o L(l1, l2) all�zei prìshmo e�n all�xei o prasanatolismìc thc mÐac ek twn dÔo

kampul¸n.)

Parat rhsh 2.1.3. Gia kleistèc alusÐdec o arijmìc perièlixhc eÐnai analloÐwtoc upì

suneqeÐc paramorf¸seic twn kampul¸n ìtan autèc den epitrèpetai na diaper�soun h mÐa thn

�llh. ParathroÔme ìmwc ìti paramènei analloÐwtoc upì paramorf¸seic pou epitrèpoun se

mÐa kampÔlh na diaper�sei ton eautì thc.
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Sq ma 2.4: O arijmìc perièlixhc twn dÔo akm¸n eÐnai Ðsoc me to misì tou phlÐkou

tou prosanatolismènou embadoÔ twn dÔo antidiametrik¸n sfairik¸n gwnÐwn proc to

embadì ìlhc thc sfaÐrac [10].

O upologismìc tou oloklhr¸matoc Gauss mporeÐ na eÐnai epÐponoc, gia autì ja doÔme

t¸ra èna par�deigma aploÔ trìpou upologismoÔ tou arijmoÔ perièlixhc dÔo akm¸n l1, l2.

Par�deigma 1 'Estw e1 = (X0, X1) kai e2 = (Y0, Y1) 'Estw kai dÔo akmèc me ton

prosanatolismì pou ep�gei h seir� twn koruf¸n (Eik. 2.4). O arijmìc perièlix c touc tìte

eÐnai

L(e1, e2) =
1

4π

∫
[0,1]

∫
[0,1]

(l̇1(t), l̇2(s), l1(t)− l2(s))
|l1(t)− l2(s)|3

dtds (2.11)

ìpou l1(t) = te1 eÐnai h parametrikopoÐhsh thc akm c e1, l2(s) = se2 eÐnai h parametrikopoÐhsh

thc akm c e2, kai l′1 = e1, l
′
2 = e2.

Aut  h posìthta anaparist� th gewmetrik  pijanìthta h akm  X0X1 na tèmnei thn akm 

Y0Y1 ìtan problhjoÔn kat� èna di�nusma ξ⃗ ∈ S2 kai eÐnai Ðsh me to phlÐko tou prosanatoli-

smènou embadoÔ dÔo antidiametrik¸n stere¸n gwni¸n proc to embadì ìlhc thc sfaÐrac [10].

Apì thn EukleÐdeia gewmetrÐa gnwrÐzoume ìti to embadìn enìc kurtoÔ polug¸nou n pleur¸n

isoÔtai me to èna ìgdoo thc sfaÐrac epÐ thn uperoq  tou ajroÐsmatoc twn gwni¸n tou upèr

twn 2(n− 2) orj¸n, ekfrasmèno se orjèc gwnÐec, dhlad  gia n = 4
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E(ABΓ∆) =
4π

8

Â+ B̂ + Γ̂ + ∆̂− 2(4− 2)π2
π
2

= Â+ B̂ + Γ̂ + ∆̂− 2π

(2.12)

Dhlad  to embadì autì mporeÐ na ekfrasteÐ se ìrouc twn gwni¸n tou sfairikoÔ polu-

g¸nou,kai k�je tètoia gwnÐa eÐnai mÐa dÐedrh gwnÐa tou tetraèdrou me korufèc X0X1Y0Y1.

Jètoume d(i, j, k, l) = h dÐedrh gwnÐa apì to trÐgwno XiXkYj proc to trÐgwno XiYjYl sthn

akm  XiYj . Tìte èqoume

L(e1, e2) =
1

4π

∫
[0,1]

∫
[0,1]

(l̇1(t), l̇2(s), l1(t)− l2(s))
|l1(t)− l2(s)|3

dtds

=
1

4π
c12(−2π + d(0, 0, 1, 1) + d(1, 0, 0, 1) + d(1, 1, 0, 0) + d(0, 1, 1, 0)).

(2.13)

ìpou c12 eÐnai to prìshmo thc tom c an�mesa stic akmèc e1 kai e2 se opoiad pote probol 

tèmnontai.

Parat rhsh 2.1.4. O parap�nw tÔpoc gia ton arijmì perièlixhc dÔo prosanatolismènwn

akm¸n, den mac dÐnei ènan akèraio arijmì, afoÔ to prosanatolismèno embadì twn dÔo antidia-

metrik¸n stere¸n gwnÐwn stic opoÐec oi dÔo akmèc tèmnontai eÐnai austhr� mikrìtero apì 4π.

Shmei¸ste epÐshc ìti den mporeÐ na eÐnai Ðso me to mhdèn, epeid  to embadìn pou orÐzeta apì

dÔo mh-par�llhlec akmèc mh mhdenikoÔ m kouc se mÐa apìstash d ja eÐnai p�nta megalÔtero

tou mhdenìc. (Apì thn EukleÐdeia gewmetrÐa gnwrÐzoume ìti to �jroisma ìlwn twn gwni¸n

enìc sfairikoÔ polug¸nou me tèsseric akmèc uperbaÐnei tic 4 orjèc kai eÐnai mikrìtero twn 12

orj¸n).

SÔndesh me ton hlektromagnhtismì

Sthn perÐptwsh kleist¸n kampul¸n, mporoÔme na d¸soume mÐa akìma efarmog  tou arij-

moÔ perièlixhc. Sthn pragmatikìthta, o tÔpoc tou oloklhr¸matoc tou Gauss emfanÐsthke

gia pr¸th for� ston tìmo twn 'Ergwn pou èÐqe wc jèma ton hlektromagnhtismì [112].

'Estw èna sÔrma apì to opoÐo pern� hlektrikì reÔma. Apì ton nìmo tou Biot-Savart

gnwrÐzoume ìti to magnhtikì pedÐo pou dhmiourgeÐtai se èna shmeÐo lìgw tou sÔrmatoc eÐnai

B⃗ =
µ0
4π
I

∮
wire

dI⃗ × r⃗
r3

. (2.14)

Tìte apì tic exis¸seic tou Maxwell èqoume divB⃗ = 0, kai rotB⃗ = µ0J⃗ , kai qrhsi-

mopoi¸ntac to Je¸rhma tou Stokes, mporoÔme na upologÐsoume to magnhtikì pedÐo se mÐa

kleist  kampÔlh c h opoÐa eÐnai to sÔnoro mÐac epif�neiac thn opoÐa to sÔrma tèmnei mÐa for�:
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∮
B⃗ · ds⃗ = µ0I ⇒

1

4π

∮ ∮
wire

dI⃗ × r⃗
|r⃗|3

· ds⃗ = 1

⇒ 1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dt = 1 = L(loop, wire),

(2.15)

ìpou γ1(t), γ2(s) eÐnai oi parametrikopoi seic thc kampÔlhc kai tou sÔrmatoc.

Gia èna swlhnoeidèc pou apoteleÐtai apì N strofèc tou sÔrmatoc

⇒ 1

4π

∫
[0,1]

∫
[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))
|γ1(t)− γ2(s)|3

dt = N = L(loop, solenoid). (2.16)

2.2 Mèsoc arijmìc diastaur¸sewn

Sto [43] deÐqnetai ìti o mèsoc arijmìc diastaur¸sewn a(l1, l2) metaxÔ dÔo akm¸n l1 kai l2

dÐnetai apì

a(l1, l2) =
1

4π

∫
s

∫
t

|(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))|
|γ1(t)− γ2(s)|3

dtds, (2.17)

ìpou γ1 kai γ2 eÐnai oi parametrikopoi seic tou m kouc tìxou twn l1 kai l2 antÐstoiqa.

'Estw X = (X0, X1, . . . , Xn) mÐa prosanatolismènh polugwnik  alusÐda se genik  jèsh

kai γ(t) h parametrikopoÐhs  thc. Tìte o mèsoc arijmìc diastaur¸sewn mÐac prosanatoli-

smènhc anoikt c alusÐdac, χn orÐzetai wc [30]

χn =
1

2

∑
1≤i,j≤n

a(li, lj) (2.18)

ìpou a(li, lj) eÐnai o mèsoc arijmìc diastaur¸sewn metaxÔ twn akm¸n li kai lj tou X.

OmoÐwc, èstw X = (X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) dÔo polugwnikèc alusÐdec

se genik  jèsh kai γ1(t), γ2(s) h parametrikopoÐhsh thc X kai Y antÐstoiqa. Tìte o mèsoc

arijmìc diastaur¸sewn dÔo prosanatolismènwn anoikt¸n alusÐdwn , χ′
n orÐzetai wc [30]

χ′
n =

1

2

∑
1≤i,j≤n

a(li, l
′
j) (2.19)

ìpou a(li, l′j) eÐnai o mèsoc arijmìc diastaur¸sewn metaxÔ twn akm¸n li kai l′j tou X kai Y

antÐstoiqa.
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2.3 Sustrof 

'Estw prosanatolismènoc kìmboc K kai èstw di�gramma Kξ sto epÐpedo k�jeto sto ξ. Tìte

mporoÔme na orÐsoume ton arijmì sustrof c (writhe) tou sugkekrimènou diagr�mmatoc

wr(Kξ) =
∑
ci

sign(ci) (2.20)

ìpou ci diastaÔrwsh tou Kξ.

Profan¸c o arijmìc wr(Kξ) exart�tai apì to epÐpedo probol c. Gia autì paÐrnoume

p�li ton mèso ìro wc proc ìlec tic dunatèc probolèc, to opoÐo qarakthristik� epÐshc ja

onom�soume sustrof , all� aut  th for� tou kìmbouK kai ìqi k�poiac probol c. Genikìtera

orÐzoume ton arijmì sustrof c mÐac prosanatolismènhc kampÔlhc eÐte aut  eÐnai anoikt  eÐte

kleist .

Orismìc 2.3.1. H sustrof  mÐac prosanatolismènhc kampÔlhc l, thc opoÐac h parametri-

kopoÐhsh kat� m koc tìxou eÐnai γ(t), orÐzetai apì to olokl rwma kat� Gauss p�nw se mÐa

kleist  kampÔlh [46]

Wr(l) =
1

4π

∫
[0,1]∗

∫
[0,1]∗

(γ̇(t), γ̇(s), γ(t)− γ(s))
|γ(t)− γ(s)|3

dtds (2.21)

ìpou [0, 1]∗ × [0, 1]∗ = {(x, y) ∈ [0, 1]× [0, 1]|x ̸= y}.

H sustrof  enìc kìmbou eÐnai o mèsoc arijmìc apì diastaur¸seic me prìshmo pou mpo-

reÐ na deÐ kaneÐc kaj¸c koit�zei ton kìmbo apì opoiad pote kateÔjunsh ston trisdi�stato

q¸ro. Oloklhr¸nontac thn apìluth tim  thc sustrof c paÐrnoume thn mèsh tim  tou arij-

moÔ diastaur¸sewn, dhlad  thn mèsh tim  twn diastaur¸sewn pou eÐnai oratèc apì ìlec tic

kateujÔnseic ston tridi�stato q¸ro.

Gia èna prosanatolismèno polÔgwno X̄ = (X0, X1, . . . , Xn) h parametrikopoÐhsh tou

m kouc tìxou tou opoÐou eÐnai γ, mporoÔme na to ekfr�soume autì san

Wr(X̄) =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇(t), γ̇(s), γ(t)− γ(s))
|γ(t)− γ(s)|3

dtds

=
1

4π

∑
1≤i,j≤n

∫
[0,1]

∫
[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))
|li(t)− lj(s)|3

dtds

(2.22)
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ìpou li(t) = (t − 1)Xi−1 + tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi, lj(s) = (s −
1)Xj−1 + sXj eÐnai h parametrikopoÐhsh thc akm c Xj−1Xj , kai l̇i(t) = Xi−1 + Xi, l̇j(s) =

Xj−1 +Xj .

H sustrof  mÐac prosanatolismènhc anoikt c   kleist c kampÔlhc èqei tic parak�tw

idiìthtec [15]:

(i) to Wr(l) isoÔtai ton mèso algebrikì arijmì diastaur¸sewn thc kampÔlhc me ton eautì

wc proc ìlec tic dunatèc probolèc.

(ii) to Wr(l) eÐnai anex�rthto tou prosanatolismoÔ thc kampÔlhc.

2.4 Arijmìc autoperièlixhc

Orismìc 2.4.1. O arijmìc autoperièlixhc (self-linking number) mÐac prosanatolismènhc

kampÔlhc l, thc opoÐac h parametrikopoÐhsh eÐnai γ(t), orÐzetai mèsw tou oloklhr¸matoc

kat� Gauss p�nw sto [0, 1]∗ × [0, 1]∗ = {(x, y) ∈ [0, 1] × [0, 1]|x ̸= y} prosjètontac se autì

ènan diorjwtikì ìro ètsi ¸ste na eÐnai mÐa analloÐwth gia kadrarismènouc kìmbouc [10],

SL(l) =
1

4π

∫
[0,1]∗

∫
[0,1]∗

(γ̇(t), γ̇(s), γ(t)− γ(s))
|γ(t)− γ(s)|3

dtds

+

∫
[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2

dt,

(2.23)

ìpou τ(t) = (γ′(t)×γ′′(t))·γ′′′(t)
|γ′(t)×γ′′(t)|2 eÐnai h olik  strèyh thc kampÔlhc h opoÐa metr� to kat� pìso

mÐa kampÔlh apèqei apì to na eÐnai epÐpedh.

Gia èna prosanatolismèno polÔgwno X̄ = (X0, X1, . . . , Xn), h parametrikopoÐhsh tou

m kouc tìxou tou opoÐou eÐnai γ, mporoÔme na to ekfr�soume to SL(X̄) wc
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SL(X̄) =
1

4π

∫
[0,1]

∫
[0,1]

(γ̇(t), γ̇(s), γ(t)− γ(s))
|γ(t)− γ(s)|3

dtds

+

∫
[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2

dt⇔

SL(X̄) =
1

4π

∑
1≤i,j≤n

∫
[0,1]

∫
[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s)
|li(t)− lj(s)|3

dtds

+

∫
[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2

dt

(2.24)

ìpou li(t) = (t − 1)Xi−1 + tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi, lj(s) = (s −
1)Xj−1 + sXj eÐnai h parametrikopoÐhsh thc akm c Xj−1Xj , kai l̇i(t) = Xi−1 + Xi, l̇j(s) =

Xj−1 +Xj .

Ja deÐxoume t¸ra ènan diaforetikì trìpo ermhneÐac kai upologismoÔ tou diorjwtikoÔ ìrou

gia polÔgwna. 'Estw X = (X0, X1, . . . , Xm−1) èna polÔgwno sto q¸ro. Jètoume T⃗i =
Xi+1−Xi

||Xi+1−Xi|| to monadiaÐo efaptìmeno di�nusma sthn kateÔjunsh thc st c akm c. Jètoume

B⃗i =
T⃗i−1×T⃗i

||T⃗i−1×T⃗i||
na eÐnai to monadiaÐo dik�jeto di�nusma sto prosanatolismèno epÐpedo pou

perièqei tic dÔo akmèc tou X sto Xi. Ta dianÔsmata B⃗i kai B⃗i+1 eÐnai orjog¸nia sto T⃗i �ra

to B⃗i × B⃗i+1 eÐnai pollapl�sio tou T⃗i. Jètoume fi(X) = ±1 an�loga me to prìshmo tou

B⃗i × B⃗i+1 · T⃗i, apodÐdontac to e�n h i−ost  akm  èqei arnhtik    jetik  strèyh. H gwnÐa

strèyhc ϕi(X) eÐnai h proshmasmènh gwnÐa apì to B⃗i sto B⃗i+1 sto prosanatolismèno epÐpedo

pou eÐnai k�jeto sto T⃗i.

Gia k�je shmeÐo ξ⃗ thc S2, jètoume Pξ thn orjog¸nia probol  tou polug¸nou. E�n ta

Pξ(Xi−1) kai Pξ(Xi+2) keÐtontai se apènanti pleurèc thc gramm c an�mesa twn Pξ(Xi) kai

Pξ(Xi+1), kai jètoume Fi(X, ξ) = fi(X) sthn pr¸th perÐptwsh kai Fi(X, ξ) = 0 alli¸c,

sq mata 2.5,2.6.

To �jroisma F (X, ξ) =
∑

i Fi(X, ξ) eÐnai to algebrikì �jroisma twn akm¸n kamp c

(in�ection edge) tou X sthn kateÔjunsh ξ⃗.

Sthn perÐptwsh mÐac polugwnik c kampÔlhc o ìroc
∫
[0,1] τ(t)dt mporeÐ na grafteÐ wc

1
4π

∫
ξ∈S2

∑
i Fi(X, ξ)dA pou anaparist� to F (Xi) epÐ thn gewmetrik  pijanìthta to Pξ(X)

na èqei mÐa akm  kamp c sto Pξ(Xi −Xi+1) gia k�je akm  thc polugwnik c kampÔlhc. Sth

gramm  pou orÐzoun ta XiXi+1, ta dÔo hmiepÐpeda pou perièqoun ta Xi−1 kai Xi+2 antÐstoiqa,

dhmiourgoÔn mÐa sf na, kai h probol  Pξ(X) èqei mÐa akm  an�klashc sto Pξ(Xi −Xi+1) an

kai mìno an to di�nusma ξ⃗ kai −ξ⃗ me kèntro to mèso thc akm c keÐtai mèsa sthn sf na. To

embadìn thc atr�ktou p�nw sth sfaÐra eÐnai Ðso me (dÐedrh gwnÐa thc sf nac sthn XiXi+1)
4π
2π .
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Sq ma 2.5: Ta Pξ(Xi−1) kai Pξ(Xi+2) keÐtontai se apènanti pleurèc thc gramm c metaxÔ

twn Pξ(Xi) kai Pξ(Xi+1). Jètoume Fi(X, ξ) = fi(X)

Sq ma 2.6: Ta Pξ(Xi−1) kai Pξ(Xi+2) keÐtontai sthn Ðdia pleur� thc gramm c an�mesa

twn Pξ(Xi) kai Pξ(Xi+1), kai jètoume Fi(X, ξ) = 0
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'Ara h pijanìthta h probol  thc akm c XiXi+1 tou polug¸nou X wc proc tuqaÐo di�nusma

ξ⃗ p�nw sth sfaÐra, Pξ(X), na eÐnai mÐa akm  an�klashc eÐnai Ðsh me 2·embadìn atr�ktou

pou orÐzei h sf na. SumperaÐnoume ìti
∫
ξ∈S2 Fi(X, ξ)dA = 4F (Xi)·(dÐedrh gwnÐa thc sf -

nac sth XiXi+1) = 4F (Xi)d(i, i+1, i−1, i+2). All� to F (Xi) pollaplasiasmèno me aut n

thn dÐedrh gwnÐa eÐnai akrib¸c h proshmasmènh gwnÐa ϕi(X) metaxÔ twn dianusm�twn B⃗i kai

B⃗i+1, kai �ra ∫
[0,1]

τ(t)dt =
1

4π

1

2

∫
ξ∈S2

∑
i

Fi(X, ξ)dA =
1

2π

∑
i

ϕi(X) (2.25)

Aut  h posìthta anaparist� thn sunolik  peristrof  tou dik�jetou dianÔsmatoc gÔrw

apì to efaptìmeno di�nusma τ(X) =
∑

i ϕi(X).

O arijmìc autoperièlixhc mÐac kampÔlhc l èqei tic parak�tw idiìthtec:

(i) to SL(l) eÐnai ènac akèraioc arijmìc kai isoÔtai me to misì tou algebrikoÔ arijmoÔ dia-

staur¸sewn thc kampÔlhc me ton eautì thc ìpwc faÐnetai se opoiod pote epÐpedo probol c.

(ii) to SL(l) eÐnai anex�rthto tou prosanatolismoÔ thc kampÔlhc.

2.5 Paramorf¸seic sto q¸ro

Qrhsimopoi¸ntac ton tÔpo gia ton arijmì perièlixhc dÔo kleist¸n kampÔlwn eÐnai polÔ eÔkolo

na doÔme ìti o arijmìc autìc den all�zei k�tw apì tic prosanatolismènec kin seic. 'Ara gia

kleistèc prosanatolismènec kampÔlec l1 kai l2 o arijmìc perièlixhc Lk(l1, l2) eÐnai mÐa anal-

loÐwth isotopÐac, dhlad  den metab�lletai k�tw apì elastikèc kin seic twn l1, l2 ston q¸ro.

Antijètwc, o arijmìc perièlixhc prosanatolismènwn anoikt¸n alusÐdwn den eÐnai analloÐwtoc

se paramorf¸seic twn alusÐdwn. Shmei¸noume ìti o arijmìc perièlixhc prosanatolismènwn

anoikt¸n alusÐdwn eÐnai ènac pragmatikìc arijmìc ìqi akèraioc. Ja deÐxoume ìti aut  h su-

n�rthsh eÐnai suneq c wc proc tic suntetagmènec twn koruf¸n twn anoikt¸n alusÐdwn, kai

�ra oloklhr¸simh ston q¸ro twn diamorf¸sewn (space of con�gurations). O q¸roc twn

diamorf¸sewn eÐnai ìla ta dunat� zeÔgh polugwnik¸n alusÐdwn tètoia ¸ste na mhn èqoun

tomèc metaxÔ touc, oÔte autotomèc sto q¸ro.

O q¸roc twn diamorf¸sewn mporeÐ na diafèrei gia ta di�fora eÐdh polugwnik¸n alusÐdwn

ìpwc autèc pou par�goun oi kanonikoÐ tuqaÐoi perÐpatoi,   oi omoiìmorfoi tuqaÐoi perÐpatoi

se periorismèno q¸ro. Ed¸ ja melet soume thn pio genik  perÐptwsh twn diamorf¸sewn

pou mporoÔn na kataskeuastoÔn apì dÔo akoloujÐec grammik¸n tmhm�twn apì �kro eic �kro
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sundedemènec ¸ste na fti�qnoun dÔo emfuteumènec polugwnikèc kampÔlec ston R3. JewroÔme

ìti to pl joc twn grammik¸n tmhm�twn pou apoteloÔn tic polugwnikèc kampÔlec eÐnai stajerì

Ðso me n gia thn k�je mÐa. B�zontac tic suntetagmenec k�je koruf c vi, wi, 0 ≤ i ≤ n kai

twn dÔo polugwnik¸n alusÐdwn sth seir� èqoume èna shmeÐo

(x0, y0, z0, x1, y1, z1, . . . , xn, yn, zn, x
′
0, y

′
0, z

′
0, . . . , x

′
n, y

′
n, z

′
n) ∈ R3n × R3n.

'Estw N to sÔnolo pou antistoiqeÐ se polugwnikèc kampÔlec me autotomèc   se zeÔgh

polugwnik¸n kampÔlwn pou tèmnontai. Autì to sÔnolo eÐnai mÐa ènwsh 2
(
1
2n(n − 3)

)
+ n2

tmhm�twn. Autì sumbaÐnei diìti 1
2n(n − 3) tm mata antistoiqoÔn stic polugwnikèc kampÔlec

twn opoÐwn dÔo m  geitonikèc akmèc tèmnontai kai n2 tm mata antistoiqoÔn sta zeÔgh polu-

gwnik¸n kampÔlwn twn opoÐwn dÔo akmèc tèmnontai. Gia par�deigma, to uposÔnolo tou N

pou apoteleÐtai apo ta zeÔgh polug¸nwn gia ta opoÐa oi akmèc e1 = vi, vi+1 kai e2 = wjwj+1

tèmnontai mporoÔn na perigrafoÔn san thn sullog  twn zeug¸n polug¸nwn gia ta opoÐa

(i) oi korufèc vi, vi+1, wj , wj+1 eÐnai sunepÐpedec,

(ii) h gramm  pou orÐzetai apì thn vi kai thn vi+1 diaqwrÐzei thn wj apì thn wj+1,

(iii) h gramm  pou orÐzetai apì thn wj kai thn wj+1 diaqwrÐzei thn vi apì thn vi+1.

ParathroÔme ìti autì to uposÔnolo antistoiqeÐ sto kleÐsimo tou sunìlou lÔsewn ston R3n×
R3n tou sust matoc

(vi+1 − vi)× (wj − vi) · (wj+1 − vi) = 0

(vi+1 − vi)× (wj − vi) · (vi+1 − vi)× (wj+1 − vi) < 0

(wj+1 − wj)× (vi − wj) · (wj+1 − wj)× (vi+1 − wj) < 0

(2.26)

'Etsi k�je komm�ti eÐnai mÐa uperepif�neia me sÔnoro.

'Eqoume loipìn ìti o q¸roc twn dunat¸n diamorf¸sewn eÐnai o Ω = R3n × R3n \ N . O

eÐnai q¸roc mètrou me s-�lgebra thn paragìmenh apì ta anoikt� tou Ω kai mètro to mètro

Lebesgue. 'Opwc deÐxame parap�nw µ(N) = 0.

Je¸rhma 2.5.1. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n alusÐdwn n

eÐnai suneq c sun�rthsh sto Ω = R3n × R3n \N .

Gia na apodeÐxoume to Je¸rhma 2.5.4 ja qreiastoÔme to parak�tw je¸rhma apì thn an�lush.

Je¸rhma 2.5.2. E�n h sun�rthsh f(x, t) eÐnai suneq c sto di�sthma ∆ = J × [a, b], tìte

h sun�rthsh

F (x) =

∫
[a,b]

f(x, t)dt (2.27)

eÐnai suneq c sto J , ìpou J èna di�sthma.
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Apìdeixh tou Jewr matoc 2.5.4. 'Estw X = (X0, . . . , Xn), Y = (Y0, . . . , Yn) dÔo polugw-

nikèc alusÐdec kai γ1(t), γ2(s) h parametrikopoÐhsh thc X kai Y antÐstoiqa. O arijmìc

perièlix c touc eÐnai

L(X,Y ) =
1

4π

∑
i,j

∫
[0,1]

∫
[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))
|li(t)− lj(s)|3

dtds (2.28)

ìpou li(t) = (t − 1)Xi−1 + tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi, lj(s) = (s −
1)Yj−1 + sYj eÐnai h parametrikopoÐhsh thc akm c Yj−1Yj , kai l̇i(t) = Xi−1 + Xi, l̇j(s) =

Yj−1 + Yj .

ArkeÐ na deÐxoume ìti k�je ìroc sto parap�nw �jroisma eÐnai mÐa suneq c sun�rthsh sto

Ω1 = (R3)2 × (R3)2 \N ′ ìpou N ′ ⊂ N .

'Estw loipìn h parak�tw sun�rthsh

l(ei, ej) =

∫
[0,1]

∫
[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))
|li(t)− lj(s)|3

dtds (2.29)

pou antistoiqeÐ ston arijmì perièlixhc twn akm¸n ei = Xi−1Xi kai ej = Yj−1Yj . Aut  h

sun�rthsh gr�fetai :

l(ei, ej) =

∫
[0,1]

∫
[0,1]

∣∣∣∣∣∣∣
A1 A2 A3

X
(1)
i −X

(1)
i−1 X

(2)
i −X

(2)
i−1 X

(3)
i −X

(3)
i−1

Y
(1)
j − Y (1)

j−1 Y
(2)
j − Y (2)

j−1 Y
(3)
j − Y (3)

j−1

∣∣∣∣∣∣∣
|tXi + (1− t)Xi−1 − sYj − (1− s)Yj−1|3

dtds

(2.30)

ìpou Am = tX
(m)
i + (1− t)X(m)

i−1 − sY
(m)
j − (1− s)Y (m)

j−1 ,m = 1, 2, 3.

AnaptÔssontac thn orÐzousa paÐrnoume∑
1≤m≤3 pm(Xi−1, Xi, Yj−1, Yj)(tX

(m)
i + (1− t)X(m)

i−1 − sY
(m)
j − (1− s)Y (m)

j−1 .

Tìte èqoume

l(ei, ej)

=
∑

0≤m≤3

pm(Xi−1, Xi, Yj−1, Yj)

∫
[0,1]

∫
[0,1]

tX
(m)
i + (1− t)X(m)

i−1 − sY
(m)
j − (1− s)Y (m)

j−1

|tXk + (1− t)Xk−1 − sYj − (1− s)Yj−1|3
dtds

=
∑

1≤m≤3

pm(Xi−1, Xi, Yj−1, Yj)

∫
[0,1]

∫
[0,1]

tX
(m)
i + (1− t)X(m)

i−1 − sY
(m)
j − (1− s)Y (m)

j−1

(
∑

1≤m≤3(tX
(m)
i + (1− t)X(m)

i−1 − sY
(m)
j − (1− s)Y (m)

j−1 )
2)

3
2

dtds

(2.31)
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'Estw f(Xi−1, Xi, Yj−1, Yj , s, t) =
tX

(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1

(
∑

1≤m≤3(tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1 )

2)
3
2
dtds kai

F (Xi−1, Xi, Yj−1, Yj) =
∫
[0,1]

∫
[0,1]

tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1

(
∑

1≤m≤3(tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1 )

2)
3
2
dtds.

Tìte f ∈ C1(Ω1 × [0, 1] × [0, 1]), kai �ra apì to Je¸rhma 2.5.2 f1(Xi−1, Xi, Yj−1, Yj , s) =∫
[0,1] fdt eÐnai suneq c sto Ω1 × [0, 1]. Efarmìzontac p�li to Je¸rhma 2.5.2 sumperaÐnoume

ìti kai h F (Xi−1, Xi, Yj−1, Yj) suneq c sto Ω1.

'Ara kai h L(X,Y ) suneq c wc �jroisma suneq¸n sunart sewn.

Orismìc 2.5.3. MÐa stoiqei¸dhc paramìrfwsh dÔo polugwnik¸n alusÐdwn pou orÐzontai

apì èna sÔnolo koruf¸n {Xi|i = 0, . . . , n} kai {Yj |j = 0, . . . , n} eÐnai mÐa monoparametrik 

oikogèneia (X(u), Y (u)) = {(Xi(u), Yj(u))|i, j = 0, . . . , n}, uk ≤ u ≤ uk+1 apì zeÔgh polu-

gwnik¸n alusÐdwn tètoia ¸ste gia k�poio deÐkth k kai k�poio shmeÐo X ′
k (  Y ′

k), Xi(u) = Xi

gia k�je u e�n i ̸= k (antÐstoiqa Yj(u) = Yj , j ̸= k) kai Xk(u) =
uk+1−u
uk+1−uk

Xk + u−uk
uk+1−uk

X ′
k

(antÐstoiqa Yk(u) =
uk+1−u
uk+1−uk

Yk +
u−uk

uk+1−uk
Y ′
k) tètoia ¸ste X(u) (  Y (u) antÐstoiqa) den èqei

autotomèc, oÔte tèmnei thn Y (u) (thn X(u) antÐstoiqa) gia kamÐa tim  tou u.

K�je suneq c paramìrfwsh enìc zeÔgouc polugwnik¸n alusÐdwn tètoia ¸ste na mhn

epitrèpontai oi tomèc kai oi autotomèc twn alusÐdwn, mporeÐ na ekfrasteÐ san mÐa akoloujÐa

apì stoiqei¸deic paramorf¸seic thc k�je polugwnik c alusÐdac. Profan¸c, mÐa stoiqei¸dhc

paramìrfwsh enìc polug¸nou eÐnai mÐa isotopÐa sÔmfwna me ton orismì.

Ja apodeÐxoume t¸ra to parak�tw:

Je¸rhma 2.5.4. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n alusÐdwn eÐnai

omoiìmorfa suneq c sun�rthsh upì stoiqei¸deic paramorf¸seic twn alusÐdwn.

Apìdeixh. 'Estw dÔo polugwnikèc alusÐdec X,Y orismènec ston q¸ro twn epitrept¸n dia-

morf¸sewn Ω = R3n × R3n \ N . O q¸roc autìc eÐnai ènac metrikìc q¸roc me metrik  thn

ρ((X,Y ), (X ′, Y ′) = max{max0≤i≤n{Xi − X ′
i},max0≤j≤n{Yj − Y ′

j }}. 'Estw mÐa stoiqei¸-

dhc paramìrfwsh tètoia ¸ste na metakineÐtai h koruf  Xk kat� mÐa apìstash δ = ϵα
8n ìpou

α = max0≤j≤n{Xk − Yj}. Tìte gia to nèo zeÔgoc polugwnik¸n alusÐdwn X ′, Y ′ pou prokÔ-

ptoun èqoume ρ((X,Y ), (X ′, Y ′)) = δ.

O arijmìc perièlix c touc tìte eÐnai

L(X ′, Y ′) =
1

4π

∑
0≤i,j≤n

∫
[0,1]

∫
[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣∣l′i(t)− l′j(s)∣∣∣3 dtds (2.32)
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ìpou l′i(t) eÐnai h parametrikopoÐhsh thc akm c X ′
iX

′
i+1 kai l′j(s) eÐnai h parametrikopoÐhsh

thc akm c Y ′
jY

′
j+1.

'Etsi,

L(X ′, Y ′) =
1

4π

∑
0≤i,j≤n

∫
[0,1]

∫
[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣∣l′i(t)− l′j(s)∣∣∣3 dtds

=
1

4π

∑
0≤i,j≤n

cijArea of Q(i′, i+ 1′, j′, j + 1′)

(2.33)

ìpou Area of Q(i′, i+ 1′, j′, j + 1′) eÐnai to embadìn thc stere�c gwnÐac pou orÐzetai apì tic

akmèc X ′
iX

′
i+1 kai Y ′

jY
′
j+1. Tìte èqoume

|L(X,Y )− L(X ′, Y ′)| = | 1
4π

∑
0≤i,j≤n

cijArea of Q(i, i+ 1, j, j + 1)

− 1

4π

∑
0≤i,j≤n

c′ijArea of Q(i′, i+ 1′, j′, j + 1′)|

= | 1
4π

∑
0≤i,j≤n

cij(Area of Q(i, i+ 1, j, j + 1)

− c′ijArea of Q(i′, i+ 1′, j′, j + 1′)|

(2.34)

AfoÔ X ′
i = Xi∀i ̸= k kai Y ′

j = Yj∀j, oi mìnec stereèc gwnÐec pou diafèroun eÐnai autèc

pou aforoÔn tic akmèc X ′
k−1X

′
k, Xk−1Xk kai X ′

kX
′
k+1, XkXk+1.

|L(X,Y )− L(X ′, Y ′)| = 1

4π
|
∑

0≤j≤n

ck−1,jArea of Q(k − 1, k, j, j + 1)

− c′k−1,jArea of Q(k − 1′, k′, j′, j + 1′)

+
∑

0≤j≤n

ck,jArea of Q(k, k + 1, j, j + 1)

− c′k,jArea of Q(k′, k + 1′, j′, j + 1′)|

(2.35)

Gia to zeÔgoc polugwnik¸n alusÐdwn X ′, Y ′ h stere� gwnÐa Q(k′, k + 1′, j, j + 1) twn

akm¸n XkXk+1 kai YjYj+1 ja eÐnai

Q(k′, k + 1′, j, j + 1) = −2π + d(k′, j, k + 1′, j + 1) + d(k + 1′, j, k′, j + 1)

+ d(k + 1′, j + 1, k′, j) + d(k′, j + 1, k + 1′, j)
(2.36)
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ìpou d(i, j, k, l) = h dÐedrh gwnÐa apì to trÐgwno XiXkYj sto trÐgwno XiYjYl sthn akm 

XiYj .

'Estw n1, n2, n3, n4 na eÐnai ta monadiaÐa dianÔsmata k�jeta sta epÐpeda pou apoteloÔn

to sÔnoro thc stere�c gwnÐac Q(k, k+1, j, j+1) kai èstw n′1, n
′
2, n

′
3, n

′
4 ta monadiaÐa k�jeta

dianÔsmata sta epÐpeda pou apoteloÔn to sÔnoro thc stere�c gwnÐac Q(k′, k + 1′, j, j +

1). H dÐedrh gwnÐa metaxÔ dÔo edr¸n tou tetraèdrou eÐnai Ðsh me th gwnÐa twn k�jetwn

dianusm�twn twn edr¸n aut¸n. 'Estw t¸ra ϕ1, ϕ2, ϕ3, ϕ4 h gwnÐa metaxÔ twn n1, n′1, twn

n2, n
′
2, twn n3, n

′
3 kai twn n4, n

′
4 antÐstoiqa. QwrÐc bl�bh thc genikìthtac ac upojèsoume ìti

h megalÔterh diafor� dÐedrwn gwni¸n metaxÔ twn dÔo tetraèdrwn eÐnai aut  pou orÐzoun ta

k�jeta dianÔsmata n1, n2, èstw d12 kai n′1, n
′
2 èstw d′12. 'Estw ϕ1 h megalÔterh gwnÐa metaxÔ

twn k�jetwn dianusm�twn. Tìte h diafor� twn dÐedrwn gwnÐwn ja eÐnai d12−d′12 ≤ 2ϕ1 ≤ 2πδ
α .

'Otan to prìshmo thc diastaÔrwshc twn probol¸n twn dÔo akm¸n den all�zei met� thn

stoiqei¸dh paramìrfwsh, èqoume ìti

|Q(k, k + 1, j, j + 1)−Q(k′, k + 1′, j, j + 1)| < 42πδ
α = 8πδ

α .

ParathroÔme ìmwc ìti ìtan to prìshmo thc diastaÔrwshc èqei all�xei kat� thn stoiqei¸dh

paramìrfwsh, h gwnÐa twn k�jetwn dianusm�twn ja èqei all�xei kat� ϕ′ = π + ϕ kai ètsi

p�li èqoume

|Q(k, k + 1, j, j + 1)−Q(k′, k + 1′, j, j + 1)| < 4 δ
2πα = 2δ

πα .

DouleÔontac me ton Ðdio trìpo gia k�je stere� gwnÐa èqoume

∣∣L(X,Y )− L(X ′, Y ′)
∣∣ < 1

4π
2n

8πδ

α
=

8nδ

α
= ϵ. (2.37)

Pìrisma 2.5.5. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n alusÐdwn X =

(X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) kaj¸c ta �kra twnX kai Y èrqontai pio kont� teÐnei

ston arijmì perièlixhc twn dÔo kleist¸n prosanatolismènwn polug¸nwn X̄, Ȳ pou prokÔptoun

ìtan ta X0 kai Xn, kai Y0 kai Yn sumpÐptoun.

Gia na katano soume ta parap�nw ja d¸soume èna par�deigma dÔo kleist¸n kampÔlwn tic

opoÐec sth sunèqeia anoÐgoume kat� ϵ = 0.1.

Par�deigma 2 'Ena polÔ bohjhtikì par�deigma gia ton upologismì tou arijmoÔ periè-

lixhc metaxÔ dÔo prosanatolismènwn polugwnik¸n alusÐdwn eÐnai to parak�tw :

'Estw X̄ = (X0, X1, X2, X3) kai Ȳ = (Y0, Y1, Y2, Y3) dÔo tetr�gwna me ton prosanatoli-

smì pou ep�gei h seir� twn koruf¸n, deÐte Eik. 2.7. Oi suntetagmènec k�je koruf c eÐnai:

X0 = (1, 0,−1), X1 = (0, 0,−1), X2 = (0, 0, 0), X3 = (0, 0, 1) kai Y0 = (−1
2 ,−

1
2 ,−

1
2), Y1 =

(12 ,−
1
2 ,−

1
2), Y2 = (12 ,

1
2 ,−

1
2), Y3 = (−1

2 ,
1
2 ,−

1
2). O arijmìc perièlix c touc eÐnai
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Sq ma 2.7: a) Tetr�gwna X̄ = (X0, X1, X2, X3) kai Ȳ = (Y0, Y1, Y2, Y3) me arijmì

perièlixhc L(X̄, Ȳ ) = 1 (b) Polugwnikèc alusÐdec X = (X ′
0, X

′
1, X

′
2, X

′
3, X

′
4) kai Y =

(Y ′
0 , Y

′
1 , Y

′
2 , Y

′
3 , Y

′
4). Gia apìstash twn �krwn thc X kai Y antÐstoiqa kat� ϵ = 0.1 o

arijmìc perièlixhc eÐnai L(X, Y ) = 0.985497

L(X̄, Ȳ ) = 1 (2.38)

'Estw X = (X ′
0, X

′
1, X

′
2, X

′
3, X

′
4) kai Y = (Y ′

0 , Y
′
1 , Y

′
2 , Y

′
3 , Y

′
4) dÔo prosanatolismènec po-

lugwnikèc alusÐdec twn opoÐwn oi suntetagmènec eÐnai: X ′
0 = (1, 0,−1), X ′

1 = (0, 0,−1), X ′
2 =

(0, 0, 0), X ′
3 = (0, 0, 1), X ′

4 = (1 + ϵ
√

1− ϵ2

4 , 0,−1 +
ϵ2

2 ) kai

Y ′
0 = (−1

2 ,−
1
2 ,−

1
2), Y

′
1 = (12 ,−

1
2 ,−

1
2), Y

′
2 = (12 ,

1
2 ,−

1
2), Y

′
3 = (−1

2 ,
1
2 ,−

1
2),

Y ′
4 = (−1

2 − ϵ
√

1− ϵ2

4 ,−
1
2 + ϵ2

2 ,−
1
2). O arijmìc perièlix c twn anoikt¸n alusÐdwn X,Y

tìte eÐnai

L(X,Y ) =
1

4π

∑
0≤i,j≤3

∫
[0,1]

∫
[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣∣l′i(t)− l′j(s)∣∣∣3 dtds (2.39)

ìpou l′i(t) eÐnai h parametrikopoÐhsh thc akm c X ′
iX

′
i+1 kai l′j(s) eÐnai h parametrikopoÐhsh

thc akm c Y ′
jY

′
j+1. 'Etsi,

L(X,Y ) =
1

4π

∑
0≤i,j≤3

∫
[0,1]

∫
[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣∣l′i(t)− l′j(s)∣∣∣3 dtds

=
1

4π

∑
0≤i,j≤3

cijArea of Q(i′, i+ 1′, j′, j + 1′)

(2.40)



2.5. PARAMORF�WSEIS STO Q�WRO 59

ìpou Area of Q(i′, i+ 1′, j′, j + 1′) eÐnai to embadìn thc stere�c gwnÐac pou orÐzetai apì tic

akmèc X ′
iX

′
i+1 kai Y ′

jY
′
j+1.

H stere� gwnÐa Q(i, i+ 1, j, j + 1) twn akm¸n XiXi+1 kai YjYj+1 ja eÐnai

Q(i, i+ 1, j, j + 1) = −2π + d(i, j, i+ 1, j + 1) + d(i+ 1, j, i, j + 1)

+ d(i+ 1, j + 1, i, j) + d(i, j + 1, i+ 1, j)
(2.41)

ìpou d(i, j, k, l) = h dÐedrh gwnÐa apì to trÐgwno XiXkYj sto trÐgwno XiYjYl sthn akm 

XiYj . 'Estw

n1 =
ri,j × ri,j+1

|ri,j × ri,j+1|
, n2 =

ri,j+1 × ri+1,j+1

|ri,j+1 × ri+1,j+1|
, n3 =

ri+1,j+1 × ri+1,j

|ri+1,j+1 × ri+1,j |
,

n4 =
ri+1,j × ri,j
|ri+1,j × ri,j |

(2.42)

na eÐnai ta monadiaÐa dianÔsmata k�jeta sta epÐpeda pou apoteloÔn to sÔnoro thc stere�c

gwnÐac

Q(i, i+ 1, j, j + 1).

Tìte, lamb�nontac up�oyhn ton amoibaÐo touc prosanatolismì [68], èqoume:

d(i, j, i+ 1, j + 1) = arccos(−n1n4) = π
2 + arcsin(n1n4),

d(i+ 1, j, i, j + 1) = arccos(−n3n4) = π
2 + arcsin(n3n4)

klp.

Autì sumbaÐnei diìti to eswterikì ginìmeno ninj mac dÐnei to sunim tono thc dÐedrhc gwnÐac

èstw ϕ twn antÐstoiqwn pleur¸n tou tetraèdrou, all� em�c mac endiafèrei h {exwterik }

gwnÐa π − ϕ h opoÐa èqei sunim tono −ninj Tìte

Q(i, i+ 1, j, j + 1) = arcsin(n1n2) + arcsin(n2n3) + arcsin(n3n4)

+ arcsin(n4n1)
(2.43)

DouleÔontac me ton Ðdio trìpo gia k�je stere� gwnÐa kai efìson oi apost�seic eÐnai ìlec

gnwstèc gia ϵ = 0.1 èqoume

L(X,Y ) = 0.985497. (2.44)

Parat rhsh 2.5.6. O arijmìc sustrof c den eÐnai analloÐwth isotopÐac oÔte gia anoiktèc

oÔte gia kleistèc kampÔlec. To Ðdio kai o mèsoc arijmìc diastaur¸sewn. Tèloc, ìmoia me ton
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arijmì perièlixhc, o arijmìc autoperièlixhc SL(l) eÐnai analloÐwtoc upì mÐa m  ekfulismènh

isotopÐa (ìpou mÐa m  ekfulismènh isotopÐa ennooÔme mÐa isotopÐa h opoÐa gia k�je stajerì h

kampÔlh èqei pantoÔ mh mhdenik  kampulìthta) ìtan h l eÐnai kleist  en¸ gia anoikt  isqÔoun

ìsa eÐpame prÐn gia ton arijmì perièlixhc, efìson apodeiknÔetai ìti SL(l) = Lk(l1, lϵ). Se

aut n thn perÐptwsh mporoÔme na proqwr soume èna b ma perissìtero kai na mil soume gia

kordèllec kai isotopÐa kordèllwn antÐ gia kìmbouc kai isotopÐa kìmbwn. ApodeiknÔetai ìti an

h l eÐnai kleist  kampÔlh o SL(l) eÐnai analloÐwth isotopÐac kordèllwn.

Pr�gmati, èstw mÐa kordèlla R(ribbon) tìte Lk(R) eÐnai o arijmìc autoperièlixhc thc

kordèllac R (tou kentrikoÔ thc �xona). Tìte jètontac Tw(R) na metr� to kat� pìso h

kordèlla R peristrèfetai gÔrw apì ton �xon� thc kai Wr(R) na metr� to kat� pìso h

kordèlla R eÐnai strifogurismènh ston q¸ro paÐrnoume thn exÐswsh

Lk(R) = Tw(R) +Wr(R) (2.45)

h opoÐa apoteleÐ thn jemeli¸dh exÐswsh pou dièpei èna mìrio DNA.

2.6 Omoiìmorfoi tuqaÐoi perÐpatoi se periori-

smèno q¸ro

Oi polumerikèc alusÐdec prosomoi¸nontai qrhsimopoi¸ntac anoiktèc   kleistèc polugwni-

kèc kampÔlec. Up�rqoun di�fora montèla tuqaÐwn perip�twn   polug¸nwn pou mporoÔn na

qrhsimopoihjoÔn kai pou eÐnai antiproswpeutik� twn idiot twn twn diaforetik¸n polumeri-

k¸n thgm�twn [97, 71]. Se aut  thn par�grafo, ja epikentr¸soume thn melèth mac stouc

omoiìmorfouc tuqaÐouc perÐpatouc se periorismèno q¸ro kaj¸c mac parèqoun èna aplopoih-

mèno montèlo thc jewrhtik smac melèthc kai èqoun parìmoia sumperifor� me �lla montèla

polumer¸n.

Oi omoiìrmorfoi tuqaÐoi perÐpatoi par�gontai sÔmfwna me to montèlo URP, pou eis gage

oMillett [91]. Se autì to montèlo den up�rqoun stajer� m kh desm¸n kai k�je suntetagmènh

mÐac koruf c lamb�netai apì to C = [0, 1] sÔmfwna methn omoiìmorfh katanom .

AfoÔ èna t gma polumeroÔc mporeÐ na l�bei diaforetikèc diamorf¸seic ston q¸ro kat�

èna qronikì di�sthma, endiaferìmaste se èna mètro diaplok c pou ja eÐnai anex�rthto apì

mÐa sugkekrimènh diamìrfwsh, kai qarakthristikì tou q¸rou diamorf¸sewn. To parak�tw

je¸rhma apodeÐqjhke apì touc Arsuaga et. al. ([4]).
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Je¸rhma 2.6.1. O mèsoc tetragwnikìc arijmìc perièlixhc dÔo prosanatolismènwn omoiì-

morfwn tuqaÐwn polug¸nwn X kai Y me n akmèc, pou to kajèna perièqetai sto C3, eÐnai 1
2n

2q

ìpou q > 0. 'Ena parìmoio apotèlesma isqÔei e�n to C3 antikatasteÐ apì èna summetrikì

kurtì qwrÐo tou R3.

To parap�nw apotèlesma eÐnai anex�rthto tou prosanatolismoÔ twn dÔo tuqaÐwn polug¸-

nwn. Lìgw tou b�rouc pou dÐnei o tetrgwnismìc se megalÔterec timèc tou arijmoÔ perièlixhc,

o mèsoc apìlutoc arijmìc perièlixhc eÐnai èna pio antiproswpeutikì mètro thc mèshc diaplok c

tou sust matoc.

2.6.1 O mèsoc tetragwnikìc arijmìc sustrof c enìc

omoiìmorfou tuqaÐou perip�tou   polug¸nou se

periorismèno q¸ro

Se aut  thn par�grafo, melet�me thn sustrof  omoiìmorfwn tuqaÐwn perip�twn (  polug¸-

nwn) ston C3.

Endiaferìmaste ston orismì thc mèshc tetragwnik c sustrof c enìc omoiìmorfou tuqaÐ-

ou perip�tou   polug¸nou me n akmèc se periorismèno q¸ro wc proc ìlec tic dunatèc diamor-

f¸seic. O q¸roc twn diamorf¸sewn se aut n thn perÐptwsh eÐnai o Ω = [0, 1]3(n+1)\N , ìpou

N eÐnai to sÔnolo twn diamorf¸sewn me autotomèc. Tìte to N èqei mètro mhdèn ([109, 110]).

Ergazìmenoi ìpwc sthn apìdeixh tou Jewr matoc 2.6.1 sto [4] ja apodeÐxoume kai ja

deÐxoume arijmhtik� to parak�tw je¸rhma pou afor� thn asumptwtik  t�sh thc mèshc tetra-

gwnik c sustrof c enìc prosanatolismènou omoiìmorfou tuqaÐou polug¸nou.

Je¸rhma 2.6.2. O mèsoc tetragwnikìc arijmìc sustrof c enìc prosanatolismènou omoiì-

morfou tuqaÐou polug¸nou Pn n akm¸n (ston periorismèno q¸ro C3) eÐnai thc t�xewc O(n2).

Sthn perÐptwsh pou eÐnai mìno dÔo (anex�rthtec) prosanatolismènec akmèc l1 kai l2, afoÔ

ìla ta �kra twn akm¸n eÐnai anex�rthta kai omoiìmorfa katanemhmèna sto C3, h pijanìthta

oi probolèc twn l1 kai l2 , na tèmnoun h mÐa thn �llh eÐnai ènac jetikìc arijmìc ton opoÐo

onom�zoume 2p. OrÐzoume mÐa tuqaÐa metablht  wc ex c : ϵ = 0 e�n oi probolèc twn l1 kai

l2 den tèmnontai, ϵ = −1 e�n oi probolèc twn l1 kai l2 èqoun arnhtik  tom  kai ϵ = 1 e�n oi

probolèc twn l1 kai l2 èqoun jetik  tom . Tìte blèpoume ìti P (ϵ = 1) = P (ϵ = −1) = p,

E(ϵ) = 0 kai V ar(ϵ) = E(ϵ2) = 2p.
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Ja qreiastoÔme to epìmeno L mma, akolouj¸nac to montèlo thc antÐstoiqhc apìdeixhc

sto [4], pou afor� thn perÐptwsh ìtan up�rqoun tèssereic akmèc (k�poiec apo tic opoÐec

mporeÐ na tautÐzontai   na èqoun mÐa koin  koruf ) anameigmènec : l1, l2, l′1 kai l′2. 'Estw ϵ1 o

tuqaÐoc arijmìc ϵ pou orÐsthke parap�nw metaxÔ twn l1 kai l′1 kai èstw ϵ2 o tuqaÐoc arijmìc

pou orÐzetai metaxÔ twn l2 l′2.

L mma 2.6.3. (1) E�n ta �kra twn l1, l2, l
′
1 kai l′2 eÐnai diaforetik�, tìte E(ϵ1ϵ2) = 0 (aut 

eÐnai h perÐptwsh pou up�rqoun oqt¸ anex�rthta shmeÐa anemhgmèna).

(2) E�n l1 = l2, kai ta �kra twn l1, l
′
1 kai l′2 eÐnai diaforetik� (autì mac an�gei sthn

perÐptwsh pou up�rqoun mìno treÐc tuqaÐec akmèc me èxi anex�rthta shmeÐa anemeigmèna),

tìte E(ϵ1ϵ2) = 0.

(3) E�n ta l1 kai l′1,   ta l2 kai l′2 èqoun mÐa koin  koruf , tìte E(ϵ1ϵ2) = 0 (aut  eÐnai h

perÐptwsh pou èqoume tèssereic akmèc kai mìno ept� anex�thta shmeÐa).

(4) Sthn perÐptwsh pou l1 = l2, ta �kra twn l1 kai l′1 kai l1 kai l′2 eÐnai diaforetik�,

kai l′1 kai l′2 èqoun èna koinì shmeÐo (�ra up�rqoun mìno treÐc akmèc pou orÐzontai apì pènte

anex�rthta shmeÐa anameigmèna se aut n thn perÐptwsh), èstw u = E(ϵ1ϵ2), sthn perÐptwsh

pou l1 kai l2 èqoun èna koinì shmeÐo, ta �kra twn l1 kai l′1 kai l1 kai l′2 eÐnai diaforetik�, kai

l′1 kai l′2 epÐshc èqoun èna koinì shmeÐo (�ra up�rqoun mìno tèssereic akmèc pou orÐzontai apì

èxi anex�rthta tuqaÐa shmeÐa anemeigmèna se aut� ta shmeÐa se aut n thn perÐptwsh), èstw

v = E(ϵ1ϵ2) kai èstw w = E(ϵ1, ϵ2) sthn perÐptwsh pou oi l1, l2, l
′
1 kai l′2 eÐnai diadoqikèc

(�ra up�rqoun mìno tèssereic akmèc pou orÐzontai apì pènte anex�rthta shmeÐa se aut n thn

perÐptwsh). 'Eqoume q′ = 3p+ 2(2u+ v + w) > 0, ìpou p orÐzetai ìpwc prÐn.

Apìdeixh. (1) EÐnai profanèc afoÔ ϵ1 kai ϵ2 eÐnai anex�rthtec tuqaÐec meta-blhtèc se aut n

thn perÐptwsh.

(2) Gia k�je diamìrfwsh sthn opoÐa oi probolèc twn l′1 kai l′2 tèmnoun kai oi dÔo thn

probol  thc l1(afoÔ alli¸c ϵ1ϵ2 = 0), up�rqoun oqt¸ diaforetikoÐ trìpoi gia na b�loume

prosanatolismì stic akmèc. Tèssereic apì autoÔc dÐnoun ϵ1ϵ2 = −1 kai tèssereic apì autoÔc

dÐnoun ϵ1ϵ2 = 1. AfoÔ h apì koinoÔ puknìthta pijanìthtac twn koruf¸n pou anameignÔontai

eÐnai apl� 1
V 6 , ìpou V eÐnai o ìgkoc tou periorismènou q¸rou C3, ètsi qrhsimopoi¸ntac èna

epiqeÐrhma summetrÐac èqoume E(ϵ1ϵ2) = 0.

(3) EÐnai profanèc, afoÔ se aut n thn perÐprtwsh ϵ1 = 0   ϵ2 = 0.

(4) Ac melet soume thn perÐptwsh pou to polÔgwno èqei èxi akmèc. 'Estw ϵij o algebrikìc

arijmìc diastaÔrwshc ϵ metaxÔ twn akm¸n li kai lj . JewroÔme thn diaspor� tou ajroÐsmatoc∑
1≤i<j≤6,2≤|i−j|≤4 ϵij(oi deÐktec tou ajroÐsmatoc èqoun parjeÐ me th qr sh tou mod 6):
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V (
∑

1≤i<j≤6,2≤|i−j|≤4

ϵij) = E((
∑

1≤i<j≤6,2≤|i−j|≤4

ϵij)
2)

=
∑

1≤i<j≤6,2≤|i−j|≤4

E(ϵ2ij) + 2
∑

1≤i≤6

∑
i+2≤j≤i+3

E(ϵijϵi(j+1))

+ 2
1

2

∑
1≤i,j≤6,|i−j|=3

E(ϵijϵi+1,j+1)

+ 2
1

2

∑
1≤i,j≤6,|i−j|=2

E(ϵijϵi−1,j+1)

+ 2
∑

1≤i≤6

E(ϵi(i+2)ϵi+1,i+3)

(2.46)

AfoÔ ta ϵij eÐnai tautìsimec tuqaÐec metablhtèc, dhlad , èqoun tic Ðdiec katanomèc, k�je

ìroc sto pr¸to �jroisma thc dexi�c pleur�c sthn parap�nw sqèsh dÐnei 2p, k�je ìroc sto

deÔtero �jroisma dÐnei u, k�je ìroc sto trÐto kai tètarto �jroisma dÐnei v kai k�je ìroc sto

pèmpto �jroisma dÐnei w. 'Etsi èqoume

V (
∑

1≤i,j≤6

ϵij) = 9 · 2p+ 2(12 · u+ 6 · v + 6 · w) = 6(3p+ 2(2u+ v + w)). (2.47)

AfoÔ V (
∑

1≤i,j≤8 ϵij) > 0, autì sunep�getai 3p+2(2u+v+w) > 0, ìpwc isqurist kame.

Ac jewr soume thn perÐptwsh enìc omoiìmorfou tuqaÐou polug¸nou Pn me n akmèc. Ono-

m�zoume tic akmèc tou Pn wc l1, . . . , ln ètsi ¸ste aut  h seir� tairi�zei me thn seir� pou ep�gei

o prosanatolismìc tou polug¸nou. 'Estw ϵij to prìshmo thc tom c metaxÔ twn li kai lj . Tìte

o arijmìc thc sustrof c enìc diagr�mmatoc tou Pn pou orÐzetai mèsw mÐac probol c se epÐ-

pedo k�jeto se èna tuqaÐo di�nusma ξ ∈ S2 orÐzetai wc Wrξ(Pn) =
∑

1≤i<j≤n,2≤|i−j|≤n−2 ϵij .

Apìdeixh tou Jewr matoc 2.6.2. O q¸roc twn dunat¸n diamorf¸sewn se aut n thn perÐptw-

sh eÐnai o Ω = [0, 1]3n \N ìpou N eÐnai to sÔnolo twn polugwnik¸n alusÐdec me autotomèc.

O Ω eÐnai q¸roc mètrou me thn s-�lgebra Borel sto Ω kai mètro to mètro Lebesgue, me

µ(N) = 0. Efarmìzontac to L mma 2.6.3, eÐnai eÔkolo na diapist¸soume ìti h mèsh tim  thc

sustrof c enìc diagr�mmatoc tou Pn wc proc ton q¸ro twn dunat¸n diamorf¸sewn Ω eÐnai
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E(
∑

1≤i<j≤n,|i−j|≥2

ϵ2ij) =

=
∑

1≤i<j≤n,2≤|i−j|≤n−1

E(ϵ2ij) + 2
∑

1≤i≤n

∑
i+1≤j≤i+n−3

E(ϵijϵi,j+1)

+ 2
1

2

∑
1≤i,j≤6,3≤|i−j|≤n−3

E(ϵijϵi+1,j+1)

+ 2
1

2

∑
1≤i,j≤n,2≤|i−j|≤n−4

E(ϵijϵi−1,j+1)

2
∑

1≤i≤n

E(ϵi,i+2ϵi+1,i+3)

= n2(p+ 2(u+ v))− n(3p+ 2(4u+ 5v − w))

(2.48)

ìpou p + 2(u + v) = q > 0, ìpwc èqei apodeiqjeÐ sto [4] kai �ra E[Wr(Pn)] = qn2 + O(n).

Qrhsimopoi¸ntac to L mma 2.6.3 apodeiknÔetai ìti to E[Wr(Pn)] eÐnai fragmèno apì k�tw

apì to qn2 − 6qn.

'Estw mÐa diamèrish thc epif�neiac thc sfaÐrac ∆ = {I1, I2, . . . , Im} kai ac jewr soume

ìti h sustrof  enìc diagr�mmatoc tou Pn eÐnai stajer  se k�je Ij , 1 ≤ j ≤ m. Ex orismoÔ,

èqoume ìti gia mÐa akoloujÐa diamerÐsewn ∆k tètoia ¸ste µ(∆k) → 0 h mèsh tetragwnik 

sustrof  tou Pn isoÔtai me

E
[
Wr2 (Pn)

]
= E

 1

4π
lim

µ(∆k)→0

∑
1≤s≤mk

Wrξs (Pn) δS

2 (2.49)

AfoÔ limµ(∆k)→0

∑
1≤s≤mk

Wrξs (Pn) δS <∞ kai limµ(∆k)→0

(∑
1≤s≤mk

Wrξs (Pn) δS
)2

<

∞, èqoume

E
[
Wr2 (Pn)

]
=

1

16π2
E

 lim
µ(∆k)→0

 ∑
1≤s≤mk

Wrξs (Pn) δS

2 (2.50)

ParathroÔme ìti oi sunart seic Sk (Pn) =
(∑

1≤s≤mk
Wrξs (Pn) δS

)2
, Sk : Ω → R eÐnai

metr simec, fragmènec apì p�nw apì to
(∑

1≤s≤mCrξs (Pn) δS
)2
, ìpou Crξs(Pn) eÐnai to

pl joc twn diastaur¸sewn se mÐa probol  tou Pn sto epÐpedo me k�jeto di�nusma to ξs kai(∑
1≤s≤mk

Crξs (Pn) δS
)2
≤

(
2 · 4πn2

)2
. 'Ara, qrhsimopoi¸ntac to Je¸rhma Kuriarqhmènhc

SÔgklishc tou Lebesgue, èqoume
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E
[
Wr2 (Pn)

]
=

1

16π2
lim

µ(∆k)→0
E

 ∑
1≤s≤mk

Wrξs (Pn) δS

2
=

1

16π2
lim

µ(∆k)→0

E

 ∑
1≤s≤mk

Wr2ξs (Pn) δS
2 + 2

∑
1≤s,t≤mk

Wrξs (Pn)Wrξt (Pn) δS
2


=

1

16π2
· lim
µ(∆k)→0 ∑

1≤s≤mk

E
[
Wr2ξs (Pn)

]
δS2 + 2

∑
1≤s,t≤mk

E [Wrξs (Pn)]E [Wrξt (Pn)] δS
2



(2.51)

O deÔteroc ìrorc sthn (2.49) isoÔtai me mhdèn, afoÔ

E [Wrξ (Pn)] = E

 ∑
1≤i≤n

∑
j>i

j ̸=i−1,i,i+1

ϵij

 =
∑

1≤i≤n

∑
j>i

j ̸=i−1,i,i+1

E [ϵij ] = 0. (2.52)

All� apodeÐxame ìti E
[
Wr2ξ (Pn)

]
= qn2+O (n), kai E [Wrξ (Pn)] = 0, ∀ξ ∈ S2. EpÐshc,

parathroÔme ìti gia µ(∆k) arket� mikrì, tìte δS < 1, �ra

E
[
Wr2 (Pn)

]
=

1

16π2
lim

µ(∆k)→0

 ∑
1≤s≤mk

(
qn2 +O (n)

)
δS2


=

1

16π2
(
qn2 +O (n)

)
lim

µ(∆k)→0

 ∑
1≤s≤mk

δS2

 = O(n2)

⇒ E
[
Wr2 (Pn)

]
≤ 1

16π2
(
qn2 +O (n)

)
lim

µ(∆k)→0

 ∑
1≤s≤mk

δS

2

=
1

16π2
(
qn2 +O (n)

)(∫
ξ∈S2

dS

)2

= qn2 +O (n)

(2.53)



66 KEF�ALAIO 2. DIAPLOK�H ANOIKT�WN ALUS�IDWN

2.6.2 O mèsoc tetragwnikìc arijmìc perièlixhc dÔo o-

moiìmorfwn tuqaÐwn perip�twn se periorismèno q¸-

ro

H apìdeixh tou Jewr matoc 2.6.2 mporeÐ eÔkola na prosarmosteÐ ètsi ¸ste na mac d¸sei thn

auxhtik  t�sh dÔo omoiìmorfwn tuqaÐwn perip�twn se periorismèno q¸ro. Gia thn akrÐbeia,

èqoume to parak�tw je¸rhma pou genikeÔei to antÐstoiqo Je¸rhma twn Arsuaga et. al. ([4]).

Je¸rhma 2.6.4. O mèsoc tetragwnikìc arijmìc perièlixhc metaxÔ dÔo prosanatolismènwn

omoiìmorfwn tuqaÐwn perip�twn X kai Y me n akmèc, pou perièqontai sto C3, eÐnai thc t�xewc

O
(
n2

)
. Parìmoia apotelèsmata isqÔoun e�n to C3 antikatastajeÐ apì èna summetrikì kurtì

sÔnolo ston R3.

Apìdeixh. Gia mÐa sugkekrimènh probol  twn perip�twn se èna epÐpedo me k�jeto di�nusma

ξ⃗ ∈ S2, prosarmìzontac to Je¸rhma 2.6.1 twn Arsuaga et. al. ([4]) sthn perÐptwsh anoikt¸n

perip�twn, èqoume E [lkξ (X,Y )] = 1
2n

2q + O (n) ìpou q > 0. Tìte, akolouj¸ntac thn

apìdeixh tou Jewr matoc 2.6.2, èqoume ìti E [Lk (X,Y )] = O
(
n2

)
.

2.6.3 O mèsoc tetragwnikìc arijmìc auto-perièlixhc e-

nìc prosanatolismènou omoiìmorfou tuqaÐou pe-

rip�tou   polug¸nou

To parak�tw je¸rhma afor� ton mèso tetrgwnikì arijmì auto-perièlixhc enìc omoiìmorfou

tuqaÐou perip�tou   polug¸nou.

Je¸rhma 2.6.5. O mèsoc tetragwnikìc arijmìc auto-perièlixhc enìc prosanatolismènou

omoiìmorfou tuqaÐou perip�tou   polug¸nou me n akmèc, to opoÐo perièqetai ston C3 eÐnai thc

t�xewn O(n2). Parìmoia apotelèsmata isqÔoun e�n to C3 antikatastajeÐ apì èna summetrikì

kurtì sÔnolo ston R3.

Apìdeixh. Ja qrhsimopoi soume ton orismì tou arijmoÔ auto-perièlixhc pou dìjhke sto

(3.2.3), dhlad  SL(l) = Wr(l) + 1
2π

∑
i ϕi . H apìdeixh basÐzetai sto gegonìc ìti oi gw-

nÐec strèyhc ϕi ∀i ̸= 1, n kai ta ginìmena ϵijϕi ∀j ̸= i + 2, k ̸= i + 1 eÐnai anex�rthta sto

montèlo URP.

'Estw Pn èna omoiìmorfo tuqaÐo polÔgwno ston C3. Prob�lloume to Pn se èna epÐpedo

pou orÐzetai apì èna k�jeto di�nusma ξ ∈ S2. Gia k�je zeÔgoc akm¸n twn omoiìmorfwn tuqaÐ-

wn polug¸nwn li kai lj orÐzoume mÐa tuqaÐa metablht  ϵij ìpwc sthn prohgoÔmenh par�grafo.

Tìte E[ϵ] = 0 kai E[ϵ2] = 2p. Gia k�je akm  orÐzoume mÐa tuqaÐa metablht  ϕi tètoia ¸ste
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ϕi isoÔtai me thn proshmasmènh gwnÐa metaxÔ twn B⃗i kai B⃗i+1, ta k�jeta dianÔsmata sta

epÐpeda pou orÐzontai apì tic akmèc i, i+ 1 kai i+ 1, i+ 2 antÐstoiqa. Tìte ϕi ∈ [−π, π], ∀i.
AfoÔ k�je koruf  tou omoiìmorfou tuqaÐou polug¸nou epilègetai sÔmfwna me thn omoiì-

morfh katanom , h ϕi eÐnai jetik    arnhtik  me thn Ðdia pijanìthta, �ra E(ϕi) = 0,∀i. T¸ra
èstw E[ϕ2i ] = w kai E[|ϕi|] = w′. Gia k�je zeÔgoc akm¸n ϕi, ϕj , i ̸= 1, j ̸= n èqoume ìti

E[ϕiϕj ] = 0, afoÔ ϕi, ϕj eÐnai anex�rthtec tuqaÐec metablhtèc se aut  thn perÐptwsh. T¸ra

ja upologÐsoume ton mèso tetragwnikì arijmì auto-perièlixhc:

E


 ∑

1≤i<j≤n
j ̸=i−1,i,i+1

ϵij +
∑

1≤i≤n

ϕi


2

= E


 ∑

1≤i<j≤n
j ̸=i−1,i,i+1

ϵij


2

+

 ∑
1≤i≤n

ϕi

2

+ 2
∑

1≤i<j≤n
j ̸=i−1,i,i+1

∑
1≤k≤n

ϵijϕk



= E


 ∑

1≤i<j≤n
j ̸=i−1,i,i+1

ϵij


2+ E

 ∑
1≤i≤n

ϕi

2

+ 2E

 ∑
1≤i<j≤n

j ̸=i−1,i,i+1

∑
1≤k≤n

ϵijϕk



(2.54)

Sthn prohgoÔmenh par�grafo apodeÐxame ìti E


 ∑

1≤i<j≤n
j ̸=i−1,i,i+1

ϵij


2 = O

(
n2

)
.

Gia ton deÔtero ìro èqoume ìti

E

 ∑
1≤i≤n

ϕi

2 =
∑

1≤i≤n

E[ϕ2i ] + 2
∑

1≤i<j≤n

E[ϕiϕj ] = wn+ 2E[ϕ1ϕn] = O(n). (2.55)

Gia ton trÐto ìro, skeftìmaste wc ex c: E�n j ̸= i − 2, i + 2, tìte ϵij , ϕk eÐnai anex�rthtec

tuqaÐec metablhtèc gia k�je k, �ra E[ϵijϕk] = 0. E�n j = i+2 tìte ϵij , ϕk eÐnai anex�rthtec

tuqaÐec metablhtèc gia k�je k ̸= i + 1 For k = i + 1, tìte up�rqoun okt¸ diaforetikèc

peript¸seic pou mporoÔn na sumboÔn ètsi ¸ste E[ϵii+2ϕi+i] ̸= 0 (deÐte Eikìna 2.8). 'Olec

touc dÐnoun +|ϕi+1|. AfoÔ oi korufèc tou polug¸nou epilègontai sÔmfwna me thn omoiìmorfh
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katanom , ìlec oi peript¸seic èqoun thn Ðdia pijanìthta, �ra E[ϵii+2ϕi+1] = E[|ϕi+1|] = w′.

'Ara, telik� èqoume

E[Sl2(Pn)] = qn2 +O(n). (2.56)

Sq ma 2.8: Gia k�je dunat  diamìrfwsh twn akm¸n i, i + 1 kai i + 2 tètoiec ¸ste

ϵi,i+2 ̸= 0, èqoume ϵi,i+2ϕi+1 = |ϕi+1|

Sthn perÐptwsh enìc omoiìmorfou tuqaÐou perip�tou Rn o arijmìc auto-perièlixhc den eÐ-

nai topologik  analloÐwth kai kaneÐc prèpei na akolouj sei mÐa antÐstoiqh diadikasÐa eÔreshc

mèshc tim c ìpwc sthn apìdeixh tou Jewr matoc 2.6.2. Tèloc, o mèsoc tetragwnikìc arijmìc

auto-perièlixhc enìc omoiìmorfou tuqaÐou perip�tou Rn eÐnai E
[
Sl2 (Rn)

]
= O(n2).

2.6.4 Diaplok  metaxÔ mÐac prosanatolismènhc kampÔ-

lhc kai enìc prosanatolismènou tuqaÐou polug¸-

nou se periorismèno q¸ro

MÐa akrib c apìdeixh thc asumptwtik c sumperifor�c thc pijanìthtac thc diaplok c meta-

xÔ mÐac prosanatolismènhc kampÔlhc stajeroÔ m kouc kai enìc prosanatolismènou tuqaÐou

polÔgwnou pou brÐskontai periorismèna se èna kurtì sumpagèc q¸ro dÐnetai sto [4].

Je¸rhma 2.6.6. 'Estw S mÐa stajer  apl  kleist  kampÔlh kai Rn èna omoiìmorfo tuqaÐo

polÔgwno n koruf¸n, periorismèna sto eswterikì enìc summetrikoÔ kurtoÔ sunìlou tou

R3. Tìte kaj¸c to n teÐnei sto �peiro, h pijanìthta ta S kai Rn na sqhmatÐzoun èna m 

diaqwrizìmeno krÐko teÐnei sto 1 me rujmì toul�qiston 1−O( 1√
n
).
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Akolouj¸ntac thn apìdeixh tou Jewr matoc 2.6.6, apodeiknÔoume to parak�tw Je¸rhma

gia thn asumtwtik  t�sh thc apìluthc tim c tou arijmoÔ pe-rièlixhc metaxÔ enìc omoiìmorfou

tuqaÐou polug¸nou kai mÐac apl c kleist c kampÔlhc.

Je¸rhma 2.6.7. 'Estw Rn èna prosanatolismèno omoiìmorfo tuqaÐo polÔgwno n akm¸n kai

S mÐa stajer  apl  kleist  kampÔlh periorismèna sto eswterikì enìc summetrikoÔ kurtoÔ

sunìlou tou R3. H mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ twn X kai S ston

periorismèno q¸ro akoloujeÐ mÐa auxhtik  t�sh wc proc to m koc tou polug¸nou thc morf c

E(|L(Rn, S)|) ≈ O(
√
n). (2.57)

Parat rhsh 2.6.8. H sqedìn kanonik  katanom  eÐnai h sun�rthsh puknìthtac pijanì-

thtac thc apìluthc tim c mÐac tuqaÐac metablht c pou akoloujeÐ thn kanonik  katanom  me

mèsh tim  0 kai diaspor� σ2. Dhlad  e�n h X eÐnai kanonik� katanemhmènh me mèsh tim 

0 kai diaspor� tìte h Y = |X| eÐnai sqedìn kanonik� katanemhmènh. Tìte h mèsh tim  thc

dÐnetai wc E(Y ) = σ
√

2
π . H diaspor� thc eÐnai V ar(Y ) = σ2(1− 2

π ).

Gia na apodeÐxoume to parap�nw je¸rhma, ja qreiastoÔme to parak�tw je¸rhma twn

pijanot twn tou C. Stein. QrhsimopoieÐtai gia na broÔme èna �nw ìrio metaxÔ thc katanom c

enìc ajroÐsmatoc twn ìrwn mÐac m-exartìmenhc akoloujÐac tuqaÐwn metanlht¸n (dhlad  oi

X1, X2, . . . , Xs eÐnai anex�rthtec twn Xt, Xt+1, . . . an t−s ≥ m) kai mÐac kanonik  katanom .

Je¸rhma 2.6.9. 'Estw x1, x2, . . . , xn mÐa akoloujÐa st�simwn kai m-exartìmenwn tuqaÐwn

metablhtèc ètsi ¸ste E[xi] = 0, E[x2i ] <∞ gia k�je i kai

0 < C = lim
n→∞

1

n
E

 ∑
1≤i≤n

xi

2 <∞, (2.58)

tìte h 1√
nC

∑
1≤i≤n xi sugklÐnei se mÐa tuqaÐa metablht  pou akoloujeÐ thn kanonik  kata-

nom . Epiplèon, e�n jèsoume Φ(a) = 1√
2π

∫
(−∞,a] e

−x2

2 dx na eÐnai h sun�rthsh katanom c thc

kanonik c tuqaÐac metablht c, tìte èqoume∣∣∣∣∣∣P
 1√

nC

∑
1≤i≤n

xi ≤ a

− Φ(a)

∣∣∣∣∣∣ ≤ A√
n

(2.59)

gia k�poia stajer� A > 0
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Apìdeixh tou Jewr matoc 2.6.7. QwrÐc bl�bh thc genikìthtac jewroÔme thn apl  kleist 

kampÔlh ton kÔklo me exÐswsh x2+ y2 = r2 ìpou r > 0 eÐnai mÐa stajer� mikrìterh apì 1
2 kai

o periorismènoc q¸roc na eÐnai o C = {(x, y, z) : −1
2 ≤ x, y, z ≤ 1

2}. 'Estw ϵj to �jroisma

twn ±1 pou antistoiqoÔn stic diastaur¸seic metaxÔ twn probol¸n thc st c j akm c lj tou

Rn kai tou S, prèpei na p�roume to �jroisma afoÔ se aut n thn perÐptwsh h probol  tou

lj(p�nw sto xy−epÐpedo) mporeÐ na èqei mèqri 2 diastaur¸seic me to S. EÐnai eÔkolo na

doÔme ìti ϵj = 0,±1,±2 gia k�je j, ta ϵj èqoun tic Ðdiec katanomèc kai lìgw summetrÐac

èqoume E(ϵj) = 0 gia k�je j. EÐnai profanèc ìti e�n |i − j| > 1 mod (n), tìte ta ϵi kai

ϵj eÐnai anex�rthta, �ra èqoume E(ϵiϵj) = 0. Me èna parìmoio epiqeÐrhma san eutì pou

qrhsimopoi same sto Je¸rhma 2.6.2, èqoume p′ + 2u′ > 0, ìpou p′ = E(ϵ21) kai u
′ = E(ϵ1ϵ2).

Tìte gia n = 3

V (
∑

1≤i≤3

ϵi) = E[(
∑

1≤i≤3

ϵi)
2] =

∑
1≤i≤3

E(ϵ2i ) +
∑

1≤i,j≤3

E(ϵiϵj)

= 3p′ + 3u′ = 3(p′ + u′) > 0

(2.60)

'Ara, èqoume p′ + 2u′ > 0 p′ = E(ϵ2i ) u
′ = E(ϵiϵj). 'Ara

0 < C =
1

n
E
(( ∑

1≤j≤n

ϵj
)2)

= p′ + 2u′ (2.61)

gia k�je n. E�n agno soume ton teleutaÐo ìro ϵn sthn parap�nw sqèsh, tìte akìma

èqoume

0 < C = limn→∞
1

n−1E
((∑

1≤j≤n−1 ϵj
)2)

= p′ + 2u′.

Epiplèon, eÐnai profanèc ìti h akoloujÐa ϵ1, ϵ2, . . . , ϵn−1 eÐnai mÐa 2−st�simh kai exart¸-

menh akoloujÐa tuqaÐwn arijm¸n afoÔ ta ϵj èqoun tic Ðdiec katanomèc, kai to tÐ sumbaÐnei sta

ϵ1, . . . , ϵj den ephre�zei to tÐ sumbaÐnei sta ϵj+3, . . . , ϵn−1(�ra eÐnai anex�rthta).

Apì to Je¸rhma 2.6.9, up�rqei mÐa stajer� A > 0 tètoia ¸ste

|P
( 1√

(n− 1)(p′ + 2u′)

∑
1≤i≤n−1

ϵi ≤ α
)
− Φ(α)| ≤ A√

n− 1

⇒ |P
( ∑
1≤i≤n−1

ϵi ≤ α
√

(n− 1)(p′ + 2u′)
)
− Φ(α)| ≤ A√

n− 1

⇒ |P
( ∑
1≤i≤n−1

ϵi ≤ w
)
− Φ(

w√
(n− 1)(p′ + 2u′)

)
)
| ≤ A√

n− 1

(2.62)

ìpou w = α
√

(n− 1)(p′ + 2u′).
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Shmei¸noume ìti o arijmìc perièlixhc metaxÔ tou prosanatolismènou omoiìmorfou tuqaÐou

polug¸nou Rn kai tou S isoÔtai me 1
2

∑
1≤i≤n ϵi.

Tìte kaj¸c n → ∞, 1
2

∑
1≤i≤n−1 ϵi → Z, ìpou Z eÐnai mÐa tuqaÐa metablht  pou akoloujeÐ

thn kanonik  katanom  me mèsh tim  0 kai diaspor� σ2 = 1
4(n−1)(p

′+2u′), dhlad  N(0, 14(n−
1)(p′+2u′)). 'Ara h tuqaÐa metablht  |12

∑
1≤i≤n−1 ϵi| akoloujeÐ th sqedìn kanonik  katanom 

kai E[|12
∑

1≤i≤n−1 ϵi|] =
1
2

√
(n− 1)(p′ + 2u′)

√
2
π = O(

√
n).

'Ara |E[|12
∑

1≤i≤n−1 ϵi|]− E[|12ϵn|]| ≤ E[|Lk(Rn, S)|] ≤ E[|12
∑

1≤i≤n−1 ϵi|] + E[|12ϵn|].
'Omwc E[|12

∑
1≤i≤n−1 ϵi|] = O(

√
n) kai E[|ϵn|] eÐnai mÐa stajer� anex�rthth tou n, �ra

E[|L(Rn, S)|] = O(
√
n).

2.6.5 Arijmhtik� apotelèsmata

Se aut  thn enìthta ja parajèsoume ta apotelèsmata twn parak�tw prosomoi¸sewn gia

omoiìmorfa tuqaÐa polÔgwna kai perip�touc se periorismèno q¸ro kai gia kanonik� tuqaÐ-

a polÔgwna kai perip�touc. Arqik� melet�me thn auxhtik  t�sh thc mèshc tetragwnik c

sustrof c, E[Wr2], kai thn mèsh apìluth tim  thc sustrof c, E[|Wr|] enìc omoiìmorfou

tuqaÐou polug¸nou me n akmèc se periorismèno q¸ro. 'Epeita exet�zoume thn auxhtik  t�sh

thc apìluthc tim c tou arijmoÔ perièlixhc E[|Lk|], metaxÔ enìc omoiìmorfou tuqaÐou polu-

g¸nou n akm¸n kai mÐac epÐpedhc kampÔlhc kai metaxÔ dÔo omoiìmorfwn tuqaÐwn polug¸nwn

n akm¸n se periorismèno q¸ro. Sth sunèqeia, melet�me thn auxhtik  t�sh thc mèshc apìlu-

thc tim c tou arijmoÔ perièlixhc, ⟨ALN⟩, metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn n akm¸n,

kai thn auxhtik  t�sh thc mèshc apìluthc tim c tou arijmoÔ autoperièlixhc, ⟨ASL⟩, enìc
kanonikoÔ tuqaÐou perÐpatou n akm¸n, wc proc ton arijmì twn akm¸n.

Gia na par�goume omoiìmorfa tuqaÐa polÔgwna kai omoiìmorfouc tuqaÐouc perip�touc

periorismènoc sto C3 = [0, 1]3, k�je suntetagmènh mÐac koruf c tou omoiìmorfou tuqaÐou

polug¸nou epilèqjhke apì thn omoiìmorfh katanom  sto [0, 1]. Gia na melet soume thn

asumptwtik  t�sh tou arijmoÔ perièlixhc dÔo kanonik¸n tuqaÐwn perip�twn, èqoun paraqjeÐ

kanonikoÐ tuqaÐoi perÐpatoi epilègontac k�je akm  apì thn omoiìmorfh katanom  sthn S2.

Gia ton upologismì tou arijmoÔ perièlixhc dÔo omoiìmorfwn tuqaÐwn polug¸nwn,   dÔo

kanonik¸n tuqaÐwn perip�twn kai thc sustrof c enìc omoiìmorfou tuqaÐou polug¸nou   enìc

kanonikoÔ tuqaÐou perÐpatou qrhsimopoi same ton algìrijmo sto [68], o opoÐoc basÐzetai sto

olokl rwma kat�Gauss. Gia k�je zeÔgoc akm¸n e1, e2, o arijmìc perièlix c touc upologÐzetai

wc to prosanatolismèno embadì dÔo antidiametrik¸n stèrewn gwnÐwn pou orÐzontai apì tic

dÔo akmèc proc to embadì thc sfaÐrac, (deÐte paradeÐgmata 1 kai 2).
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Gia ton upologismì tou arijmoÔ perièlixhc enìc omoiìmorfou tuqaÐou polug¸nou kai

mÐac epÐpedhc kampÔlhc an�game to prìblhma se dÔo diast�seic kai èqoun paraqjeÐ n to

pl joc shmeÐa akolouj¸ntac thn omoiìmorfh katanom  mèsa sto tetr�gwno pleur�c 1. 'Etsi

upologÐsame ton misì tou algebrikoÔ arijmoÔ twn tom¸n tou polug¸nou me to eujÔgrammo

tm ma −1
2 ≤ x ≤

1
2 , y = 0.

Ektim same ton arijmì perièlixhc metaxÔ omoiìmorfwn tuqaÐwn polug¸nwn analÔontac

zeÔgh apì 10 uposullogèc apì 500 omoiìmorfa tuqaÐa polÔgwna pou kumaÐnontai apì 10

akmèc se 100 akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa upologÐsame thn mèsh tim 

kai èpeita upologÐsame to mèso twn 10 mèswn tim¸n gia thn ektÐmhs  mac. 'Omoia, analÔsame 10

uposullogèc twn 500 omoiìmorfwn tuqaÐwn polug¸nwn pou keimaÐnontai apì 10 akmèc èwc 100

akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa upologÐsame thn mèsh tim  thc sustrof c

kai èpeita upologÐsame to mèso twn 10 mèswn tim¸n gia thn ektÐmhs  mac gia th sustrof 

enìc omoiìmorfou tuqaÐou polug¸nou. Gia ton upologismì thc auxhtik c t�shc tou arijmoÔ

perièlixhc enìc omoiìmorfou tuqaÐou polug¸nou kai mÐac epÐpedhc kampÔlhc analÔsame 20

uposullogèc apì 2500 omoiìmorfwn epÐpedwn polug¸nwn pou keimaÐnontai apì 25 èwc 500

akmèc me èna b ma megèjouc 25.

Tèloc, analÔsame zeÔgh apì 10 uposullogèc apì 500 kanonikoÔc uqaÐouc perip�touc

pou keimaÐnontai apì 10 akmèc èwc 100 akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa

upologÐsame thn mèsh apìluth tim  tou arijmoÔ pe-rièlixhc kai met� upologÐsame ton mèso

twn 10 mèswn tim¸n gia thn ektÐmhs  mac gia thn asumptwtik  t�sh tou ⟨ALN⟩. OmoÐwc,

analÔsame 10 uposullogèc apì 500 kanonikoÔc tuqaÐouc perÐpatouc pou kumaÐnontan apì 10

èwc 100 akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa upologÐsame thn mèsh tim  thc

apìluthc ti c tou arijmoÔ autoperièlixhc kai met� upologÐsame to mèso twn 10 mèswn tim¸n

gia thn ektÐmhs  mac gia to ⟨ASL⟩.

2.6.5.1 Mèsh tetragwnik  sustrof  kai mèsh apìluth sustrof 

enìc omoiìmorfou tuqaÐou polug¸nou

H pr¸th mac arijmhtik  melèth èqei wc antikeÐmeno th sustrof  enìc omoiìmorfou tuqaÐou

polug¸nou. Apì to Je¸rhma 2.6.2 th mèsh tetragwnik  sustrof  enìc omoiìmorfou tuqaÐou

polug¸nou aux�netai me èna rujmì E[Wr2] ∼ O(n2). Gia na k�noume thn sÔgkrish me autì to

analutikì apotèlesma upologÐsame th mèsh tetragwnik  sustrof  enìc omoiìmorfou tuqaÐou

polug¸nou metablhtoÔ m kouc.

Ta apotelèsmata faÐnontai sthn Eikìna 2.9. H kampÔlh sthn eikìna èqei prosarmosteÐ se

mÐa kampÔlh thc morf c an
1
2+b ìpou to a ektim�tai na eÐnai 0.0328389 kai to b ektim�tai na eÐnai

−2.12928, me ènan suntelest  prosdio-rismoÔ R2 = 0.9997. O suntelest c prosdiorismoÔ



2.6. OMOI�OMORFOI TUQA�IOI PER�IPATOI SE PERIORISM�ENO Q�WRO 73

Sq ma 2.9: H mèsh tetragwnik  sustrof  omoiìmorfwn tuqaÐwn polug¸nwn

paÐrnei timèc metaxÔ 0 kai 1, kai eÐnai èna mètro tou pìso kal� h kampÔlh prosarmìzetai sta

dedomèna. 'Ara h ektÐmhsh pou dìjhke apì to Je¸rhma 2.6.2 uposthrÐzetai isqur� apì ta

dedomèna.

SuneqÐzoume peretaÐrw thn melèth thc sustrof c enìc omoiìmorfou tuqaÐou polug¸nou

kai upologÐzoume thn mèsh apìluth tim  thc sustrof c tou E[|Wr|].
Ta apotelèsmata faÐnontai sthn Eikìna 2.10. H kampÔlh sthn eikìna èqei prosarmosjeÐ

se mÐa kampÔlh thc morf c a+ bn ìpou to a ektim�tai na eÐnai −0.2372 kai to b ektim�tai na

eÐnai 0.146, me suntelest  prosdiorismoÔ R2 = 0.9998.

Kaj¸c o arijmìc twn akm¸n twn polug¸nwn aux�netai, parathroÔme mÐa aÔxhsh me rujmì

O(n). Autì upodhl¸nei ìti

√
E[Wr2] ∼ E[

√
Wr2] = E[|Wr|]. (2.63)

2.6.5.2 Mèsoc apìlutoc arijmìc perièlixhc omoiìmorfwn tuqaÐwn

polug¸nwn se periorismèno q¸ro

H deÔterh arijmhtik  mac melèth èqei wc antikeÐmeno thn diaplok  metaxÔ enìc omoiìmorfou

tuqaÐou polug¸nou kai mÐac epÐpedhc kleist c kampÔlhc. Apì to Je¸rhma 2.6.7, h mèsh a-

pìluth tim  tou arijmoÔ perièlixhc enìc omoiìmorfou tuqaÐou polug¸nou kai mÐac epÐpedhc

kleist c kampÔlhc se periorismèno q¸ro èqei mÐa auxhtik  t�sh thc morf c O(
√
n). Ta
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Sq ma 2.10: Mèsh apìluth tim  thc sustrof c omoiìmorfwn tuqaÐwn polug¸nwn

Sq ma 2.11: Mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ enìc omoiìmorfou

tuqaÐou polug¸nou kai mÐac epÐpedhc kleist c kampÔlhc

apotelèsmata twn prosomoi¸sewn faÐnontai sthn Eikìna 2.11. Ta dedomèna èqoun prosar-

mosteÐ se mÐa kampÔlh thc morf c a + b
√
n ìpou to a ektim jhke Ðso me −0.0515 kai to b

Ðso me 0.2384, me suntelest  prosdiorismoÔ 0.9999. 'Etsi, parathroÔme ìti ta arijmhtik�

apotelèsmata epibebai¸noun to Je¸rhma 2.6.7.

'Epeita exet�zoume thn diaplok  metaxÔ dÔo omoiìmorfwn tuqaÐwn polug¸-nwn. Apì to

Je¸rhma 2.6.1, o mèsoc tetragwnikìc arijmìc perièlixhc metaxÔ dÔo omoiìmorfwn tuqaÐwn

polug¸nwn aux�nei me rujmì O(n2) wc proc ton arijmì twn akm¸n twn polug¸nwn. Upolo-

gÐsame ton mèso apìluto arijmì perièlixhc metaxÔ dÔo omoiìmorfwn tuqaÐwn polug¸nwn kai

ta apotelèsmata parousi�zontai sthn Eikìna 2.12. H kampÔlh thc eikìnac èqei prosarmosteÐ
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Sq ma 2.12: H mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ dÔo omoiìmofrwn

tuqaÐwn polug¸nwn

se mÐa kampÔlh thc morf c a + bn ìpou to a ektim�tai na eÐnai −0.03 kai to b ektim�tai na

eÐnai 0.103, me suntelest  prosdiorismoÔ R2 = 0.9999 . Profan¸c, kaj¸c o arijmìc twn

akm¸n aux�nei, parathroÔme mÐa aÔxhsh me rujmì O(n). Autì uponoeÐ ìti h auxhtik  t�sh

thc apìluthc tim c tou arijmoÔ perièlixhc dÔo omoiìmorfwn tuqaÐwn polug¸nwn eÐnai Ðdia

me aut n pou problèyame jewrhtik� kai epibebai¸same arijmhtik� gia thn auxhtik  t�sh thc

apìluthc tim c tou arijmoÔ perièlixhc metaxÔ mÐac apl c kleist c epÐpedhc kampÔlhc kai enìc

omoiìmorfou tuqaÐou polug¸nou. 'Ara èqoume ìti

√
E[lk2] ∼ E[

√
lk2] = E[|lk|]. (2.64)

2.6.5.3 Mèsh apìluth tim  tou arijmoÔ autoperièlixhc enìc kano-

nikoÔ tuqaÐou perip�tou

Se aut  thn enìthta suzht�me ta arijmhtik� mac apotelèsmata gia thn asumptwtik  t�sh tou

arijmoÔ autoperièlixhc enìc kanonikoÔ tuqaÐou perip�tou. H Eikìna 2.13 deÐqnei tic timèc

tou arijmoÔ autoperièlixhc ⟨|ASL|⟩ pou l fjhkan apì arijmhtikèc prosomoi¸seic idanik¸n

tuqaÐwn perip�twn.

ProhgoÔmena arijmhtik� apotelèsmata [98] upodhl¸noun ìti h mèsh tim  thc apìluthc

sustrof c enìc idanikoÔ tuqaÐou perip�tou aux�netai san
√
n, ìpou n eÐnai to m koc tou
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Sq ma 2.13: Mèsh apìluth tim  thc sustrof c enìc tuqaÐou kanonikoÔ perip�tou.

perip�tou. 'Etsi, prosarmìsame ta upologistik� shmeÐa dedomènwn me thn sun�rthsh b+an
1
2 ,

af nontac tic dÔo paramètrouc a kai b eleÔjerec. Tìte to a ektim jhke Ðso me 0.066 kai to b

ektim jhke Ðso me 0.355, me suntelest  prosdiorismoÔ R2 = 0.9736. ParathroÔme ìti aut  h

kampÔlh perigr�fei arket� kal� thn auxhtik  t�sh tou ⟨ASL⟩ enìc kanonikoÔ perip�tou all�
apaiteÐtai perissìterh èreuna gia na broÔme thn akrib  ex�rthsh tou arijmoÔ autoperièlixhc

apì to m koc tou perip�tou.

2.6.5.4 Mèsoc apìlutoc arijmìc perièlixhc dÔo kanonik¸n tuqaÐwn

perip�twn Ðsou b matoc twn opoÐwn ta arqik� shmeÐa

tautÐzontai

Se aut  thn enìthta suzht�me ta arijmhtik� apotelèsmata p�nw sthn auxhtik  t�sh tou

arijmoÔ perièlixhc metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn twn opoÐwn ta arqik� shmeÐa

sumpÐptoun. H Eikìna 2.14 deÐqnei ìti oi timèc tou mèsou apìlutou arijmoÔ perièlixhc ⟨ALN⟩
pou p rame apì tic arijmhtikèc prosomoi¸seic kanonik¸n tuqaÐwn perip�twn. Apì to Je¸rhma

?? h mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn ta

arqik� shmeÐa twn opoÐwn sumpÐptoun, fr�ssetai apì p�nw apì ⟨ALN⟩ ≤ ⟨ICN⟩ ∼ O(n),

kai ìpwc mporoÔme na doÔme apì thn Eikìna 2.14 autì epibebai¸netai apì ta arijmhtik� mac

apotelèsmata.

Apì ta arijmhtik� apotelèsmata pou parousi�sthkan sto [98], perimènoume ìti h mèsh

apìluth tim  thc sustrof c enìc prosanatolismènou kano-nikoÔ tuqaÐou perÐpatou, X, n

bhm�twn ja èqei mÐa ex�rthsh apì to m koc tou perip�tou:
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Sq ma 2.14: Mèsh apìluth tim  tou arijmoÔ perièlixhc dÔo prosanatolismènwn kano-

nik¸n tuqaÐwn perip�twn twn opoÐwn ta arqik� shmeÐa tautÐzontai.

⟨AWR⟩ ≈ O(
√
n). (2.65)

'Estw X = (X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) dÔo prosanatoli-smènoi kanonikoÐ

tuqaÐoi perÐpatoi m kouc n, ta arqik� shmeÐa twn opoÐwn sumpÐptoun, dhlad  X0 = Y0 = 0.

MporoÔme na qrhsimopoi soume thn au-xhtik  t�sh tou ⟨AWR⟩ gia na p�roume plhroforÐa

sqetik� me thn auxhtik  t�sh tou ⟨ALN⟩ wc ex c:
OrÐzoume X − Y na eÐnai o prosanatolismènoc kanonikìc tuqaÐoc perÐpatoc 2n bhm�twn,

(Yn, . . . , Y1, Y0 = X0, X1, . . . , Xn). H sustrof  tou tìte eÐnai

Wr(X − Y ) =Wr(X) +Wr(−Y ) + L(X,−Y )

⇔Wr(X − Y ) =Wr(X) +Wr(−Y )− L(X,Y )

⇒ L(X,Y ) = −Wr(X − Y ) +Wr(X) +Wr(Y )

⇒ |L(X,Y )| ≤ |Wr(X − Y )|+ |Wr(X)|+ |Wr(Y )|

⇒ |L(X,Y )| ≤ O(
√
2n) +O(

√
n) +O(

√
n)

⇒ |L(X,Y )| ≤ O(
√
n).

(2.66)

'Etsi apofasÐsame na elègxoume e�n h mèsh tim  thc apìluthc tim c tou arijmoÔ perièlixhc

metaxÔ twn dÔo idanik¸n perip�twn aux�nei me rujmì
√
n. Prosarmìsame ta dedomèna pou

upologÐsame me thn sun�rthsh b+an
1
2 , af nontac tic dÔo paramètrouc a kai b eleÔjerec. Tìte
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to a ektim jhke Ðso me 0.0387 kai to b ektim jhke na eÐnai 0.0293 me suntelest  prosdiorismoÔ

0.9839.

2.7 Sumper�smata

H mètrhsh thc diaplok c anoikt¸n alusÐdwn èqei meg�lo endiafèron se pollèc efarmogèc,

ìpwc sthn melèth twn idiot twn twn polumerik¸n thgm�twn. DeÐxame ìti to olokl rwma

perièlixhc kat� Gauss mporeÐ na efarmosteÐ se anoiktèc alusÐdec gia na metr sei thn dia-

plok  touc. Gia anoiktèc alusÐdec deÐxame ìti eÐnai mÐa omoiìmorfa suneq c sun�rthsh twn

suntetagmènwn twn koruf¸n thc alusÐdac.

Sth sunèqeia, epikentrwj kame sthn perÐptwsh omoiìmorfwn tuqaÐwn perip�twn (anoi-

kt¸n alusÐdwn) kai polug¸nwn se periorismènouc q¸rouc. Sta Jewr mata 2.6.2, 2.6.1, 2.6.5

apodeÐxame ìti h auxhtik  t�sh tou mèsou tetragwnikoÔ arijmoÔ perièlixhc, thc mèshc te-

tragwnik c sustrof c kai tou mèsou tetragwnikoÔ arijmoÔ auto-perièlixhc omoiìmorfwn

tuqaÐwn perip�twn kai polug¸nwn se periorsmèno q¸ro, san sun�rthsh tou m kouc touc,

eÐnai thc morf c O(n2).

Epiplèon, melet same sthn mèsh apìluth tim  tou arijmoÔ perièlixhc dÔo omoiìmorfwn

tuqaÐwn perip�twn   polug¸nwn se periorismèno q¸ro. Se aut  thn kateÔjunsh, apodeÐxame

sto Je¸rhma 2.6.7 ìti h mèsh apìluth tim  tou arijmou perièlixhc enìc prosanatolismènou

omoiìmorfou tuqaÐou perip�tou   polug¸nou ka mÐac apl c kleist c kampÔlhc se periorismèno

q¸ro eÐnai thc morf c O(
√
n).

Ta arijmhtik� mac apotelèsmata eibebaÐwsan tic analutikèc mac problèyeic kai epiplèon

èdeixan ìti gia dÔo prosanatolismènouc omoiìmorfouc tuqaÐouc perÐpatouc se periorismèno

q¸ro eÐnai
√
E[lk2] ∼ O(n) ∼ E[

√
lk2]. MÐa pijan  mellontik  ergasÐa eÐnai na apodeiqjeÐ

autì to arijmhtikì apotèlesma.

Tèloc melet same arijmhtik� thn diaplok  idanik¸n tuqaÐwn perip�twn. IdanikoÐ tuqaÐoi

perÐpatoi qrhsimopoioÔntai gia na na prosomoi¸soun polumer  upì θ-sunj kec. AnalÔsame

arijmhtik� thn auxhtik  t�sh thc mèshc apìluthc tim c tou arijmoÔ perièlixhc dÔo isoskel¸n

tuqaÐwn perip�twn n bhm�twn kai thc mèshc apìluthc tim c tou arijmoÔ auto-perièlixhc enìc

isoskeloÔc tuqaÐou perÐpatou n bhm�twn. Kai ta dÔo deÐqnoun mÐa axhtik  t�sh thc morf c

O(
√
n). MÐa shmantik  kateÔjunsh gia mellontik  ergasÐa eÐnai na apodeiqjoÔn aut� ta

arijmhtik� apotelèsmata.



Kef�laio 3

Diaplok  se sust mata me

Periodikèc Sunoriakèc Sunj kec

Se autì to kef�laio, qrhsimopoi¸ntac ton arijmì perièlixhc kat� Gauss, orÐzoume èna nèo mè-

tro diaplok c gia alusÐdec se Periodikèc Sunoriakèc Sunj kec (PSS), ton periodikì arijmì

perièlixhc, LKP . Melet�me tic idiìthtèc tou gia kleistèc kai gia anoiktèc alusÐdec se sust -

mata me PSS (Jewr mata 3.3.1,3.3.7 kai 3.3.16). Gia thn efarmog  sta polumer  orÐzoume

ton topikì periodikì arijmì perièlixhc, LK, kai ton periodikì arijmì perièlixhc kelioÔ, LKC ,

wc proseggÐseic tou periodikoÔ arijmoÔ perièlixhc. Ta apotelèsmat� mac se deÐgmata thgm�-

twn PoluaijulenÐou (PE) epibebai¸noun ìti o algìrijmoc CReTA, o opoÐoc qrhsimopoieÐtai

gia na lhfjeÐ adropoihmènh plhroforÐa sqetik� me thn diaplok  twn polumer¸n, diathreÐ thn

topologik  plhroforÐa enìc t gmatoc.

H prosomoÐwsh se upologist  enìc polumerikoÔ t gmatoc sun jwc k�nei qr sh moriak c

dunamik c kai mejìdwn Monte Carlo [104, 127]. Gia thn prosomoÐwsh tou eswterikoÔ enìc

polumerikoÔ t gmatoc qrhsimopoioÔntai PSS ¸ste na apofeuqjoÔn oi epirroèc tou sunìrou

sthn dom  tou t gmatoc [128]. Se èna montèlo me PSS, to kubikì (sun jwc) koutÐ proso-

moÐwshc epanalamb�netai ston q¸ro gia na fti�xei èna �peiro plègma. Kat� thn di�rkeia thc

prosomoÐwshc, ìtan èna mìrio af nei to kentrikì koutÐ, h eikìna tou se k�je �llo koutÐ

kineÐtai me akrib¸c ton Ðdio trìpo. 'Ara, kaj¸c èna mìrio bgaÐnei apì to kentrikì koutÐ, mÐa

eikìna tou mpainei apì thn apènanti èdra.

H diamìrfwsh twn morÐwn mèsa sto koutÐ prosomoÐwshc par�gei thn diaplok  ston suneq 

q¸ro. 'Etsi, h diaplok  tou prosomoiwmènou t gmatoc se meg�lh klÐmaka èqei idiaÐtera

qarakthristik� lìgw twn PSS pou epib�llontai se k�je kelÐ. Gia k�je alusÐda tou t gmatoc

mporoÔme na diakrÐnoume metaxÔ dÔo tÔpwn topologik¸n empodÐwn pou epib�llontai apì �llec

79
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alusÐdec: topik� topologik� empìdia (deÐte Eikìna 3.1), ta opoÐa mporoÔn na entopistoÔn

sto eswterikì enìc kelioÔ prosomoÐwshc, kai topologik� empìdia meg�lhc klÐmakac, pou

parathroÔntai mìno se mÐa megalÔterh klÐmaka.

'Enac apì touc lìgouc gia touc opoÐouc oi kìmboi kai oi krÐkoi sta polumer  den èqoun

melethjeÐ ekten¸c se pukn� polumerik� t gmata eÐnai to prìblhma thc diaqeÐrishc twn PSS.

O stìqoc autoÔ tou kefalaÐou eÐnai na perigrafoÔn mèjodoi me tic opoÐec mporoÔme na me-

tr soume thn diaplok  se èna sÔsthma me PSS. Pio sugkekrimèna, sthn Par�grafo 3.1

perigr�foume thn dom  enìc sust matoc alusÐdwn se PSS. Sthn Par�grafo 3.2 eis�goume

ton periodikì arijmì perièlixhc kai melet�me tic idiìthtèc tou gia kleistèc kai anoiktèc alu-

sÐdec se sust mata me PSS. Gia thn efarmog  sta polumer , stic Paragr�fouc 3.4 kai 3.5,

orÐsoume ton topikì periodikì arijmì perièlixhc kai ton periodikì arijmì perièlixhc kelioÔ, kai

melet�me tic idiìthtèc touc. Sthn Par�grafo 3.6 efarmìzoume ton topikì periodikì arijmì

perièlixhc se t gmata poluaijulenÐou (PE) kai melet�me thn epirro  tou algorÐjmou CReTA

sthn diaplok  tou sust matoc. EpÐshc, efarmìzoume ton periodikì arijmì perièlixhc kelioÔ

kai exet�zoume thn sqèsh tou me ton topikì periodikì arijmì perièlixhc kai ton periodikì

arijmì perièlixhc.

3.1 Sust mata me PSS

Melet�me èna t gma polumeroÔc pou apoteleÐtai apì mÐa sullog  polumerik¸n alusÐdwn

m kouc N , diair¸ntac ton q¸ro se mÐa oikogèneia kubik¸n kouti¸n ìgkou L3, ìpou L eÐnai to

m koc mÐac akm c tou kÔbou, ètsi ¸ste h dom  tou t gmatoc se k�je kÔbo eÐnai h Ðdia, dhlad 

epib�lloume PSS sto t gma [115]. Pio sugkekrimèna, dÐnoume ton parak�tw orismì:

Orismìc 3.1.1. 'Ena kelÐ eÐnai ènac kÔboc me n tìxa emfuteumèna mèsa tou ètsi ¸ste

ta �kra touc brÐskontai eÐte sto eswterikì tou kelioÔ   se mÐa èdra tou, all� ìqi se mÐa

akm    mÐa gwnÐa, kai aut� ta opoÐa sunantoÔn mÐa èdra upìkeintai se PSS. Dhlad  se k�je

telikì shmeÐo p�nw se mÐa èdra antistoiqeÐ èna arqikì shmeÐo sthn apènanti èdra sthn akrib¸c

apènanti jèsh. DeÐte Eikìna 3.1(b).
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Sq ma 3.1: (a) Antoproswpeutikì deÐgma PE kai (b) to antÐstoiqo adropoihmèno

dÐktuo. (c) To kentrikì kelÐ C kai to periodikì sÔsthma pou par�gei. H genn -

torac alusÐda i (antÐstoiqa j) apoteleÐtai apì ta mplè (antÐstoiqa kìkkina) tìxa

sto C. H eleÔjerh alusÐda I (antÐstoiqa J) eÐnai to sÔnolo twn mplè (antÐstoi-

qa kìkkinwn) alusÐdwn sto periodikì sÔsthma. Me èntono qr¸ma eÐnai ta elaqi-

stik� anaptÔgmata twn eikìnwn I1 kai J1. Gia ton upologismì tou LK(J, I) èqou-

me LK(J, I) = L(J1, I1) + L(J1, I2) + L(J1, I3) + L(J1, I4). MporoÔme na doÔme ì-

ti L(I1, J1) = L(J1, I1), L(I1, J2) = L(J1, I4), L(I1, J3) = L(J1, I2) kai L(I1, J4) =

L(J1, I3), �ra LK(I, J) = LK(J, I).

'Ena kelÐ par�gei èna periodikì sÔsthma ston 3-di�stato q¸ro tautÐzontac tic èdrec twn-

kÔbwn ètsi ¸ste na gemÐzoun ton q¸ro kai na tèmnontai mìno stic èdrec touc. Autì epitrèpei

se èna tìxo sto kelÐ na suneqÐzetai mèsa apì mÐa èdra ston diplanì kÔbo klp. AfoÔ oi

polumerikèc alusÐdec èqoun peperasmèno m koc, epib�lletai oi alusÐdec pou par�gontai na

eÐnai sumpageÐc.

Gia praktikoÔc lìgouc, mìno èna peperasmèno pl joc antigr�fwn twn keli¸n qrhsimo-

poiÔntai. Ja onom�zoume mÐa tètoia sullog  èna peperasmèno periodikì sÔsthma.

QwÐc bl�bh thc genikìthtac, epilègoume èna kelÐ sto periodikì sÔsthma to opoÐo onom�-

zoume kelÐ genn tora. Tìte k�je �llo kelÐ c sto periodikì sÔsthma eÐnai mÐa metafor� tou

kelioÔ genn tora kat� èna di�nusma c⃗ = (cx, cy, cz), cx, cy, cz ∈ LZ. MÐa genn torac alusÐda

eÐnai h ènwsh ìlwn twn tmhm�twn mèsa sto kelÐ twn opoÐwn oi metaforèc orÐzoun èna mègisto

sunnektikì tìxo mèsa sto sÔsthma. Gia k�je tìxo mÐac gennhtìrou alusÐdac epilègoume ènan
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prosanatolismì ètsi ¸ste oi metaforèc ìlwn twn tìxwn na orÐzoun èna prosanatolismèno

tìxo sto periodikì sÔsthma. Gia k�je genn tora alusÐda epilègoume èna tìxo kai èna shmeÐo

p�nw se autì na eÐnai to shmeÐo b�shc tou mèsa sto kelÐ. 'Ena xedÐplwma mÐac gennhtìrou

alusÐdac eÐnai èna sunnektikì tìxo sto periodikì sÔsthma pou apoteleÐtai apì akrib¸c mÐa

metafor� k�je tìxou thc gennhtìrou alusÐdac. H mikrìterh ènwsh antigr�fwn tou kelioÔ

pou qrei�zontai gia èna xedÐplwma mÐac gennhtìrou alusÐdac onom�zetai elaqistikì xedÐplwma.

H mikrìterh ènwsh keli¸n pou perièqoun to kurtì k�lumma tou xedipl¸matoc mÐac gennhtìrou

alusÐdac lègetai elaqistikì topologikì kelÐ.

Gia genn torec alusÐdec qrhsimopoioÔme ta sÔmbola i, j, . . . . MÐa genn torac alusÐda

lègetai kleist  (antÐstoiqa anoikt ) ìtan to xedÐplwm� thc eÐnai mÐa kleist  (antÐstoiqa a-

noikt ) alusÐda. H sullog  ìlwn twn metafor¸n thc Ðdiac gennhtìrou alusÐdac i onom�zetai

eleÔjerh alusÐda, sumbolÐzoume I. MÐa eleÔjerh alusÐda tautÐzetai me thn sullog  twn sun-

nektik¸n thc sunistws¸n, k�je mÐa apì tic opoÐec eÐnai mÐa metafor� enìc xedipl¸matoc mÐac

gennhtìrou alusÐdac sto periodikì sÔsthma. Gia eleÔjerec alusÐdec ja qthsimopoioÔme ta

sÔmbola I, J, . . . . MÐa eikìna mÐac eleÔjerhc alusÐdac se aut  th sullog  eÐnai to xedÐplwma

mÐac genn tora alusÐdac. Gia tic eikìnec mÐac eleÔjerhc alusÐdac, èstw I, ja qrhsimopoioÔme

ta sÔmbola I1, I2, . . . . Onom�zoume prwtìtuph eikìna thn eikìna thc I to shmeÐo b�shc thc

opoÐac keÐtai sto kelÐ genn tora. Tìte k�je �llh eikìna thc I mporeÐ na oristeÐ apì èna di�-

nusma se sqèsh me to shmeÐo b�shc thc prwtìtuphc eikìnac. Dhlad , gia k�je eikìna Ik thc

I, up�rqei èna di�nusma v⃗ = (vx, vy, vz), vx, vy, vz ∈ LZ tètoio ¸ste h Ik eÐnai mÐa metafor�

thc I1 kat� v⃗, ìpou to shmeÐo b�shc tou v⃗ eÐnai to shmeÐo b�shc thc I1. SumbolÐzoume:

Ik = I1 + v⃗ (3.1)

3.2 O periodikìc arijmìc perièlixhc, LKP

Sthn perÐptwsh enìc periodikoÔ sust matoc qrei�zetai èna diaforetikì mètro diaplok c apì

ta klasik� ¸ste na l�boume upìyhn ìla ta topologik� empìdia kai to apotèlesma thc pe-

riodikìthtac twn diamorf¸sewn [108, 94]. Ed¸, efarmìzoume to olokl rwma perièlixhc kat�

Gauss se alusÐdec se PSS parèqontac èna mètro thc diaplok c twn alusÐdwn se meg�lh

klÐmaka. ProteÐnoume ton parak�tw orismì tou arijmoÔ perièlixhc metaxÔ dÔo eleÔjerwn

alusÐdwn se èna sÔsthma me PSS:

Orismìc 3.2.1 (Periodikìc arijmìc perièlixhc). 'Estw I kai J dÔo eleÔjerec alusÐdec se

èna periodikì sÔsthma. 'Estw I1 mÐa eikìna thc eleÔjerhc alusÐdac I sto periodikì sÔsthma.

O periodikìc arijmìc perièlixhc, LKP , metaxÔ dÔo eleÔjerwn alusÐdwn I kai J orÐzetai wc:
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LKP (I, J) =
∑
u

L(I1, Ju) (3.2)

ìpou to �jroisma eÐnai p�nw apì ìlec tic eikìnec Ju thc eleÔjerhc alusÐdac J sto periodikì

sÔsthma.

JewroÔme to kelÐ genn torac na eÐnai to kelÐ sto opoÐo keÐtai to shmeÐo b�shc thc I1.

'Estw J1 h prwtìtuph eikìna thc J wc proc autì to kelÐ genn tora. Tìte o periodikìc

arijmìc perièlixhc mporeÐ na ekfrasteÐ wc:

LKP (I, J) =
∑
u

L(I1, J1 + v⃗u) (3.3)

ìpou v⃗u = (vu1 , vu2 , vu3), vui ∈ LZ.

Idiìthtec tou periodikoÔ arijmoÔ perièlixhc

Prìtash 3.2.2. O periodikìc arijmìc perièlixhc, LKP , metaxÔ dÔo eleÔjerwn alusÐdwn I

kai J enìc sust matoc me PSS eÐnai summetrikìc.

Apìdeixh. Gia k�je zeÔgoc eikìnwn I1, J1 + v⃗u sthn ex. 3.9, tìte k�je zeÔgoc eikìnwn

I1 − v⃗u, J1 brÐskontai sthn Ðdia sqetik  jèsh. 'Ara èqoume L(I1, J1 + v⃗u) = L(I1 − v⃗u, J1).
'Ara eÐnai:

LKP (I, J) =
∑
u

L(I1, J1 + v⃗u) =
∑
u

L(I1 − v⃗u, J1)

=
∑
u

L(J1, I1 − v⃗u) =
∑
u′

L(J1, I1 + v⃗′u) = LKP (J, I)
(3.4)

O periodikìc arijmìc perièlixhc èqei tic parak�tw idiìthtec se sqèsh me thn dom  tou

kelioÔ:

(i) o LKP lamb�nei upìyhn ìla ta topik� kai genik� topologik� empìdia pou epib�lloun ìlec

oi eikìnec mÐac eleÔjerhc alusÐdac sto periodikì sÔsthma se mÐa eikìna thc �llhc,

(ii) o LKP eÐnai anex�rthtoc apì thn epilog  tou kelioÔ sto periodikì sÔsthma kai thc eikìnac

thc I pou qrhsimopoioÔme gia ton upologismì,

(iii) o LKP eÐnai anex�rthtoc apì thn jèsh kai to sq ma tou kelioÔ pou qrhsimopoieÐtai gia

thn prosomoÐwsh enìc sust matoc.
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O periodikìc arijmìc auto-perièlixhc

ParathroÔme ìti se sust mata me PSS mÐa alusÐda mporeÐ na eÐnai peplegmènh me tic

dikèc thc periodikèc eikìnec. 'Ara èna mètro thc auto-diaplok c se sust mata me PSS prèpei

na lamb�nei upìyhn aut  thn diaplok . Gi' autì ja orÐsoume èna mètro auto-diaplok c sto

epÐpedo twn eleÔjerwn alusÐdwn:

Orismìc 3.2.3 (Periodikìc arijmìc auto-perièlixhc). 'Estw I mÐa eleÔjerh alusÐda sto

periodikì sÔsthma kai èstw I1 mÐa eikìna thc I, tìte o periodikìc arijmìc auto-perièlixhc thc

I orÐzetai wc:

SLP (I) = Sl(I1) +
∑
u̸=1

L(I1, Iu) (3.5)

ìpou o deÐkthc u trèqei p�nw apì ìlec tic eikìnec thc I, ektìc thc I1.

H periodik  sustrof  kai o periodikìc arijmìc perièlixhc auto-eikìnwn

ParathroÔme ìti o periodikìc arijmìc auto-perièlixhc thc I mporeÐ na grafteÐ wc

SLP (I) =Wr(I1) + τ(I1) +
∑
u̸=1

L(I1, Iu) (3.6)

ParathroÔme ìti h posìthta
∑

u ̸=1 L(I1, Iu) lamb�nei akrib¸c th sunolik  diaplok  mÐac

eikìnac me tic metaforèc thc sto periodikì sÔsthma. Stic efarmogèc ja mac endiafèrei aut 

h posìthta ètsi orÐzoume ton periodikì arijmì perièlixhc auto-eikìnwn wc:

LKSP (I) =
∑
u̸=1

L(I1, Iu) (3.7)

EpÐshc parathroÔme ìti h posìthta Wr(I1) + τ(I1) +
∑

u̸=1 L(I1, Iu) isoÔtai me ton mèso

algebrikì arijmì auto-tom¸n mÐac eleÔjerhc alusÐdac I, pou exorismoÔ apoteleÐ mÐa epèktash

thc sustrof c se PSS. 'Etsi, orÐzoume thn periodik  sustrof  mÐac eleÔjerhc alusÐdac I

wc:

WRP (I) =Wr(I1) +
∑
u̸=1

L(I1, Iu) (3.8)
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3.2.1 O periodikìc arijmìc perièlixhc kleist¸n alusÐ-

dwn

UpenjumÐzoume ìti gia k�je kleist  kampÔlh up�rqei mÐa epif�neia thc opoÐac eÐnai sÔnoro.

'Ara up�rqei mÐa epif�neia S(I1), tètoia ¸ste ∂S(I1) = I1. Tìte gia k�je eikìna thc J , èstw

Jk, pou den tèmnei thn S(I1), èqoume L(I1, Jk) = 0. 'Ara o periodikìc arijmìc perièlixhc

kleist¸n kampÔlwn mporeÐ na ekfrasteÐ wc

LKP (I, J) =
∑
u∈S

L(I1, J1 + v⃗u) (3.9)

ìpou J1+ v⃗u, u ∈ S eÐnai ìlec oi metaforèc thc J1 pou tèmnoun thn epif�neia Seifert me sÔnoro

thn I1. 'Ara o LKP kleist¸n alusÐdwn eÐnai èna peperasmèno �jroisma.

'Epetai ìti o periodikìc arijmìc perièlixhc eÐnai mÐa topologik  analloÐwth gia kleistèc

alusÐdec. EÐnai ènac akèraioc arijmìc kai isoÔtai me ton misì algebrikì arijmì twn diastau-

r¸sewn met�xÔ thc probol c mÐac eikìnac thc I kai twn probol¸n ìlwn twn eikìnwn thc J

se opoiod pote epÐpedo probol c. 'Otan oi alusÐdec den aggÐzoun to kelÐ, tìte isoÔtai me ton

arijmì perièlixhc twn prwtìtupwn eikìnwn.

3.2.1.1 SÔndesh tou LKP me ton arijmì perièlixhc Gauss

Se aut  thn par�grafo ja deÐxoume ìti o periodikìc arijmìc perièlixhc dÔo kleist¸n eleÔ-

jerwn alusÐdwn tautÐzetai me ton arijmì perièlixhc dÔo kleist¸n alusÐdwn pou keÐtontai se

mÐa pollaplìthta diaforetik  apì ton R3.

ParathroÔme ìti èna kelÐ me mÐa, dÔo   treÐc PSS orÐzei ènan q¸ro taÔtishc pou dhmiour-

geÐtai tautÐzontac tic apènanti èdrec enìc kelioÔ sÔmfwna me tic PSS. Autìc o q¸roc eÐnai

o tìroc me perieqìmeno, ST = S1 ×D, o pepaqumènoc tìroc T 2 × I = S1 × S1 × I,   o trÐa

tìroc T 3 = S1×S1×S1 sthn perÐptwsh mÐac, dÔo   tri¸n PSS antÐstoiqa (deÐte Par�grafo

1.5.1).

Orismìc 3.2.4. Me thn taÔtish tou kelioÔ sÔmfwna me tic PSS ìla ta tìxa mÐac gennhtì-

rou alusÐdac, èstw i, sundèontai gia na dhmiourg soun mÐa kleist    anoikt  alusÐda ston T 3

(  ton ST ,   ton T 2 × I sthn perÐptwsh mÐac,   dÔo PSS antÐstoiqa), thn opoÐa onom�zoume

alusÐda taÔtishc, kai ja sumbolÐzetai Ī.

Gia na doÔme tic alusÐdec taÔtishc san alusÐdec ston 3-di�stato q¸ro, mporoÔme na

anaparast soume tic alusÐdec ston T 3 (  ton ST ,   ton T 2 × I sthn perÐptwsh mÐac,   dÔo

PSS antÐstoiqa) me miktoÔc krÐkouc ston R3 qrhsimopoi¸ntac bohjhtikèc aplèc kleistèc

kampÔlec pou antistoiqoÔn stic tautÐseic, ìpwc sta [78, 94] (deÐte Par�grafo 1.7).
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Orismìc 3.2.5. 'Estw èna kelÐ kai mÐa genn torac alusÐda i mèsa sto kelÐ. Onom�zoume

pragmatopoihmènh alusÐda, ī, thn kampÔlh ston tridi�stato q¸ro R3 pou fti�qnetai apì thn

alusÐda taÔtishc Ī ston T 3, agno¸ntac tic bohjhtikèc kampÔlec.

H pragmatopoihmènh alusÐda, ī, fti�qnetai apì thn i en¸nontac me apl� tìxa pou p�ne

gÔrw apì to kelÐ ta telik� shmeÐa thc gennhtìrou alusÐdac sÔmfwna me tic PSS. Aut� ta

tìxa ja lègontai tìxa kleisÐmatoc. K�je tìxo kleisÐmatoc en¸nei apènanti shmeÐa kai ja

lègetai x, y−   z− tìxo kleisÐmatoc antÐstoiqa. MÐa bohjhtik  kampÔlh antistoiqeÐ se k�je

zeÔgoc twn x, y−,   z−edr¸n pou tautÐzontai antÐstoiqa, deÐte Eikìnec 3.2,3.3,3.4.

Sq ma 3.2: Sthn perÐptwsh 1 PSS, up�rqei mìno mÐa bohjhtik  kampÔlh pou anapa-

rist� to sumpl rwma tou tìrou me perieqìmeno.

Sq ma 3.3: Sthn perÐptwsh 2 PSS, up�rqoun dÔo bohjhtikèc kampÔlec pou anapari-

stoÔn to sumpl rwma tou pepaqumènou tìrou, dhlad  ton krÐko hopf.
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Sq ma 3.4: Sthn perÐptwsh 3 PSS, up�rqoun treÐc bohjhtikèc kampÔlec pou anapari-

stoÔn ton krÐko borromean. Qeirourgik  kat� m koc tou krÐkou borromean mac dÐnei

ton T 3, deÐte Par�grafo 1.6.

To periodikì sÔsthma dhmiourgeÐtai koll¸ntac �peira antÐtupa tou kelÐ genn tora sÔm-

fwna me tic PSS. 'Ara, to periodikì sÔsthma eÐnai to kajolikì k�lumma tou q¸rou taÔtishc,

deÐte Par�grafo 1.5.2. Basismènoi se aut  thn parat rhsh mporoÔme na susqetÐsoume ton

periodikì arijmì perièlixhc twn eleÔjerwn alusÐdwn sto periodikì sÔsthma me ton arijmì to-

m¸n twn tautotik¸n alusÐdwn, kai ton arijmì perièlixhc twn antÐstoiqwn pragmatopoi simwn

alusÐdwn. Pio sugkekrimèna, ja deÐxoume ìti

Prìtash 3.2.6. 'Estw I, J dÔo eleÔjerec alusÐdec se èna sÔsthma me PSS, tìte

LKP (I, J) = int(Ī , J̄) = L(̄i, j̄) (3.10)

Apìdeixh. QwrÐc bl�bh thc genikìthtac, jewroÔme èna sÔsthma me treÐc PSS. Pr¸ta pa-

rathroÔme ìti, afoÔ oi alusÐdec ston R3 eÐnai sumpageÐc, anaparistoÔn omologik� tetrimèna

stoiqeÐa ston H2(R3). AfoÔ o R3 eÐnai to olikì k�lumma tou T 3, up�rqei mÐa apeikìnish

p : R3 → T 3 pou eÐnai topikìc omoiomorfismìc. Tìte apì thn Prìtash 1.3.2, gnwrÐzoume ìti

up�rqei ènac epagìmenoc omomorfismìc p∗ : H2(R3) → H2(T
3). 'Ara, omologik� tetrimèna

stoiqeÐa tou R3 apeikonÐzontai se omologik� tetrimèna stoiqeÐa tou T 3. 'Estw σ ∈ T 3 èna

2−kÔklhma tètoio ¸ste ∂σ = Ī ∈ T 3. Tìte int(J̄ , σ) = int(j̄, σ) to opoÐo isoÔtai me L(̄i, j̄)

ìpwc exhgeÐtai sthn Parat rhsh 1.4.1 sthn Par�grafo 1.4.1.

'Estw Σ ∈ R3 mÐa 2−alusÐda tètoio ¸ste ∂Σ = I1. Ja apodeÐxoume ìti o arijmìc tom¸n

metaxÔ twn J̄ ∈ T 3 kai σ ∈ T 3 isoÔtai me to �jroisma twn tom¸n ìlwn twn eikìnwn thc J

sto periodikì sÔsthma me thn Σ. Apì thn Prìtash 1.3.2 gnwrÐzoume ìti Σ ∈ p−1(σ). Estw

x1, . . . , xm ta shmeÐa tom¸n thc J̄ me thn σ. Tìte h p−1(xi) eÐnai èna sÔnolo shmeÐwn ston R3,

kajèna apì ta opoÐa keÐtai se mÐa monadik  sunist¸sa tou p−1(σ). 'Ara h Σ perièqei akrib¸c

èna shmeÐo thc p−1(xi) gia k�je xi, i = 1, . . . ,m. EpÐshc, apì to L mma 1.5.5, up�rqei mÐa



88 KEF�ALAIO 3. DIAPLOK�H SE SUST�HMATA ME PSS

monadik  eikìna thc J pou tèmnei k�je shmeÐo sthn p−1(xi). 'Ara kajèna apì ta shmeÐa thc

p−1(xi) gia k�je xi, i = 1, . . . ,m eÐnai èna shmeÐo tom c metaxÔ thc Σ kai mÐac eikìnac thc

J . Apì thn �llh, e�n up rqe �llo èna epiplèon shmeÐo tom c, èstw x′, apì thn Prìtash

1.3.2 kai to L mma 1.5.5, gnwrÐzoume ìti ja an ke sthn σ kai sthn j̄. 'Ara to �jroisma twn

tom¸n se mÐa epif�neia me sÔnoro mÐa eikìna thc I ston R3 me ìlec tic eikìnec thc J isoÔtai

me to �jroisma twn tom¸n se mÐa epif�neia me sÔnoro thn ī ∈ T 3 me thn j̄. Tèloc, apì thn

Parat rhsh 1.4.1 sthn Par�grafo 1.4.1 to �jrisma twn arijm¸n tom¸n mÐac epif�neiac Σ me

tic eikìnec thc J isoÔtai me to �jroisma twn arijm¸n perièlixhc metaxÔ thc I1 kai tic eikìnec

thc J , dhlad  isoÔtai me LKP (I, J).

Parat rhsh 3.2.7. Autì to apotèlesma mac epitrèpei na upologÐsoume ton periodikì

arijmì perièlixhc dÔo eleÔjerwn alusÐdwn me ton arijmì perièlixhc dÔo pragmatopoi simwn

alusÐdwn ston R3. Autìc o upologismìc ja el�ttwne to upologistikì kìstoc tou periodikoÔ

arijmoÔ perièlixhc (Eikìna 3.5).

Sq ma 3.5: (a) 'Ena kelÐ me dÔo genn torec alusÐdec, i, j, me LKP (I, J) = 0.(b) Oi

antÐstoiqec pragmatopoi simec alusÐdec, ī, j̄ me L(̄i, j̄) = 0.

H parak�tw prìtash deÐqnei ìti sthn perÐptwsh mÐac kai dÔo PSS, eÐnai dunatìn na

upologÐsoume to LKP mìno apì tic genn torec alusÐdec. Sth sunèqeia onom�zoume to zeÔgoc

twn dexi¸n-arister¸n edr¸n x-èdrec kai ta tìxa kleisÐmatoc pou en¸noun shmeÐa panw se autèc

tic èdrec x-tìxa kleisÐmatoc. OmoÐwc orÐzoume tic y-èdrec kai ta y-tìxa kleisÐmatoc, kai tic

z-èdrec kai ta z-tìxa kleisÐmatoc.

Prìtash 3.2.8. 'Estw èna kelÐ me mÐa   dÔo PSS pou epib�llontai stic x-  /kai tic y-èdrec

tou kelioÔ. Tìte isqÔei to parak�tw:

LKP (I, J) =
(
L(i, j)

)
xy
, (3.11)
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ìpou
(
L(i, j)

)
xy

isoÔtai me to misì algebrikì �jroisma twn diastaur¸sewn metaxÔ twn i kai

j ìtan prob�llontai sto xy-epÐpedo.

Apìdeixh. Ja epikentrwjoÔme sthn perÐptwsh twn dÔo PSS, afoÔ to oapotèlesma gia mÐa

PSS èpetai eÔkola apì aut n thn perÐptwsh. 'Estw ìti prob�lloume to periodikì sÔsthma

sto xy-epÐpedo. Sthn sunèqeia gia dÔo tìxa f, g èstw cr(f, g) oi diastaur¸seic metaxÔ twn

probol¸n twn f kai g sto xy-epÐpedo. ParathroÔme ìti to shmeÐo b�shc thc I0 eÐnai epÐshc to

shmeÐo b�shc thc gennhtìrou alusÐdac sto kelÐ genn tora. Tìte mporoÔme na orÐsoume mÐa

metafor� thc gennhtìrou alusÐdoc se k�je �llo kelÐ sto periodikì sÔsthma me èna di�nusma

me b�sh autì to shmeÐo. 'Estw i1, . . . , ik ta tìxa pou apoteloÔn thn genn tora alusÐda i, kai

èstw j1, . . . , jl ta tìxa pou apoteloÔn thn genn tora alusÐda j. MporoÔme epÐshc na orÐsoume

èna shmeÐo b�shc gia k�je tìxo thc gennhtìrou alusÐdac. 'Estw tìte i1 + u⃗1, . . . , ik + u⃗k

oi metaforèc twn tìxwn thc gennhtìrou alusÐdac i pou apoteloÔn thn eikìna I0 kai èstw

j1 + v⃗1, . . . , jk + v⃗k oi metaforèc twn tìxwn thc gennhtìrou alusÐdac j pou apoteloÔn thn

eikìna J0 (Ex orismoÔ, up�rqei akrib¸c mÐa metafor� enìc tìxou thc i (antÐst. j) sthn I0

(antÐst. J0). Tìte

LKP (I, J) =
1

2

∑
v

L(I0, J0 + v⃗)

=
1

2

∑
v

∑
c∈cr(I0,J0+v⃗)

sign(c) =
∑
v

∑
1≤m≤l

∑
c∈cr(I0,jm+v⃗)

sign(c)

=
∑
v

j+v⃗∈mu(I0)

∑
1≤m≤l

∑
c∈cr(I0,jm+v⃗)

sign(c)

+
∑
v

j+v⃗ /∈mu(I0)

∑
1≤m≤l

∑
c∈cr(I0,jmv⃗)

sign(c),

(3.12)

ìpou mu(I0) eÐnai to elaqistikì an�ptugma thc I0. 'Omwc parathroÔme ìti sthn sugkekrimènh

kateÔjunsh probol c, eÐnai adÔnato na èqoume diastaur¸seic metaxÔ twn I0 kai twn metafor¸n

twn tìxwn thc j pou den keÐtontai mèsa sto mu(I0), �ra:

LKP (I, J) =
∑
v

j+v⃗∈mu(I0)

∑
1≤m≤l

∑
c∈cr(I0,jm+v⃗)

sign(c)

=
∑
v

j+v⃗∈mu(I0)

∑
1≤m≤l

∑
1≤n≤k

∑
c∈cr(in+u⃗n,jm+v⃗)

sign(c).
(3.13)

'Omwc parathroÔme ìti h probol  tou in+ u⃗n mporeÐ na tèmnei thn probol  tou jm+ v⃗ an kai

mìno an keÐtontai sto Ðdio kelÐ, dhlad  e�n u⃗n = v⃗. 'Ara
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LKP (I, J) =
∑

1≤m≤l

∑
1≤n≤k

∑
c∈cr(in+u⃗n,jm+u⃗n)

sign(c)

=
∑

1≤m≤l

∑
1≤n≤k

∑
c∈cr(in,jm)

sign(c) =
∑

c∈cr(i,j)

sign(c) =
(
L(i, j)

)
xy
.

(3.14)

Qrhsimopoi¸ntac thn Ðdia mèjodo ìpwc sthn apìdeixh thc Prìtashc 3.2.8 mporoÔme na

d¸soume mÐa sunduanstik  apìdeixh sthc Prìtashc 3.2.6 gia sust mata me mÐa   dÔo PSS.

Pr¸ta ja qrhsimopoi soume to parak�tw L mma:

L mma 3.2.9. MÐa genn torac alusÐda i eÐnai kleist  an kai mìno an èqei èna �rtio pl joc

shmeÐwn tom¸n me k�je èdra, ek twn opoÐwn ta mis� an koun se tìxa ta opoÐa èqoun kateÔjunsh

proc to eswterikì tou kelioÔ kai ta mis� se tìxa me kateÔjunsh proc to exwterikì.

Apìdeixh. 'Estw ìti prob�lloume to periodikì sÔsthma sto xy-epÐpedo. Tìte me pijanìthta

èna h probol  thc I0 eÐnai mÐa sullog  apl¸n kleist¸n kampÔlwn, èstw bi, sto xy-epÐpedo

oi opoÐec èqoun èna   perissìtera koin� shmeÐa (tic auto-diastaur¸seic thc probol c thc

I0). Apì to Je¸rhma tou Jordan k�je mÐa apì autèc tic kampÔlec qwrÐzei to xy-epÐpedo se

mÐa eswterik  kai mÐa exwterik  perioq . Oi probollèc twn x- kai y-edr¸n twn keli¸n tou

periodikoÔ sust matoc eÐnai grammèc par�llhlec ston x- kai y-�xona. Tìte e�n mÐa gramm 

èrqetai epì mÐa exwterik  perioq  tèmnei mÐa kampÔlh kai eisèrqetai sthn eswterik  perioq ,

tìte ja prèpei na tèmnei xan� ¸ste na epistrèyei sthn exwterik  perioq . 'Ara mÐa gramm 

mporeÐ na tèmnei mÐa kampÔlh bi �rtio pl joc for¸n, tic misèc proc to eswterikì, kai tic misèc

proc to exwterikì. Gia mÐa gramm  par�llhlh proc ton x-�xona (antÐst. y-�xona), k�je tom 

antistoiqeÐ se mÐa tom  enìc tìxou thc I0 me thn x-èdra (antÐst. y-èdra) enìc kelioÔ sto

periodikì sÔsthma. Tìte h metafor� autoÔ tou tìxou thc I0 mèsa sto kelÐ genn tora tèmnei

thn x-èdra (antÐst. y-èdra) tou kelioÔ genn tora. To apotèlesma gia tic z-èdrec, èpetai

prob�llontac to periodikì sÔsthma sto zy-epÐpedo.

Enallaktik  apìdeixh thc Prìtashc 3.2.6 gia mÐa kai dÔo PSS. 'Estw ìti prob�lloume tic

pragmatopoi simec alusÐdec sto xy-epÐpedo. MporoÔme na paramorf¸soume ta x- kai y-tìxa

kleisÐmatoc ètsi ¸ste ìtan prob�llontai wc proc to k⃗, na mhn tèmnoun thn probol  tou

kelioÔ.

L(̄i, j̄) =
1

2

∑
c∈cr(̄i,j̄)

sign(c) =
1

2

( ∑
c∈cr(i,j)

sign(c) +
∑

c∈cr(closure arcc i,
closure arcc j)

sign(c)
)
,

(3.15)
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ìpou cr orÐzetai ìpwc sthn apìdeixh thc Prìtashc 3.2.8. Ac epikentrwjoÔme ston deÔtero

ìro. Apì ton orismì tou tìxou kleisÐmatoc èpetai ìti se autìn ton ìro sumb�lloun mìno oi

diastaur¸seic metaxÔ twn x-tìxwn kleisÐmatoc thc ī (  thc j̄) me ta y-tìxa kleisÐmatoc thc

j̄ (  ī). EpÐshc, apì ton orismì twn tìxwn kleisÐmatoc èpetai ìti k�je x-tìxo kleisÐmatoc

thc ī (  thc j̄) tèmnei k�je y-tìxo kleisÐmatoc thc j̄ (  thc ī) akrib¸c mÐa for� kai eÐte h

probol  ìlwn twn x-tìxwn kleisÐmatoc eÐnai "p�nw� apì thn probol  twn y-tìxwn kleisÐmatoc

eÐte eÐnai ìla �k�tw". Apì to L mma 3.2.9 gia k�je x-tìxo kleisÐmatoc thc ī up�rqei èna

�llo x-tìxo kleisÐmatoc thc ī me ton antÐjeto prosanatolismì. AfoÔ kai ta dÔo tèmnoun èna

y-tìxo kleisÐmatoc thc j̄ (e�n up�rqei èna), kai eÐnai kai ta dÔo apì p�nw   apì k�tw apì

autì, to algebrikì �jroisma aut¸n twn diastaur¸sewn eÐnai mhdèn. 'Ara

L(̄i, j̄) =
1

2

∑
c∈cr(i,j)

sign(c) =
(
L(i, j)

)
xy
. (3.16)

Apo thn Prìtash 3.2.8 èqoume ìti LKP (I, J) =
(
L(i, j)

)
xy

= L(̄i, j̄).

Idiìthtec tou SLP gia kleistèc eleÔjerec alusÐdec

ParathroÔme ìti gia kleistèc alusÐdec, o periodikìc arijmìc auto-perièlixhc mporeÐ na

grafteÐ wc

SLP (I) = Sl(I0) +
∑
v⃗∈S

L(I0, I0 + v⃗), (3.17)

ìpou S perièqei ìla ta dianÔsmata v⃗ gia ta opoÐa h I0 + v⃗ tèmnei thn Σ.

'Epetai ìti o periodikìc arijmìc auto-perièlixhc èqei tic parak�tw idiìthtec sthn perÐptw-

sh kleist¸n eleÔjerwn alusÐdwn:

(i) SLP eÐnai èna peperasmèno �jroisma.

(ii) E�n h alusÐda I0 den tèmnei tic èdrec tou kelioÔ, tìte SLP (I) = Sl(I0).

(iii) SLP eÐnai ènac akèraioc arijmìc analloÐwtoc upì isotopÐa twn alusÐdwn.

Anafèrame ìti o arijmìc auto-perièlixhc mÐac kleist c alusÐdac l isoÔtai me ton arijmì

perièlixhc metaxÔ thc l kai thc kampÔlhc k�jethc metabol c lϵ, dhlad  Sl (l) = L (l, lϵ) [10].

Ac d¸soume ton antÐstoiqo orismì gia PSS:

Orismìc 3.2.10. 'Estw I mÐa eleÔjerh alusÐda se èna periodikì sÔsthma. OrÐzoume thn

eleÔjerh kampÔlh metabol c thc na eÐnai h eleÔjerh alusÐda Iϵ sto periodikì sÔsthma, tètoia

¸ste kaje eikìna thc Iϵ na eÐnai h kampÔlh k�jethc metabol c mÐac eikìnac thc I.
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Tìte se analogÐa me ton tÔpo tou Calugareanu gia alusÐdec ston R3, to parak�tw isqÔei

gia alusÐdec se PSS:

Pìrisma 3.2.11. 'Estw I mÐa kleist  eleÔjerh alusÐda se PSS, kai èstw Iϵ h eleÔjerh

kampÔlh k�jethc metabol c thc. Tìte SLP (I) = LKP (I, Iϵ).

Apìdeixh. Apì ton Orismì 3.2.10 èqoume

LKP (I, Iϵ) =
∑
v

L(I0, (I0)ϵ + v⃗) = L(I0, (I0)ϵ) +
∑
v

L(I1, (I0)ϵ + v⃗)

= Sl(I0) +
∑
v

L(I0, (I0)ϵ + v⃗).
(3.18)

ParathroÔme ìti mporoÔme na epilèxoume èna ϵ arket� mikrì ètsi ¸ste h paramìrfwsh tou

krÐkou I0, I0 + v⃗ ston I0, (I0)ϵ + v⃗ na eÐnai mÐa isotopÐa. 'Ara, L(I0, I0 + v⃗) = L(I0, (I0)ϵ + v⃗)

gia k�je v⃗. 'Ara èqoume thn parak�tw èkfrash gia ton periodikì arijmì auto-perièlixhc thc

eleÔjerhc alusÐdac I sto periodikì sÔsthma

LKP (I, Iϵ) = Sl(I0) +
∑
v

L(I0, (I0)ϵ + v⃗) = Sl(I0) +
∑
v

L(I0, I0 + v⃗) = SLP (I). (3.19)

Pìrisma 3.2.12. 'Estw I mÐa kleist  eleÔjerh alusÐda se PSS kai ī h antÐstoiqh prag-

matopoi simh alusÐda. Tìte SLP (I) = Sl(̄i).

Apìdeixh. 'Estw ī kai īϵ oi pragmatopoi simec alusÐdec twn eleÔjerwn alusÐdwn I kai Iϵ

antÐstoiqa. Tìte apì ton orismì tou Iϵ, ta tìxa thc īϵ mèsa sto kelÐ eÐnai k�jetec metatopÐseic

thc īϵ. MporoÔme na epilèxoume ta tìxa kleisÐmatoc thc īϵ ètsi ¸ste na eÐnai epÐshc oi k�jetec

metatopÐseic twn tìxwn kleisÐmatoc thc ī. 'Ara īϵ eÐnai epÐshc h eleÔjerh kampÔlh k�jethc

metabol c thc ī. 'Eqoume ìti

SLP (I) = LKP (I, Iϵ) = L(̄i, īϵ) = Sl(̄i). (3.20)

3.2.2 O periodikìc arijmìc perièlixhc anoikt¸n alusÐ-

dwn

O arijmìc perièlixhc anoikt¸n alusÐdwn den eÐnai potè mhdèn akìma kai an oi alusÐdec eÐnai

makri� h mÐa apì thn �llh. 'Ara, sthn perÐptwsh anoikt¸n eleÔjerwn alusÐdwn o periodi-

kìc arijmìc perièlixhc eÐnai èna �peiro �jroisma. Ja melet soume thn sÔgklish autoÔ tou

ajroÐsmatoc sthn perÐptwsh enìc sust matoc me mÐa, dÔo kai treÐc PSS.
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'Estw I kai J dÔo eleÔjerec alusÐdec. 'Estw epÐshc lZ3 to akèraio plègma mon�dac m kouc

l, ìpou l eÐnai to m koc mÐac akm c tou kelioÔ. ParathroÔme ìti k�je di�nusma v⃗ sto lZ3

mporeÐ na ekfrasteÐ wc v⃗ = ml(v1, v2, v3) ìpou m ∈ N, vi ∈ Z kai gcd(v1, v2, v3) = 1, ìpou

apì to gcd(v1, v2, v3) ennooÔme ton gcd twn mh mhdenik¸n suntetagmènwn apì touc v1, v2, v3.

'Ara mporoÔme na ekfr�soume ton periodikì arijmì perièlixhc wc:

LKP (I, J) =
∑

v′1,v
′
2,v

′
3∈lZ

L(I0, J0 + (v′1, v
′
2, v

′
3))

=
∑
m∈N

∑
v1,v2,v3∈Z

gcd(v1,v2,v3)=1

L(I0, J0 +ml(v1, v2, v3)).
(3.21)

Sth sunèqeia ja jewr soume ìti, qwrÐc bl�bh thc genikìthtac, oi I kai J eÐnai kat�

tm mata grammikèsc. Ja deÐxoume ìti tìte o LKP (I, J) mporeÐ na ekfrasteÐ san to �jroisma

twn periodik¸n arijm¸n perièlixhc twn akm¸n pou apoteloÔn tic I kai J . ParathreÐste epÐshc

ìti apì ton orismì enìc xedipl¸matoc mÐac genn tora alusÐdac, ta xedipl¸mata twn I0 kai J0

thc i kai j apoteloÔntai apì sugkekrimènec metaforèc twn akm¸n pou apoteloÔn tic i kai j

antÐstoiqa, ìpou ta dianÔsmata metafor�c den eÐnai kat�n�gkh ìla ta Ðdia.

L mma 3.2.13. 'Estw ei,k, k = 1, . . . , ni oi akmèc pou apoteloÔn thn genn tora alusÐda

i kaii èstw ej,k′ , k
′ = 1, . . . , nj oi akmèc pou apoteloÔn thn genn tora alusÐda j. Tìte dÔo

akmèc ei,k, ej,k′ par�goun dÔo eleÔjerec alusÐdec Ei,k, Ej,k′ antÐst. sto periodikì sÔsthma.

Tìte o LKP mporeÐ na ekfrasteÐ wc:

LKP (I, J) =
∑
k

∑
k′

LKP (Ei,k, Ej,k′). (3.22)

Apìdeixh. 'Estw βi,k, βj,k′ ta shmeÐa b�shc twn akm¸n ei,k, ej,k′ , k = 1, . . . , ni, k′ = 1, . . . , nj .

'Estw epÐshc ei,1 + u⃗1, . . . , ei,ni + u⃗ni oi eikìnec twn eleÔjerwn alusÐdwn Ei,k, k = 1, . . . , ni,

pou apoteloÔn thn I0, kai èstw ej,1 + w⃗1, . . . , ej,nj + w⃗nj oi eikìnec twn eleÔjerwn alusÐdwn

Ej,k′ , k
′ = 1, . . . , nj , pou apoteloÔn thn J0. Tìte o LKP (I, J) mporeÐ na ekfrasteÐ wc

LKP (I, J)

=
∑
m∈N

∑
v1,v2,v3∈Z

gcd(v1,v2,v3)=1

∑
1≤k≤ni

∑
1≤k′≤nj

L(ei,k + u⃗k, ej,k′ + w⃗k′ +ml(v1, v2, v3))

=
∑

1≤k≤ni

∑
1≤k′≤nj

∑
m∈N

∑
v1,v2,v3∈Z

gcd(v1,v2,v3)=1

L(ei,k + u⃗k, ej,k′ + w⃗k′ +ml(v1, v2, v3)).

(3.23)
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AfoÔ ta m kh twn I0 kai J0 eÐnai peperasmèna (dhlad  ni, nj < ∞), gia na apodeÐxoume

thn sÔgklish tou LKP arkeÐ apì thn Ex. 3.23 na apodeÐxoume sÔgklish gia k�je ìro thc

morf c

∑
m∈N

∑
v1,v2,v3∈Z

gcd(v1,v2,v3)=1

L(ei,k + u⃗k, ej,k′ + w⃗k′ +ml(v1, v2, v3)),
(3.24)

pou isoÔtai me ton periodikì arijmì perièlixhc twn eleÔjerwn alusÐdwnEi,k, Ej,k′ , LKP (Ei,k, Ej,k′).

ShmeÐwsh 3.2.14. Sth sunèqeia thc apìdeixhc, gia na apìfÔgoume touc polÔplokouc

deÐktec ja qrhsimopoi soume ton sumbolismì I, J gia tic eleÔjerec alusÐdec Ei,k, Ej,k′ . Pa-

rathroÔme ìti autèc eÐnai eleÔjerec alusÐdec twn opoÐwn oi eikìnec eÐnai eujÔgramma tm mata

(akmèc). Ja onom�zoume tètoiec eleÔjerec alusÐdec eleÔjerec akmèc.

'Estw bI , bJ opoiod pote dÔo eikìnwn twn eleÔjerwn akm¸n I, J , tìte bI , bJ < l. QwrÐc

bl�bh thc genikìthtac sth sunèqeia ja jewroÔme ìti bI = bJ = b < l/2.

3.2.2.1 Arijmhtikèc sunart seic

Se aut  thn par�grafo parajètoume gnwst� apotelèsmata gia tic arijmhtikèc sunart seic

ta opoÐa ja qrhsimopoi soume sth sunèqeia.

ShmeÐa plègmatoc p�nw se ènan kÔklo   se mÐa sfaÐra

'Estw r2(n) = {v1, v2 ∈ Z : v21 + v22 = n}, to pl joc twn anaparast�sewn enìc arij-

moÔ san �jroisma dÔo tetrag¸nwn, R2(n) = {v1, v2 ∈ Z, gcd(v1, v2) = 1 : v21 + v22 = n}
to pl joc twn prwtogen¸n anaparast�sewn enìc arijmoÔ san �jroisma dÔo tetrag¸nwn,

r3(n) = {v1, v2, v3 ∈ Z : v21+v
2
2+v

2
3 = n} to pl joc twn anaparast�sewn enìc arijmoÔ san to

�jroisma tri¸n tetrag¸nwn, kai R3(n) = {v1, v2, v3 ∈ Z, gcd(v1, v2, v3) = 1 : v21+v
2
2+v

2
3 = n}

to pl joc twn prwtogen¸n anaparast�sewn enìc arijmoÔ san to �jroisma tri¸n tetrag¸-

nwn. AkribeÐc ekfr�seic aut¸n twn sunart sewn mporoÔn na brejoÔn sta [13, 38, 48]. Pio

sugkekrimèna, o Jacobi [61] apèdeixe ìti

r2(n) = 4(d1(n)− d3(n)), (3.25)

ìpou di(n) = i( mod 4), kai o Bateman [13] apèdeixe ìti

r3(n) =
16

π

√
nL(1, χ)q(n)P (n), (3.26)
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ìpou n = 40n1 e�n to 4 den diaireÐ to n, q(n) = 0, e�n n1 = 7( mod 8),   q(n) = 2−a e�n

n1 = 3( mod 8),   q(n) = 3 · 2−a−1 e�n n1 = 1, 2, 5   6( mod 8), kai

P (n) =
∏
p2b|n
p odd

[
1 +

b−1∑
j=1

p−f + p−b
(
1−

[(−n/p2b)
p

]
1

p

)−1]
, (3.27)

P (n) = 1 gia mh tetragwnikì n, kai L(S, χ) =
∑∞

m=1 χ(m)m−S me χ(m), to sÔmbolo

Legendre-Jacobi-Kronecker: χ(m) =
(
−4
m

)
, χ(m) = 1 e�n m = 1( mod 4), χ(m) = 0 e�n

m = 0( mod 2) kai χ(m) = −1 e�n m = 3( mod 4).

'Estw ìti h an�lush pr¸twn paragìntwn tou n dÐnetai apì

n = 2λ2
∏
p

pλp , (3.28)

ìpou to ginìmeno eÐnai p�nw apì ìlouc touc perittoÔc pr¸touc p pou diairoÔn to n. Tìte

R2(n) = c2(n)
∏
p

(1 + (−1)(p−1)/2, (3.29)

ìpou c2(n) = 0 e�n n = 0( mod 4) kai c2(n) = 4 e�n n ̸= 0( mod 4).

'Estw m to m  tetragwnikì mèroc tou n, èstw k ≥ 1 kai èstw (ap ) to sÔmbolo Legendre.

Tìte

R3(n) = c3(n)r3(m)
n1/2

m1/2

∏
p| n

m

(
1−

(
−m
p

)
p

)
, (3.30)

ìpou c3(n) = 1 e�n n ̸= 0( mod 4)   c3(n) = 0 e�n n = 0( mod 4). Tìte r3(n) kai R3(n)

sqetÐzontai wc

r3(n) =
∑
d2|n

R3(n/d
2). (3.31)

Sth sunèqeia, ja endiaferjoÔme gia htn auxhtik  t�sh aut¸n twn sunart sewn, h opoÐa

den eÐnai profan c apì tic parap�nw ekfr�seic twn r2(n), R2(n), r3(n), R3(n). O aploikìc

trìpoc gia na broÔme thn auxhtik  t�sh tou rd(n) gia d = 2, 3, eÐnai na qrhsimopoi soume

ton ìgko mÐac mp�lac di� to pl joc twn sfair¸n pou perièqontai se aut . O ìgkoc mÐac

mp�lac aktÐnac
√
n aux�nei san to nd/2 en¸ to pl joc twn sfair¸n eÐnai n. Gia d = 2,

autì mac k�nei na perimènoume ènan stajerì arijmì shmeÐwn plègmatoc p�ne se ènan kÔklo,

gia d = 3 mÐa auxhtik  t�sh an�logh tou
√
n. Wstìso, ìpwc faÐnetai sthn Ex. 3.25, h

aÔxhsh eÐnai m  taktik  kai exart�tai apì thn dom  twn diairet¸n tou n. Gia par�deigma,
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gia d = 2, oi perissìteroi kÔkloi den èqoun kajìlou shmeÐa plègmatoc. Gia thn akrÐbeia, o

Landau apèdeixe ìti to pl joc twn kÔklwn me toul�qiston èna shmeÐo plègmatoc, me akèraia

tetragwnik  aktÐna mikrìterh tou x, aux�nei san Cx/
√
log x [80]. Epiplèon, up�rqoun �peirec

oikogèneiec kÔklwn me polÔ lÐga shmeÐa plègmatoc. Apì thn �llh, to pl joc twn shmeÐwn

plègmatoc se ènan kÔklo den eÐnai fragmèno. Gia d = 3 apodeiknÔetai ìti to phlÐko metaxÔ

tou pl jouc twn shmeÐwn kai thc aploik c ektÐmhshc eÐnai fragmèno apì p�nw apì to nϵ,

kai apì k�tw apì to n−ϵ gia k�je ϵ > 0. Pio sugkekrimèna, sto [23] apodeiknÔetai ìti

r3(n) = O(
√
n(log n)2).

Gia tic arijmhtikèc mac ektim seic stic Parathr seic 3.3.8, 3.3.13 kai 3.3.17, gia meg�lo

n, ja k�noume tic proseggÐseic: r2(n) ≈ π, R2(n) ≈ 6
π , r3(n) =

4π
3

√
n kai R3(n) ≈ 4π

3ζ(3)

√
n.

ShmeÐa plègmatoc mèsa se ènan kÔklo   mÐa sfaÐra

'Ena �llo sqetikì prìblhma eÐnai h ektÐmhsh tou pl jouc twn shmeÐwn plègmatoc mèsa

se ènan kÔklo   mÐa sfaÐra. Ektim seic gi ato pl joc twn shmeÐwn mèsa se ènan kÔklo   mÐa

sfaÐra brÐskontai sta [53, 22]. Pio sugkekrimèna, apì to [53] gnwrÐzoume ìti to pl joc twn

shmeÐwn plègmatoc mèsa se ènan kÔklo aktÐnac
√
n eÐnai

∑
1≤m≤n

r2(m) = πn+O(n7/22). (3.32)

EpÐshc, apì to [53] gnwrÐzoume ìti to pl joc twn prwtogen¸n shmeÐwn plègmatoc mèsa se

ènan kÔklo aktÐnac
√
n eÐnai:

∑
1≤m≤n

R2(m) =
6

π
+O(n(51+ϵ)/100). (3.33)

Apì to [22] gnwrÐzoume ìti to plhjoc twn shmeÐwn plègmatoc mèsa se mÐa sfaÐra aktÐnac
√
n

isoÔtai me

∑
1≤m≤n

r3(m) =
4π

3
n
√
n+O(n21/32+ϵ), (3.34)

gia k�je ϵ > 0. EpÐshc apì to [22] gnwrÐsoume ìti to pl joc twn prwtogen¸n shmeÐwn

plègmatoc mèsa se mÐa sfÐara aktÐnac
√
n eÐnai:

∑
1≤m≤n

R3(m) =
4π

3ζ(3)
n
√
n+O(

√
n(log

√
n)1/2) (3.35)
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3.2.2.2 To olokl rwma perièlixhc kat� Gauss gia dÔo akmèc

'Estw e1, e2 dÔo akmèc ston 3-di�stato q¸ro me parametrikopoi seic γ1(t), γ2(s), kai èstw α⃗

to di�nusma pou en¸nei to shmeÐo b�shc tou e1 sto shmeÐo b�shc tou e2. QwrÐc bl�bh thc

genikìthtac, èstw ìti èqoun to Ðdio m koc b. To olokl rwma kat� Gauss twn e1, e2 ekfr�zetai

wc

L(e1, e2) =
1

4π

∫ ∫
(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))

||γ1(t)− γ2(s)||3
dtds

=
1

4π

∫ ∫
||γ̇1(t)|| ||γ̇2(s)|| ||γ1(t)− γ2(s)|| sinϕ cos θ

||γ1(t)− γ2(s)||3
dtds

=
1

4π

∫ ∫
sinϕ cos θ(s, t)

||γ1(t)− γ2(s)||2
dtds,

(3.36)

ìpou ϕ eÐnai h gwnÐa metaxÔ twn dÔo akm¸n (parathreÐste ìti h ϕ eÐnai stajer  upì metaforèc

twn akm¸n) kai θ(s, t) eÐnai h gwnÐa metaxÔ twn γ̇1 × γ̇2 kai γ1(t)− γ2(s).

L mma 3.2.15. Gia dÔo akmèc e1, e2 m kouc b ta shmeÐa b�shc twn opoÐwn sundèontai me

èna di�nusma α⃗

|L(e1, e2)| ≤
1

4π

1

(||α⃗|| − b)2
. (3.37)

Apìdeixh. Apì thn Ex. 3.36,

|L(e1, e2)| ≤
1

4π

1

mint,s{||γ1(t)− γ2(s)||2}

∣∣∣∫ ∫
sinϕ cos θ(s, t)dtds

∣∣∣
≤ 1

4π

1

(||α⃗|| − b)2
.

(3.38)

'Estw ìti h diamoìrfwsh twn dÔo akm¸n all�zei, san sun�rthsh tou qrìnou, τ . Dhlad ,

èstw γ1(t, τ) = (X
(1)
t (τ), X

(2)
t (τ), X

(3)
t (τ)), γ2(s, τ) = (Y

(1)
s (τ), Y

(2)
s (τ), Y

(3)
s (τ)). Tìte to

olokl rwma perièlixhc mporeÐ epÐshc na all�xei.

L mma 3.2.16. 'Estw e1(τ), e2(τ) ∈ Ω dÔo akmèc m kouc b ta shmeÐa b�shc twn opoÐ-

wn sundèontai me èna di�nusma α⃗(τ). Tìte se èna di�sthma [τ1, τ2] ìpou to prìshmo tou

L(e1(τ), e2(τ)) eÐnai stajerì

∣∣∣ d
dτ

(
L(e1(τ), e2(τ))

)∣∣∣ ≤ 1

2π

1

(||α⃗|| − b)2
(
1 +

||α⃗′(τ)||
(||α⃗|| − b)

)
. (3.39)
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Apìdeixh. 'Estw σ1,2 to prìshmo tou L(e1(τ), e2(τ)), τ ∈ [τ1, τ2]. Tìte

d

dτ

(
L(e1(τ), e2(τ))

)
=

d

dτ

( 1

4π
σi,j

∫ ∫
cos θ(τ, t, s) sinϕ(τ)

||γ1(τ, t)− γ2(τ, s)||2
dsdt

))
=
σi,j
4π

d

dτ

∫ ∫
cos θ(τ, t, s) sinϕ(τ)

(X
(1)
t (τ)− Y (1)

s (τ))2 + (X
(2)
t (τ)− Y (2)

s (τ))2 + (X
(3)
t (τ)− Y (3)

s (τ))2
dsdt.

(3.40)

'Estw

Λ(s, t, τ) =
cos θ(τ, t, s) sinϕ(τ)

(X
(1)
t (τ)− Y (1)

s (τ))2 + (X
(2)
t (τ)− Y (2)

s (τ))2 + (X
(3)
t (τ)− Y (3)

s (τ))2
. (3.41)

Tìte h Λ(s, t, τ) eÐnai suneq c sto [0, 1] × [0, 1] × [τ1, τ2]. H par�gwgoc kat� mèroc thc

Λτ eÐnai

d

dτ

(
Λ(s, t, τ))

)
=

d

dτ

( cos θ(τ, t, s) sinϕ(τ)

(X
(1)
t (τ)− Y (1)

s (τ))2 + (X
(2)
t (τ)− Y (2)

s (τ))2 + (X
(3)
t (τ)− Y (3)

s (τ))2

)
=
− sin θ(τ, t, s) sinϕ(τ) dθdτ + cos θ(τ, t, s)) cosϕ(τ)dϕdτ

||γ1(τ)− γ2(τ)||2

− 2
cos θ1(τ, t, s) sinϕ(τ)

||γ1(τ)− γ2(τ)||4
(γ1(τ)− γ2(τ)) ·

d(γ1(τ, t)− γ2(τ, s))
dτ

.

(3.42)

'Ara h Λτ eÐnai fragmènh apì p�nw apì

d

dτ

(
Λ(s, t, τ))

)
≤

∣∣∣− sin θ(τ, t, s) sinϕ(τ) dθdτ + cos θ(τ, t, s)) cosϕ(τ)dϕdτ
||γ1(τ, t)− γ2(τ, s)||2

∣∣∣
+ 2| cos θ(τ, t, s) sinϕ(τ)
||γ1(τ, t)− γ2(τ, s)||4

||γ1(τ, t)− γ2(τ, s)||
∣∣∣∣∣∣d(γ1(τ, t)− γ2(τ, s))

dτ

∣∣∣∣∣∣
≤ 1

mint,s{||γ1(t)− γ2(s)||2}

∣∣∣− sin θ(τ, t, s) sinϕ(τ)
dθ

dτ
+ cos θ(τ, t, s)) cosϕ(τ)

dϕ

dτ

∣∣∣
+

2

mint,s{||γ1(t)− γ2(s)||3}
| cos θ(τ, t, s) sinϕ(τ))|

∣∣∣∣∣∣d(γ1(τ, t)− γ2(τ, s))
dτ

∣∣∣∣∣∣
≤ 2

(||α⃗(τ)|| − b)2
+

2||α⃗′(τ)||)
(||α⃗(τ)|| − b)3

.

(3.43)

AfoÔ oi Λ(s, t, τ) kai d
dτΛ(s, t, τ) eÐnai suneqeÐc sto [0, 1]× [0, 1]× [τ1, τ2] apì ton kanìna

olokl rwshc kat� Leibnitz
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d

dτ

(
L(e1(τ), e2(τ))

)
=

1

4π

∫ ∫
d

dτ

(
Λ(s, t, τ)

)
dsdt ≤ 1

4π

( 2

(||α⃗(τ)|| − b)2
+

2||α⃗′(τ)||
(||α⃗(τ)|| − b)3

)
.

(3.44)

3.3 SÔgklish tou LKP gia anoiktèc eleÔjerec

alusÐdec

Se aut  thn par�grafo parousi�zetai h apìdeixh thc sÔgklishc tou LKP gia anoiktèc eleÔ-

jerec alusÐdec. Sth sunèqeia, èstw I, J dÔo eleÔjerec akmèc oi eikìnec twn opoÐwn eÐnai

eujÔgramma tm mtata m kouc b < l/2, ìpou l eÐnai to m koc mÐac èdrac tou kelioÔ.

3.3.1 SÔgklish se mÐa PSS

QwrÐc bl�bh thc genikìthtac, ac jewr soume thn perÐptwsh mÐac PSS pou epib�lletai ston

x-�xona (dexièc - aristerèc èdrec tou kelioÔ). Tìte o periodikìc arijmìc sperièlixhc twn dÔo

eleÔjerwn akm¸n mporeÐ na grafteÐ wc

LKP (I, J) =
∑
m∈Z

L(I0, J0 +m(l, 0, 0)). (3.45)

'Estw α⃗ to di�nusma pou en¸nei to shmeÐo b�shc thc I0, βi, sto shmeÐo b�shc thc J0, βj .

ParathroÔme ìt mporoÔme p�nta na epilèxoume thn jèsh tou kelioÔ genn tora ètsi ¸ste

||α⃗|| < l
2 . 'Estw γ1(t), γ2(s), t, s ∈ [0, 1] oi parametrikopoi seic twn I0 kai J0 antÐstoiqa.

Tìte:

Prìtash 3.3.1. O periodikìc arijmìc perièlixhc metaxÔ dÔo eleÔjerwn alusÐdwn se mÐa

PSS sugklÐnei.

Apìdeixh. O periodikìc arijmìc perièlixhc mporeÐ na grafteÐ wc

LKP (I, J) ≤
∑
m∈Z
|L(I0, J0 +ml(1, 0, 0))|

=
∑
m∈N
|L(I0, J0 −ml(1, 0, 0))|+ |L(I0, J0)|+

∑
m∈N
|L(I0, J0 +ml(1, 0, 0))|,

(3.46)
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ìpou |L(I0, J0)| < 1
2 . EpÐshc, parathroÔme ìti

||γ1(t)− γ2(s)±mlv⃗|| ≥ mint,s ||γ1(t)− γ2(s)±mlv⃗|| ≥ ml||v⃗|| − ||α⃗|| − b.
'Ara, apì thn Ex. 3.38

|L(I0, J0 +ml(1, 0, 0))| ≤ 1

4π

1

(ml − ||α⃗|| − b)2
∣∣∣∫ ∫

sinϕ cos θ(s, t)dtds
∣∣∣

≤ 1

4π

1

(ml − ||α⃗|| − b)2
:= Q

(1)
m,1,

(3.47)

kai ìmoia gia to |L(I0, J0 −ml(1, 0, 0))|. 'Ara,

∑
m∈Z
|L(I0, J0 +ml(1, 0, 0))| < L(I0, J0) +

∑
m∈Z,m̸=1

Q
(1)
m,1

≤ 1

4π

∑
m∈N

1

(ml − ||α⃗|| − b)2
+

1

2
+

1

4π

∑
m∈N

1

(ml − ||α⃗|| − b)2

<
1

2
+

1

2π

∑
m∈N

1

(ml − ||α⃗|| − b)2
)
,

(3.48)

ìpou ||α⃗|| > l
2 , b < l/2. 'Ara gia m = 1, 1

l−||α⃗||−b <
1

l/2−b kai gia m > 1, 1
ml−||α⃗||−b <

1
(m−1)l .

'Ara

∑
m∈Z
|L(I0, J0 +ml(1, 0, 0))| < 1

2
+

1

2π

1

(l/2− b)2
+

1

2π

∑
m>1∈N

1

((m− 1)l)2

=
1

2
+

2

π(l − 2b)2
+
ζ(2)

l2
<∞,

(3.49)

kai h sÔgklish eÐnai omoiìmorfh.

Parat rhsh 3.3.2. ParathroÔme ìti gia èna kelÐ me mÐa PSS m kouc akm c l = 50 kai

gia akmèc m kouc b = 1, diast�seic kat�llhlec gia posomoi¸seic polumerik¸n thgm�twn, h

Ex. 3.49 dÐnei LKP (I, J) < 0.500762.

Pìrisma 3.3.3. O periodikìc arijmìc perièlixhc dÔo anoikt¸n eleÔjerwn alusÐdwn se mÐa

PSS eÐnai suneq c sun�rthsh twn suntetagmenwn twn alusÐdwn sqedìn pantoÔ.

Apìdeixh. AfoÔ h sÔgklish tou LKP eÐnia omoiìmorfh, èpetai apì to gegonìc ìti to olokl -

rwma perièlixhc kat� Gauss eÐnai suneq c sun�rthsh ston q¸ro twn diamorf¸sewn sqedìn

pantoÔ.
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3.3.2 SÔgklish se dÔo PSS

QwrÐc bl�sh thc genikìthtac, ac jewr soume dÔo PSS pou epib�llontai stouc x- kai y-

�xonec (dexièc - aristerèc kai p�nw - k�tw èdrec tou kelioÔ). Gia na apodeÐxoume sÔgklish

tou LKP (I, J) sthn perÐptwsh dÔo PSS prèpei na l�boume upìyhn ta prìshma twn arijm¸n

perièlixhc pou perièqontai sto �jroisma. Sth sunèqeia h metafor� thc J0 kat� mlv⃗ kai kat�

−mlv⃗ ja onom�zontai antÐjetec metaforèc. 'Opwc ja doÔme, o arijmìc perièlixhc thc I0 me

autèc mporeÐ na èqei antÐjeto prìshmo.

L mma 3.3.4. 'Estw e1, e2 dÔo akmèc twn opoÐwn to shmeÐo b�shc sundèontai me èna di�-

nusma α⃗, tìte L(e1, e2) = −L(e1, e2 − 2α⃗).

Apìdeixh. 'Estw ènac kajrèfthc M topojethmènoc se èna epÐpedo me k�jeto di�nusma α⃗ to

opoÐo perièqei to βi, ìpwc faÐnetai sthn Eikìna 3.6, kai èstw (e1)M kai (e2)M oi katoptri-

kèc eikìnec twn e1 kai e2 (faÐnontai me mplè sthn Eikìna 3.6). Tìte L((e1)M , (e2)M ) =

−L(e1, e2). Ac peristrèyoume tic (e1)M kai (e2)M gÔrw apì thn gramm  pou perièqei to

α⃗ kat� π kai èstw ((e2)M )R kai ((e1)M )R oi akmèc pou prokÔptoun (faÐnontai me anoi-

ktì mple sthn Eikìna 3.6). Kat� thn peristrof  h sqetik  jèsh twn akm¸n den all�-

zei, �ra L(((e1)M )R, (((e2)M )R)) = L((e1)M , (e2)M ) = −L(e1, e2). ParathreÐste ìti oi

((e2)M )R kai ((e1)M )R, keÐtontai p�nw stic akmèc e2 − 2α⃗ kai e1 antÐstoiqa, all� èqoun

antÐjeto prosanatolismì apì tic e2 − 2α⃗ kai e1. E�n antistrafeÐ o prosanatolismìc twn

((e2)M )R kai ((e1)M )R, tìte o arijmìc perièlix c touc den all�zei, �ra L(e1, e2 − 2α⃗) =

L(−((e1)M )R,−(((e2)M )R)) = L(((e1)M )R, (((e2)M )R)) = −L(e1, e2).

Pìrisma 3.3.5. 'Estw e1, e2 dÔo akmèc twn opoÐwn ta shmeÐa b�shc en¸nontai me èna

di�nusma α⃗, tìte

L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗) = L(e1, e2 +mlv⃗)− L(e1, e2 +mlv⃗ − 2α⃗). (3.50)

Apìdeixh. ParathreÐste ìti ta shmeÐa b�shc twn akm¸n e1 kai e′2 = e2 −mlv⃗ en¸nontai me

èna di�nusma α⃗′ = α⃗−mlv⃗ (deÐte Eikìna 3.7). 'Ara apì to L mma 3.3.4

L(e1, e2 −mlv⃗) = L(e1, e
′
2) = −L(e1, e′2 − 2α⃗′) = −L(e1, e2 −mlv⃗ − 2α⃗′)

= −L(e1, e2 −mlv⃗ − 2(α⃗−mlv⃗)) = −L(e1, e2 +mlv⃗ − 2α⃗).
(3.51)
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Sq ma 3.6: P�nw: L(e1, e2) = −L((e1)M , (e2)M). K�tw: L((e1)M , (e2)M) =

L(((e1)M)R, ((e2)M)R) = L(e1, e2 − 2α⃗).

Gia to �jroisma twn oloklhrwm�twn perièlixhc dÔo antÐjetwn metafor¸n:

L mma 3.3.6. 'Estw e1, e2 dÔo akmèc ta shmeÐa b�shc twn opoÐwn sundèontai me èna di�-

nusma α⃗, tìte gia ml||v⃗|| >> ||α⃗||,

|L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗)| <
2

π
||α⃗|| 1

(ml||v⃗|| − 3||α⃗||)3
. (3.52)

Apìdeixh. 'Estw γ1(τ), γ2(s), t, s ∈ [0, 1] oi parametrikopoi seic twn akm¸n e1, e2 antÐstoiqa.

By Lemma 3.3.5:

L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗) = L(e1, e2 +mlv⃗)− L(e1, e2 +mlv⃗ − 2α⃗)

=
1

4π

(∫ ∫
(γ̇1 × γ̇2) · (γ1(t)− γ2(s) +mlv⃗)

||γ1(t)− γ2(s) +mlv⃗||3
dsdt

−
∫ ∫

(γ̇1 × γ̇2) · (γ1(t)− γ2(s) +mlv⃗ − 2α⃗)

||γ1(t)− γ2(s) +mlv⃗ − 2α⃗||3
dsdt

)
.

(3.53)

Gia meg�loml||v⃗||, oi ìroi sto olokl rwma mporoÔn na proseggistoÔn, gia k�je (s, t), apì
tic timèc touc sto (t1, s1), ìpou γ1(t1) = β1 kai γ2(s1) = β2. Gia aplopoÐhsh ja sumbolÐzoume

γ1(t1) = γ1, γ2(s2) = γ2. ParathreÐste ìti tìte α⃗ = γ1 − γ2 �ra h exÐswsh 3.53 gÐnetai:
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L(e1, e2 +mlv⃗)− L(e1, e2 +mlv⃗ + 2α⃗)

=
1

4π

((γ̇1 × γ̇2) · (α⃗+mlv⃗)

||α⃗+mlv⃗||3
− (γ̇1 × γ̇2) · (α⃗+mlv⃗ − 2α⃗)

||α⃗+mlv⃗ − 2α⃗||3
)

=
1

4π

((γ̇1 × γ̇2) · (α⃗+mlv⃗)

||α⃗+mlv⃗||3
− (γ̇1 × γ̇2) · (α⃗+mlv⃗)

||α⃗+mlv⃗ − 2α⃗||3
+

(γ̇1 × γ̇2) · 2α⃗
||α⃗+mlv⃗ − 2α⃗||3

)
=

1

4π

(
(γ̇1 × γ̇2) · (α⃗+mlv⃗)

( 1

||α⃗+mlv⃗||3
− 1

||α⃗+mlv⃗ − 2α⃗||3
)

+
(γ̇1 × γ̇2) · 2α⃗
||α⃗+mlv⃗ − 2α⃗||3

)
.

(3.54)

Tìte, qrhsimopoi¸ntac to Je¸rhma Mèshc Tim c tou ApeirostikoÔ LogismoÔ, gia thn su-

n�rthsh h(||mlv⃗ + α⃗||) = 1
||mlv⃗+α⃗||3 gia ml||v⃗|| >> ||α⃗||, 1

||α⃗+mlv⃗||3 −
1

||α⃗+mlv⃗−2α⃗||3 sthn Ex.

3.54 mporeÐ na proseggisteÐ apì

∂

∂(||mlv⃗ + α⃗||)
h(||mlv⃗ + α⃗||) ≈ −6||α⃗||

||mlv⃗ + α⃗||4
. (3.55)

'Ara:

L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗)

≈ 1

4π

(
(γ̇1 × γ̇2) · (α⃗+mlv⃗)

−6||α⃗||
||α⃗+mlv⃗||4

+
(γ̇1 × γ̇2) · 2α⃗
||α⃗+mlv⃗ − 2α⃗||3

)
=

1

4π

(
sinϕ cos θ

−6||α⃗||
||α⃗+mlv⃗||3

+ sinϕ cosψ
2||α⃗||

||α⃗+mlv⃗ − 2α⃗||3
)
,

(3.56)

ìpou ϕ h gwnÐa metaxÔ twn γ̇1 kai γ̇2, θ h gwnÐa metaxÔ twn γ̇1 × γ̇2 kai α⃗ + mlv⃗, kai ψ h

gwnÐa metaxÔ twn γ̇1 × γ̇2 kai α⃗. 'Ara,

|L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗)|

<
1

2π
||α⃗||| sinϕ|

( 3| cos θ|
(ml||v⃗|| − 3||α⃗||)3

+
| cosψ|

(ml||v⃗|| − 3||α⃗||)3
)

≤ 2

π
||α⃗|| 1

(ml||v⃗|| − 3||α⃗||)3
.

(3.57)

Qrhsimopoi¸ntac aut� ta apotelèsmata mporoÔme na apodeÐxoume thn sÔgklish se dÔo

PSS:
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Sq ma 3.7: Ta shmeÐa b�shc twn antÐjetwn metafor¸n thc e2 kat� ±mlv⃗, apèqoun
||mlv⃗ + α⃗|| kai ||mlv⃗ − α⃗|| apì to shmeÐo b�shc thc e1. 'Ara L(e1, e2 + mlv⃗) ̸=
L(e1, e2 −mlv⃗). Apì to L mma 3.3.4, L(e1, e2 +mlv⃗) + L(e1, e2 −mlv⃗) = L(e1, e2 +

mlv⃗)− L(e1, e2 +mlv⃗ − 2α⃗).
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Je¸rhma 3.3.7. O periodikìc arijmìc perièlixhc metaxÔ dÔo eleÔjerwn aÔsÐdwn se èna

sÔsthma me dÔo PSS sugklÐnei.

Apìdeixh. 'Estw n0 ∈ N tètoia ¸ste n0 >>
(
||α⃗||
l

)2
. Tìte o LKP mporeÐ na grafteÐ san:

LKP (I, J) =
∑
m∈N

∑
n≤n0∈N

∑
v⃗,||v⃗||2=n

gcd(v1,v2)=1

L(I0, J0 +ml(v1, v2, 0))

+
1

2

∑
m∈N

∑
n>n0∈N

∑
v⃗,||v⃗||2=n

gcd(v1,v2)=1

(L(I0, J0 +ml(v1, v2, 0)) + L(I0, J0 −ml(v1, v2, 0))).
(3.58)

SumbolÐzoume aut� ta ajroÐsmata san Σ1,Σ2 antÐstoiqa.

Gia touc ìrouc sto Σ2 to L mma 3.3.6 mporeÐ na efarmosteÐ, dÐnontac

∑
v1,v2

||v⃗||2=n gcd(v1,v2)=1

(L(I0, J0 +ml(v1, v2, 0)) + L(I0, J0 −ml(v1, v2, 0)))

≤
∑
v1,v2

||v⃗||2>n0 gcd(v1,v2)=1

( 2

π
||α⃗|| 1

(ml||v⃗|| − 3||α⃗||)3
)

=
2

π
||α⃗|| R2(n)

(ml
√
n− 3||α⃗||)3

:= Q(2)
m,n,

(3.59)

kai, afoÔ ||α⃗|| < l
2 :

Σ2 <
1

2

∑
m∈N

∑
n>n0

Q(2)
m,n =

1

π

l

2

∑
m∈N

∑
n>n0

R2(n)

(ml
√
n− 3l/2)3

<
1

2πl2

∑
m∈N

∑
n>n0

R2(n)

(m
√
n− 3/2)3

<
1

2πl2

∑
m∈N

1

m3

∑
n>n0

R2(n)

(
√
n− 3

2m)3
<
ζ(3)

2πl2

∑
n>n0

R2(n)

(
√
n− 3/2)3

<∞,

(3.60)

kai h sÔgklish eÐnai omoiìmorfh.

Gia na apodeÐxoume ìti Σ1 <∞, Q
(1)
m,1 (Ex. 3.47) wc ex c:

Σ1 =
∑
m∈N

∑
n≤n0

∑
v⃗,||v⃗||2=n

gcd(v1,v2)=1

L(I0, J0 +m(v1, v2, 0))

< L(I0, J0) +
∑
n≤n0

∑
v⃗,||v⃗||2=n

gcd(v1,v2)=1

∑
m>1

Qm,1.
(3.61)
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'Estw LK
(1)
P (I, J) o periodikìc arijmìc perièlixhc twn I, J , se mìno mÐa PSS. Tìte apì thn

apìdeixh tou Jewr matoc 3.3.1,
∑

m>1Qm,1 = LK
(1)
P (I, J)− 1

2 , kai �ra:

Σ1 <
1

2
+

∑
v⃗,||v⃗||2≤n0

gcd(v1,v2)=1

(
LK

(1)
P (I, J)− 1

2

)
=

1

2
+

(
LK

(1)
P (I, J)− 1

2

) ∑
n≤n0

R2(n) <∞,
(3.62)

kai apì to Je¸rhma 3.3.1 h sÔglkish eÐnai omoiìmorfh. 'Eqoume apodeÐxei ìti ta Σ1,Σ2

sugklÐnoun omoiìmorfa kai �ra o LKP sugklÐnei omoiìmorfa, kai eÐnai fragmènoc apì p�nw

apì:

LKP (I, J) <
1

2
+

( 2

π(l − 2b)2
+
ζ(2)

l2

) ∑
n≤n0

R2(n) +
ζ(3)

2πl2

∑
n>n0

R2(n)

(
√
n− 3/2)3

. (3.63)

Parat rhsh 3.3.8. Qrhsimopoi¸ntac tic proseggÐseic R2(n) ≈ 6
π ,

∑
n≤n0

R2(n) ≈ 6
πn0,

èna proseggistikì �nw fr�gma tou LKP eÐnai:

LKP (I, J) <
1

2
+

( 2

π(l − 2b)2
+
ζ(2)

l2

) 6

π
n0 +

3ζ(3)

π2l2

∑
n>n0

1

(
√
n− 3/2)3

. (3.64)

ParathroÔme ìti gia l = 50, l = 1, n0 = 10, pou eÐnai megèjh sugkrÐsima me aut� pou qrh-

simopoioÔntai se prosomoi¸seic thgm�twn poluaijulenÐou, tìte gia dÔo eleÔjerec akmèc se

dÔo PSS h Ex. 3.64 dÐnei LKP (I, J) < 0.518115.

Pìrisma 3.3.9. Gia dÔo anoiktèc eleÔjerec alusÐdec se dÔo PSS, o LKP eÐnai mÐa suneq c

sun�rthsh ston q¸ro twn diamorf¸sewn sqedìn pantoÔ.

3.3.3 SÔgklish se treÐc PSS

Gia na apodeÐxoume sÔgklish tou periodikoÔ arijmoÔ perièlixhc dÔo eleÔjerwn akm¸n se

treÐc PSS, h sÔklish tou LKP gia ènan eidikì tÔpo diamìrfwshc dÔo eleÔjerwn akm¸n

apodeiknÔetai pr¸ta kai sth sunèqeia qrhsimopoieÐtai gia na genikeujeÐ to apotèlesma se

k�je tuqaÐa diamìrfwsh dÔo eleÔjerwn akm¸n.
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3.3.3.1 SÔgklish gia mÐa eidik  diamìrfwsh dÔo eleÔjerwn alusÐ-

dwn

'Estw I ′, J ′ dÔo eleÔjerec akmèc se treÐc PSS me prwtarqikèc eikìnec I ′0, J
′
0, twn opoÐwn

h parametrikopoÐhsh eÐnai γ1(t), γ2(s), t, s ∈ [0, 1] antÐstoiqa, ètsi ¸ste to γ̇1 × γ̇2 na eÐnai

par�llhlo me ton x-�xona, dhlad , γ̇1 × γ̇2 = (||γ̇1 × γ̇2||, 0, 0) (deÐte Eikìna 3.8). Se aut 

thn par�grafo apodeiknÔetai ìti o LKP (I
′, J ′) sugklÐnei.

Ja qrhsimopoi soume thn parak�tw èkfrash tou LKP . Gia k�je di�nusma v⃗ = (v1, v2, v3),

b�zoume mazÐ ìla ta dianÔsmata twn opoÐwn oi suntetagmènec eÐnai metajèseic twn suntetagmè-

nwn tou v⃗ me ìlouc touc dinatoÔc sunduasmoÔc pros mwn. Gia k�je v⃗ èstw pm(v⃗) h sullog 

aut¸n twn dianusm�twn. Tìte o LKP (I
′, J ′) mporeÐ na ekfrasteÐ wc:

LKP (I
′, J ′) =

∑
v1<v2<v3∈N

∑
u⃗∈pm(v⃗)

L(I ′0, J
′
0 + u⃗) =

∑
v1<v2<v3∈N

Gv⃗(I
′
0, J

′
0), (3.65)

ìpou Gv⃗(I
′
0, J

′
0) =

∑
u⃗∈pm(v⃗) L(I

′
0, J

′
0 + u⃗).

Autì mporèi na ekfrasteÐ pio sugkekrimèna wc ex c: 'Estw ρ(v⃗) èna di�nusma twn opoÐwn

oi suntetagmènec proèrqontai me ènan sunduasmì pros mwn twn suntetagmènwn tou v⃗ af -

nontac thn apìluth tim  twn suntetagmènwn stajer . Gi ak�je di�nusma up�rqoun 8 tètoioi

sunduasmoÐ. 'Estw ρ1(v⃗) = (v1, v2, v3) = −ρ5(v⃗), ρ2(v⃗) = (v1, v2,−v3) = −ρ6(v⃗), ρ3(v⃗) =

(v1,−v2, v3) = −ρ7(v⃗), ρ4(v⃗) = (v1,−v2,−v3) = −ρ8(v⃗). Sth sunèqeia, èstw τ mÐa kuklik 

met�jesh thc S3. Tìte gia èna di�nusma v⃗ èstw τ1(v⃗) = (v1, v2, v3), τ2(v⃗) = (v2, v3, v1) kai

τ3(v⃗) = (v3, v1, v2). 'Estw epÐshc z⃗ = (v1, v3, v2). Tìte o LKP mporeÐ na ekfrasteÐ wc

LKP (I
′, J ′) =

1

2

∑
v1<v2<v3∈Z

( 4∑
j=1

3∑
i=1

(L(I ′0, J
′
0 + lτi(ρj(v⃗))) + L(I ′0, J

′
0 − lτi(ρj(v⃗))))

+

4∑
j=1

3∑
i=1

(L(I ′0, J
′
0 + lτi(ρj(z⃗))) + L(I ′0, J

′
0 − lτi(ρj(z⃗))))

)

=
1

2

∑
v1<v2<v3∈Z

( 4∑
j=1

Σ(ρj(v⃗)) +

4∑
j=1

Σ(ρj(z⃗))
)
,

(3.66)

ìpou Σ(ρj(v⃗)) =
∑3

i=1(L(I
′
0, J

′
0 + lτi(ρj(v⃗))) + L(I ′0, J

′
0 − lτi(ρj(v⃗)))) kai

Σ(ρj(z⃗)) =
∑3

i=1(L(I
′
0, J

′
0 + lτi(ρj(z⃗))) + L(I ′0, J

′
0 − lτi(ρj(z⃗)))).

Ara, Gv⃗(I
′
0, J

′
0) =

1
2

(∑4
j=1Σ(ρj(v⃗)) +

∑4
j=1Σ(ρj(z⃗))

)
.

Tìte:
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Sq ma 3.8: Se aut  thn diamìrfwsh to γ̇1× γ̇2 eÐnai par�llhlo me ton x-�xona. 'Estw

v⃗ = (v1, v2, v3), tìte gia thn gwnÐa θ1 metaxÔ tou l⃗i × l⃗j kai tou βj + α⃗ + v⃗, èqoume

cos θ1 =
v1+α1

(v1+α1)2+(v2+α2)2+(v3+α3)2
.

Je¸rhma 3.3.10. 'Estw I ′, J ′ dÔo eleÔjerec akmèc me prwtarqikèc eikìnec I ′0, J
′
0 me pa-

rametrikopoi seic γ1(t), γ2(s) t, s ∈ [0, 1] antÐstoiqa, ètsi ¸ste γ̇1 × γ̇2 = (||γ̇1 × γ̇2||, 0, 0).
'Estw ìti ta shmeÐa b�shc twn I ′0, J

′
0 en¸nontai me èna di�nusma α⃗ = (α1, α2, α3) kai è-

stw v⃗ = (v1, v2, v3) èna di�nusma tètoio ¸ste v1, v2, v3 >> α = max{|α1|, |α2|, |α3|}. Tìte

Gv⃗(I
′
0, J

′
0) ≈ 0.

Apìdeixh. Sth sunèqeia ja apodeÐxoume ìti
∑4

j=1Σ(ρj(v⃗)) ≈ 0. 'Omoia, mporeÐ na apodeiqjeÐ

ìti
∑4

j=1Σ(ρj(z⃗)) ≈ 0, �ra Gv⃗(I
′, J ′) ≈ 0.

ParathroÔme ìti to Σ(ρj(v⃗)) isoÔtai me

Σ(ρj(v⃗)) =L(I
′
0, J

′
0 + τ1(ρj(v⃗))) + L(I ′0, J

′
0 − τ1(ρj(v⃗))) + L(I ′0, J

′
0 + τ2(ρj(v⃗)))

+ L(I ′0, J
′
0 − τ2(ρj(v⃗))) + L(I ′0, J

′
0 + τ3(ρj(v⃗))) + L(I ′0, J

′
0 − τ3(ρj(v⃗))),

(3.67)

ìpou to �jroisma twn antÐjetwn metafor¸n mporeÐ na ekfrasteÐ wc:
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L(I ′0, J
′
0 + τi(ρj(v⃗))) + L(I ′0, J

′
0 − τi(ρj(v⃗)))

=
1

4π

∫ ∫ (
sign(L(I ′0, J

′
0 + τi(ρj(v⃗))))

| cos θ+ij(t, s) sinϕ|
||γ1(t)− γ2(s) + τi(ρj(v⃗))||2

+ sign(L(I ′0, J
′
0 − τi(ρj(v⃗))))

| cos θ−ij(t, s) sinϕ|
||γ1(t)− γ2(s)− τi(ρj(v⃗))||2

)
dsdt,

(3.68)

ìpou θ+ij(t, s) eÐnai h mikrìterh gwnÐa metaxÔ twn γ1(t) − γ2(s) + τi(ρj(v⃗)) kai γ̇1 × γ̇2, kai
parìmoia θ−ij(t, s) eÐnai h mikrìterh gwnÐa metaxÔ twn γ1(t)− γ2(s)− τi(ρj(v⃗)) kai γ̇1 × γ̇2 kai

ϕ eÐnai h gwnÐa metaxÔ twn I0, J0.

'Estw τi(ρj(v⃗)) = (wx, wy, wz), tìte L(I0, J0+τi(ρj(v⃗))) > 0 an kai mìno an (wx−a1|)a1 >
0, dhlad , e�n ta a1 kai wx−a1 èqoun to Ðdio prìshmo. Tìte L(I0, J0−τi(ρj(v⃗))) < 0, dhlad ,

oi antÐjetec metaforèc tou J ′
0 èqoun antÐjeto prìshmo arijmoÔ perièlixhc me to I ′0. AfoÔ

v1, v2, v3 > α, L(I0, J0 + τi(ρj(v⃗))) > 0 kai L(I0, J0 − τi(ρj(v⃗))) < 0 gia k�je i, j.

EpÐshc, gia ||v⃗|| >> ||α⃗|| h tim  twn ìrwn mèsa sto olokl rwma sthn Ex. 3.68 gia k�je

s, t mporeÐ na proseggisteÐ apì thn tim  gia (s1, t1) ètsi ¸ste γ1(t1) eÐnai to shmeÐo b�shc

tou I0 kai γ2(s1) eÐnai to shmeÐo b�shc tou J0. 'Ara, gia v1, v2, v3 >> α⃗:

L(I ′0, J
′
0 + τi(ρj(v⃗))) + L(I ′0, J

′
0 − τi(ρj(v⃗)))

≈ 1

4π
sinϕ(∫ ∫ ( | cos θ+ij(t1, s1)|
||γ1(t1)− γ2(s1) + τi(ρj(v⃗))||2

−
| cos θ−ij(t1, s1|)

||γ1(t1)− γ2(s1)− τi(ρj(v⃗))||2
)
dsdt

)
=

1

4π
sinϕ

( | cos θ+ij |
||α⃗+ τi(ρj(v⃗))||2

−
| cos θ−ij |

||α⃗− τi(ρj(v⃗))||2
)
.

(3.69)

'Ara:

Σ(ρj(v⃗)) ≈
1

4π

[( | cos θ+1j |
||α⃗+ τ1(ρj(v⃗))||2

−
| cos θ−1j |

||α⃗− τ1(ρj(v⃗))||2
)

+
( | cos θ+2j |
||α⃗+ τ2(ρj(v⃗))||2

−
| cos θ−2j |

||α⃗− τ2(ρj(v⃗))||2
)

+
( | cos θ+3j |
||α⃗+ τ3(ρj(v⃗))||2

−
| cos θ−3j |

||α⃗− τ3(ρj(v⃗))||2
)]
.

(3.70)

QwrÐc bl�bh thc genikìthtac, èstw ìti α1, α2, α3 > 0, tìte (deÐte Eikìna 3.8)
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| cos θ+11(t1, s1)| =
v1 + α1

||α⃗+ v⃗||
=

v1 + α1√
(v1 + α1)2 + (v2 + α2)2 + (v3 + α⃗)2

, (3.71)

kai

| cos θ−11(t1, s1)| =
v1 − α1

||α⃗− v⃗||
=

v1 − α1√
(v1 − α1)2 + (v2 − α2)2 + (v3 − α⃗)2

. (3.72)

'Ara h Ex.3.70 mporeÐ na grafteÐ san:

Σ(ρ1(v⃗)) =
1

4π( v1 + α1

((v1 + α1)2 + (v2 + α2)2 + (v3 + α3)2)3/2
− v1 − α1

((v1 − α1)2 + (v2 − α2)2 + (v3 − α3)2)3/2

+
v2 + α1

((v2 + α1)2 + (v1 + α2)2 + (v3 + α3)2)3/2
− v2 − α1

((v2 − α1)2 + (v1 − α2)2 + (v3 − α3)2)3/2

+
v3 + α1

((v3 + α1)2 + (v2 + α2)2 + (v1 + α3)2)3/2
− v3 − α1

((v3 − α1)2 + (v2 − α2)2 + (v1 − α3)2)3/2

)
.

(3.73)

'Estw f : R3 → R ìpou f(x, y, z) = − 1
||(x,y,z)|| . Tìte oi pr¸toi dÔo ìroi sthn Ex. 3.73

mporoÔn na graftoÔn san ∂f
∂x (v1+α1, v2+α2, v3+α3)− ∂f

∂x (v1−α1, v2−α2, v3−α3). Tìte gia

v1, v2, v3 >> α, autì mporeÐ na proseggisteÐ apì thn par�gwgo thc ∂f
∂x kat� thn kateÔjunsh

α⃗ efarmìzontac to Je¸rhma Mèshc Tim c tou ApeirostikoÔ LogismoÔ:

v1 + α1

((v1 + α1)2 + (v2 + α2)2 + (v3 + α3)2)3/2

− v1 − α1

((v1 − α1)2 + (v2 − α2)2 + (v3 − α3)2)3/2

=
∂f

∂x
(v1 + α1, v2 + α2, v3 + α3)−

∂f

∂x
(v1 − α1, v2 − α2, v3 − α3)

≈ 2||α⃗||∇
(∂f
∂x

)
(v1, v2, v3) · α⃗.

(3.74)

Akolouj¸ntac to Ðdio skeptikì gia ta epìmena zeÔgh ìrwn sthn Ex. 3.73, gia v1, v2, v3 >> α

h Ex. 3.73 mporeÐ na proseggisteÐ me:

Σ(ρ1(v⃗)) ≈
1

4π
2|α|(

∇
(∂f
∂x

)
(v⃗) · (α1, α2, α3) +∇

(∂f
∂y

)
(v⃗) · (α3, α1, α2) +∇

(∂f
∂z

)
(v⃗) · (α2, α3, α1)

)
.

(3.75)
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Akolouj¸ntac thn Ðdia mèjodo, to Σ(ρ2(v⃗)) mporeÐ na proseggisteÐ me:

Σ(ρ2(v⃗)) =
1

4π

( | cos θ+21|
||α⃗+ τ1(ρ2(v⃗))||2

− | cos θ−21|
||α⃗− τ1(ρ2(v⃗))||2

+
| cos θ+22|

||α⃗+ τ2(ρ2(v⃗))||2
− | cos θ−22|
||α⃗− τ2(ρ2(v⃗))||2

+
| cos θ+23|

||α⃗+ τ3(ρ2(v⃗))||2
− | cos θ−23|
||α⃗− τ3(ρ2(v⃗))||2

)
=

1

4π( v1 + α1

((v1 + α1)2 + (v2 + α2)2 + (−v3 + α3)2)3/2
− v1 − α1

((v1 − α1)2 + (v2 − α2)2 + (−v3 − α3)2)3/2

+
v2 + α1

((v2 + α1)2 + (−v3 + α2)2 + (v1 + α3)2)3/2
− v2 − α1

((v2 − α1)2 + (−v3 − α2)2 + (v1 − α3)2)3/2

+
v3 + α1

((v3 + α1)2 + (−v1 + α2)2 + (−v2 + α3)2)3/2

− v3 − α1

((v3 − α1)2 + (−v1 − α2)2 + (−v2 − α3)2)3/2

)
≈ 1

2π
|α|(

∇
(∂f
∂x

)
(v⃗) · (α1, α2,−α3) +∇

(∂f
∂y

)
(v⃗) · (α3, α1,−α2)

+∇
(∂f
∂z

)
(v⃗) · (−α2,−α3, α1)

)
.

(3.76)

OmoÐwc:

Σ(ρ3(v⃗)) ≈ −
|α|2

2π(
∇
(∂f
∂x

)
(v⃗) · (α1,−α2, α3) +∇

(∂f
∂y

)
(v⃗) · (−α3, α1,−α2)

+∇
(∂f
∂z

)
(v⃗) · (α2,−α3, α1)

)
,

(3.77)

kai

Σ(ρ4(v⃗)) ≈ −
|α|2

2π(
∇
(∂f
∂x

)
(v⃗) · (α1,−α2,−α3) +∇

(∂f
∂y

)
(v⃗) · (−α3, α1, α2)

+∇
(∂f
∂z

)
(v⃗) · (−α2, α3, α1)

)
.

(3.78)

Telik� ajroÐzontac tic Ex. 3.75, 3.76, 3.77 kai 3.78:
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4∑
j=1

Σ(ρj(v⃗)) ≈ −2
|α|2

2π

(∂2f
∂x2

(v⃗) +
∂2f

∂y2
(v⃗) +

∂2f

∂z2
(v⃗)

)
= −|α|

2

π
∇2f = 0. (3.79)

OmoÐwc,
∑

e⃗′∈p(1)(v⃗)Σ(e⃗
′) ≈ 0, �ra Gv⃗(I

′
0, J

′
0) ≈ 0.

Parat rhsh 3.3.11. ParathreÐste ìti h sun�rthsh f(x, y, z) = − 1
||(x,y,z)|| eÐnai h antÐjeth

tou hlektrikoÔ dunamikoÔ pou dhmiourgeÐtai apì èna shmeÐo se apìstash ||(x, y, z)||.

T¸ra mporoÔme na apodeÐxoume to parak�tw:

L mma 3.3.12. 'Estw I ′, J ′ dÔo eleÔjerec akmèc me prwtarqikèc akmèc I ′0, J
′
0 me parame-

trikopoi seic γ1(t), γ2(s) t, s ∈ [0, 1] antÐstoiqa, ètsi ¸ste γ̇1 × γ̇2 = (||γ̇1 × γ̇2||, 0, 0). Tìte
LKP (I

′, J ′) <∞.

Apìdeixh. 'Estw n0 ∈ N tètoia ¸ste n0 >>
(
||α⃗||
l

)2
. 'Estw V to sÔnolo twn dianusm�twn

v⃗ = (v1, v2, v3) ∈ Z3, me v1, v2, v3 >
√
n0. Tìte o LKP mporeÐ na ekfrasteÐ wc

LKP (I
′, J ′) =

∑
v⃗∈V

L(I ′0, J
′
0 + v⃗) +

∑
v⃗ /∈V

L(I ′0, J
′
0 + v⃗). (3.80)

Apì to L mma 3.3.10 autì mporeÐ na ekfrasteÐ wc

LKP (I
′, J ′) ≈

∑
v⃗ /∈V

L(I ′0, J
′
0 + v⃗). (3.81)

ParathroÔme ìti oi ìroi pou den an koun sto V antistoiqoÔn sta shmeÐa plègmatoc stic

perioqèc

A = {−√n0 ≤ x, y ≤
√
n0}, B = {−√n0 ≤ x, z ≤

√
n0} kai C = {−√n0 ≤ y, z ≤

√
n0}.

'Estw LK
(2)
P (I ′, J ′) o periodikìc arijmìc perièlixhc twn I ′, J ′ se mìno dÔo PSS. Autì isoÔtai

me to �jroisma twn ìrwn sthn Ex. 3.81 pou antistoiqoÔn se shmeÐa plègmatoc sto xy-,   to

xz-,   to yz-epÐpedo. 'Ara to �jroisma twn ìrwn pou antistoiqoÔn se ehmeÐa plègmatoc sto A

eÐnai fragmèna apì p�nw apì to 2
√
n0LK

(2)
P (I ′, J ′), afoÔ up�rqoun 2

√
n0 epÐpeda sta opoÐa

keÐtontai shmeÐa plègmatoc. 'Ara, oi ìroi pou antistoiqoÔn sta dianÔsmata sto A ∪ B ∪ C
fr�ssontai apì p�nw apì to 6

√
n0LK

(2)
P (I ′, J ′).

LKP (I
′, J ′) <

∑
v⃗∈A

L(I ′0, J
′
0 + v⃗) +

∑
v⃗∈B

L(I ′0, J
′
0 + v⃗) +

∑
v⃗∈C

L(I ′0, J
′
0 + v⃗)

< 6
√
n0LK

(2)
P (I ′, J ′).

(3.82)
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AfoÔ o LK
(2)
P (I ′, J ′) sugklÐnei omoiìmorfa (Je¸rhma 3.3.7), o LKP (I

′, J ′) sugklÐnei omoiì-

morfa.

ParathreÐste ìti sthn parap�nw apìdeixh enìc peperasmènou �nw fr�gmatoc tou LKP (I
′, J ′),

k�poioi ìroi prosmetr¸ntai pollaplèc forèc. H parak�tw apìdeixh dÐnei èna pio qamhlì �nw

fr�gma tou LKP (I
′, J ′):

Enallaktik  apìdeixh tou L mmatoc 3.3.12.

LKP (I
′, J ′) =

∑
v1≤v2≤v3∈N

Gv⃗(I
′, J ′)

=
∑

√
n0<v1≤v2≤v3

Gv⃗(I
′, J ′) +

∑
v1≤

√
n0<v2≤v3

Gv⃗(I
′, J ′)

+
∑

v1≤v2≤
√
n0<v3

Gv⃗(I
′, J ′) +

∑
v1≤v2≤v3≤

√
n0

Gv⃗(I
′, J ′).

(3.83)

ParathreÐste ìti apì to L mma 3.3.10

LKP (I
′, J ′) ≈

∑
v1≤

√
n0<v2≤v3

Gv⃗(I
′, J ′) +

∑
v1≤v2≤

√
n0<v3

Gv⃗(I
′, J ′)

+
∑

v1≤v2≤v3≤
√
n0

Gv⃗(I
′, J ′),

(3.84)

ìpou Gv⃗ =
∑

u⃗∈pm(v⃗) L(I
′
0, J

′
0+ lu⃗). Ac sumbolÐsoume autoÔc touc ìrouc U1, U2, U3 antÐstoi-

qa.

ParathreÐste ìti oi ìroi sto deÔtero kai ton trÐto ìro, U1, U2, eÐnai tètoioi ¸ste to L mma

3.3.6 mporeÐ na efarmosteÐ. 'Ara:

U1 <
∣∣∣ ∑
v1≤

√
n0<v2≤v3

Gmv⃗(I
′, J ′)

∣∣∣
<

1

2

∑
v1≤

√
n0<v2≤v3

∑
u⃗∈pm(v⃗)

|L(I ′0, J ′
0 + lu⃗) + L(I ′0, J

′
0 − lu⃗)|

<
1

2

∑
v1≤

√
n0<v2≤v3

∑
u⃗∈pm(v⃗)

2

π
||α⃗|| 1

(l||u⃗|| − 3||α⃗||)3

=
48

π
||α⃗||

∑
v1≤

√
n0<v2<v3

1

(l||v⃗|| − 3||α⃗||)3
<

48

π
||α⃗||
√
n0

∑
√
n0<v2,v3
v1=0

1

(l||v⃗|| − 3||α⃗||)3

<
24

πl2
√
n0

∑
n>2n0

∑
√
n0<v2,v3
v1=0

1

(
√
n− 3/2)3

<
24

πl2
√
n0

∑
n>2n0

r2(n)

(
√
n− 3/2)3

<∞.

(3.85)
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OmoÐwc,

U2 <
1

2

∑
v1<v2≤

√
n0<v3

∑
u⃗∈pm(v⃗)

|L(I ′0, J ′
0 + lu⃗) + L(I ′0, J

′
0 − lu⃗)|

<
1

2

∑
v1≤v2≤

√
n0<v3

∑
u⃗∈pm(v⃗)

|L(I ′0, J ′
0 + lu⃗) + L(I ′0, J

′
0 − lu⃗)|

<
1

2

∑
m

∑
v1≤v2≤

√
n0<v3

∑
u⃗∈pm(v⃗)

2

π
||α⃗|| 1

(l||v⃗|| − 3||α⃗||)3

<
48

π
||α⃗||

∑
v1≤v2≤

√
n0<v3

1

(l||v⃗|| − 3||α⃗||)3

<
48

π
||α⃗||(

√
n0 − 1)

√
n0
2

∑
√
n0<v3

v1=v2=0

1

(l||v⃗|| − 3||α⃗||)3

<
12

πl2
(
√
n0 − 1)

√
n0

∑
n>n0

1

(
√
n− 3/2)3

<∞.

(3.86)

Gia touc ìrouc sto U3, efarmìzontac to L mma 3.2.15 èqoume:

U3 =
∑

v1≤v2≤v3≤
√
n0

∑
u⃗∈pm(v⃗)

|L(I ′0, J ′
0 + lu⃗)|

<
1

4π

∑
v1≤v2≤v3≤

√
n0

∑
u⃗∈pm(v⃗)

1

(l||v⃗|| − ||α⃗|| − b)2

<
12

π

∑
v1≤v2≤v3≤

√
n0

1

(l||v⃗|| − ||α⃗|| − b)2

<
12

π

( 4

(l − 2b)2
+

∑
2≤n<3n0

r3(n)

((
√
n− 1)2l2

)
.

(3.87)

'Ara o LKP (I
′, J ′) ≈ U1 +U2 +U3 <∞ sugklÐnei omoiìmorfa kai eÐnai fragmènoc apì p�nw

apì to:

LKP (I
′, J ′) <

1

2
+

24

πl2
√
n0

∑
n>n0

r2(n)
1

(
√
n− 3/2)3

+
12

πl2
(
√
n0 − 1)

√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

π

( 4

(l − 2b)2
+

∑
2≤n<3n0

r3(n)

((
√
n− 1)2l2

)
.

(3.88)
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Parat rhsh 3.3.13. Qrhsimopoi¸ntac tic proseggÐseic r2(n) ≈ π, r3(n) ≈ 4π
3

√
n, èqoume

to parak�tw �nw fr�gma:

LKP (I
′, J ′) <

1

2
+

24

l2
√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

πl2
(
√
n0 − 1)

√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

π

( 4

(l − 2b)2
+

4π

3

∑
2≤n<3n0

√
n

((
√
n− 1)2l2

)
.

(3.89)

ParathreÐste ìti gia l = 50, l = 1, n0 = 10, pou eÐnai mègejh sugkrÐsima me aut� pou qrh-

simopoioÔntai sthn prosomoÐwsh polumerik¸n thgm�twn, gia dÔo akmèc se treÐc PSS, tètoiec

¸ste to γ̇1 × γ̇2 eÐnai par�llhlo me ton x-�xona, Ex. 3.89 dÐnei LKP (I
′, J ′) < 0.5109166.

3.3.3.2 SÔglkish gia k�je diamìrfwsh dÔo eleÔjerwn alusÐdwn

'Estw Ω o q¸roc ìlwn twn dunat¸n diamorf¸sewn dÔo gennhtìrwn akm¸n se èna kelÐ. 'Estw

I, J dÔo eleÔjerec akmèc me prwtarqikèc eikìnec I0, J0. Autèc antistoiqoÔn se èna shmeÐo,

èstw x⃗1, ston Ω. Me strofèc kai metaforèc oi I, J mporoÔn na metallaqjoÔn se dÔo eleÔje-

rec akmèc I ′, J ′ me prwtarqikèc eikìnec I ′0, J
′
0 me parametrikopoi seic γ1(t), γ2(s), t, s ∈ [0, 1]

antÐstoiqa, ètsi ¸ste γ̇1× γ̇2 = (||γ̇1× γ̇2||, 0, 0). Tìte oi eleÔjerec akmèc I ′, J ′ antistoiqoÔn

se èna shmeÐo, èstw x⃗1, ston Ω. Aut  h met�llxh mporeÐ na perigrafeÐ me èna monop�ti r⃗(τ)

ston Ω apì to r⃗(0) = x⃗0 sto r⃗(1) = x⃗1, ètsi ¸ste se k�je τ antistoiqoÔn dÔo eleÔjerec

akmèc I(τ), J(τ). Tìte o periodikìc arijmìc perièlixhc mporeÐ na ekfrasteÐ wc

LKP (r⃗(τ)) = LKP (I(τ), J(τ)) =
∑
v

L(I0(τ), J0(τ) + v⃗). (3.90)

ParathreÐste ìti k�je ìroc, L(I0(τ), J0(τ)+ v⃗), mporeÐ na all�xei me to τ , afoÔ oi jèseic

twn I0(τ), J0(τ) all�zoun. 'Estw γ1(t, τ), γ2(s, τ), t, s ∈ [0, 1], oi parametrikopoi seic twn

I0(τ), J0(τ) antÐstoiqa. 'Estw epÐshc α⃗(τ) to d�nusma pou en¸nei to shmeÐo b�shc tou J0(τ)

se autì tou I0(τ). Sth sunèqeia, èstw ϕ(τ) h gwnÐa metaxÔ twn γ̇1(τ) kai γ̇2(τ), kai èstw

ψ(τ) h gwnÐa metaxÔ twn γ̇1(τ)× γ̇2(τ) kai α⃗(τ).
Up�rqei èna eidikì monop�ti apì to x0 sto x1 ìpou oi jèseic twn I0(τ), J0(τ) all�zoun

all� h sqetik  jèsh twn I0(τ), J0(τ) paramènei h Ðdia. Tìte o L(I0(τ), J0(τ)) paramènei

stajerìc, all� k�je �lloc ìroc L(I0(τ), J0(τ) +mlv⃗) all�zei, afoÔ oi sqetikèc jèseic twn

I0(τ), J0(τ) + mlv⃗ all�zoun. Autì sumbaÐnei peristrèfontac to α⃗ krat¸ntac tic sqetikèc

jèseic twn akm¸n wc proc to α⃗ stajerì. Tìte h sqetik  jèsh twn γ̇1(τ)× γ̇2(τ) me to α⃗(τ)
mènei stajer . Ara kaj¸c to α⃗ peristrèfetai, to Ðdio k�nei to γ̇1×γ̇2, �ra, me autìn ton trìpo
katal goume se mÐa diamìrfwsh tètoia ¸ste γ̇1 × γ̇2 = (||γ̇1 × γ̇2||, 0, 0). Aut  h diadikasÐa



116 KEF�ALAIO 3. DIAPLOK�H SE SUST�HMATA ME PSS

mporeÐ na perigrafteÐ apì èna monop�ti ston Ω gia ton opoÐo ϕ(τ), ψ(τ), ||α⃗(τ)|| eÐnai stajer�.
Sthn sunèqeia, ja apodeiqjeÐ ìti gia èna tètoio monop�ti h par�gwgoc tou LKP sugklÐnei

kai apì autì èpetai h apìdeixh thc sÔgklishc tou LKP gia mÐa tuqaÐa diamìrfwsh.

Gia thn apìdeixh, ja qreiastoÔme to parak�tw L mma:

L mma 3.3.14. 'Estw r⃗ èna monop�ti me parametrikopoÐhsh r⃗(τ), τ ∈ [0, 1] ston q¸ro twn

diamorf¸sewn tètoio ¸ste ta ϕ(τ), ψ(τ), ||α⃗(τ)|| eÐnai stajer�. Tìte gia ||v⃗|| > √n0 >> ||α⃗||
l

d

dτ

(
L(I0(τ), J0(τ) +mlv⃗) + L(I0(τ), J0(τ)−mlv⃗)

)
≤ 21

2π

||α⃗||2

(ml||v⃗|| − 3||α⃗||)4
. (3.91)

Apìdeixh. ParathreÐste ìti gia ||v⃗|| > √n0 o ìroc mèsa sto olokl rwma sto L(I0(τ), J0(τ)+
mlv⃗), gia k�je s, t ∈ [0, 1], mporeÐ na proseggisteÐ apì thn tim  tou sto (τ, s1, t1) tètoio ¸ste

to γ1(τ, t1) eÐnai to shmeÐo b�shc tou I0(τ), èstw βi, kai γ2(τ, s1) eÐnai to shmeÐo b�shc tou

J0(τ), èstw βj . 'Estw θ(τ) h gwnÐa metaxÔ twn γ̇1(τ) × γ̇2(τ) kai α⃗(τ) + mlv⃗. Tìte gia

||v⃗|| > √n0 (deÐte apìdeixh L mmatoc 3.3.6):

L(I0(τ), J0(τ) +mlv⃗) + L(I0(τ), J0(τ)−mlv⃗)

≈ sinϕ

4π

(−6||α⃗(τ)|| cos θ(τ)
||α⃗(τ) +mlv⃗||3

+
2||α⃗(τ)|| cosψ(τ)
||mlv⃗ + 3α⃗(τ)||3

)
.

(3.92)

AfoÔ ta ||α⃗(τ)||, ϕ(τ), ψ(τ) eÐnai stajer�:

∣∣∣ d
dτ

(
L(I0(τ), J0(τ) +mlv⃗) + L(I0(τ), J0(τ)−mlv⃗)

)∣∣∣
≈ 1

2π
||α⃗|| | sinϕ|

∣∣∣ d
dτ

( −3 cos θ(τ)
||α⃗(τ) +mlv⃗||3

)
+ cosψ

d

dτ

( 1

||mlv⃗ + 3α⃗(τ)||3
)∣∣∣

=
1

2π
||α⃗|| sinϕ

∣∣∣−3 sin θ(τ)dθ/dτ||α⃗(τ) +mlv⃗||3
+ 9 cos θ(τ)

(α⃗(τ) +mlv⃗) · α⃗′(τ)

||α⃗(τ) +mlv⃗||5

− 9 cosψ
(mlv⃗ + 3α⃗(τ)) · α⃗′

||mlv⃗ + 3α⃗(τ)||5
∣∣∣

≤ 1

2π
||α⃗|| sinϕ

(3| sin θ(τ)||dθ/dτ |
||α⃗(τ) +mlv⃗||3

+
9| cos θ(τ)| ||α⃗′(τ)||
||α⃗(τ) +mlv⃗||4

+
9| cosψ| ||α⃗′(τ)||
||mlv⃗ + 3α⃗(τ)||4

)
≤ 1

2π
||α⃗||

( 3|dθ/dτ |
||α⃗(τ) +mlv⃗||3

+
9||α⃗′(τ)||

||α⃗(τ) +mlv⃗||4
+

9||α⃗′(τ)||
||mlv⃗ + 3α⃗(τ)||4

)
≤ 1

2π
||α⃗||

( 3|dθ/dτ |
(ml||v⃗|| − ||α⃗(τ)||)3

+
18||α⃗′(τ)||

(ml||v⃗|| − 3||α⃗(τ)||)4
)
.

(3.93)

Apì thn prosèggish mikr c gwnÐac, dθ ≈ sin dθ. Autì mporeÐ na proseggisteÐ apì sin dθ ≈
larc

||α⃗+mlv⃗|| , ìpou larc eÐnai to m koc tou tìxou pou diagr�ffei to βi sto di�sthma τ, τ+dτ . Autì
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eÐnai èna tìxo ston kÔklo aktÐnac ||α⃗|| me kèntro to βj . 'Estw θ0 h gwnÐa peristrof c tou α⃗.

Tìte larc ≈ ||α⃗||dθ0, �ra sin dθ ≈ ||α⃗||dθ0
α⃗+mlv⃗ (deÐte Eikìna 3.9). EpÐshc, ||α⃗′(τ)|| < ||α⃗||dθ0/dτ .

'Ara,

∣∣∣ d
dτ

(
L(I0(τ), J0(τ) +mlv⃗) + L(I0(τ), J0(τ)−mlv⃗)

)∣∣∣
≤ 1

2π
||α⃗||

( 3||α⃗|| |dθ0/dτ |
(ml||v⃗|| − ||α⃗(τ)||)4

+
18||α⃗|| |dθ0/dτ |

(ml||v⃗|| − 3||α⃗(τ)||)4
)

≤ 3

2π
||α⃗||2|dθ0/dτ |

( 1

(ml||v⃗|| − ||α⃗(τ)||)4
+

6

(ml||v⃗|| − 3||α⃗(τ)||)4
)

≤ 21

2π

||α⃗||2

(ml||v⃗|| − 3||α⃗||)4
.

(3.94)

Je¸rhma 3.3.15. 'Estw r⃗ èna monop�ti me parametrikopoÐhsh r⃗(τ), τ ∈ [0, 1] ston q¸ro

twn diamorf¸sewn ètsi ¸ste ta ϕ(τ), ψ(τ), ||α⃗(τ)|| eÐnai stajer�. Tìte ∇LKP (r⃗(τ)) · r⃗′(τ) <
∞.

Apìdeixh. 'Estw Φ : τ → LKP (r⃗(τ)), tìte

∇LKP (r⃗(τ)) · r⃗′(τ) = Φ′(τ). (3.95)

'Estw

Lmv⃗ : τ → L(l1(τ), l2(τ) +mlv⃗), (3.96)

kai

Fn : τ →
∑
m

∑
v⃗:|v⃗|2=n

gcd(v1,v2,v3)=1

(
Lmv⃗(r⃗(τ)) + L−mv⃗(r⃗(τ))

)
. (3.97)

'Ara Φ(τ) =
∑

n Fn(τ). Sth sunèqeia ja apodeÐxoume ìti Φ′(τ) = d
dτ

∑
n Fn(τ) <∞.

ParathroÔme pr¸ta ìti h Fn(τ) sugklÐnei kai eÐnai suneq c: Pr�gmati, h Fn(τ) eÐnai èna

peperasmèno �jroisma p�nw apì ta v1, v2, v3, kai èna �peiro �jroisma p�nw apì to m kai

apì to L mma 3.2.15, |L±mv⃗(τ)| < O(1/((m
√
n)2)), �ra h Fn(τ) sugklÐnei omoiìmorfa. 'Ara,

afoÔ oi L±mv⃗(τ) eÐnai suneqeÐc kai h sÔgklish eÐnai omoiìmorfh, h Fn(τ) eÐnai suneq c.

Sth sunèqeia parathroÔme ìti h Fn(τ) eÐnai diaforÐsimh: Pr�gmati, oi Lmv⃗,L−mv⃗ eÐnai

diaforÐsimec sto q¸ro twn diamorf¸sewn kai eÐnai fragmènh apì p�nw apì (L mma 3.2.16):
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Sq ma 3.9: 'Estw I0, J0 oi prwtarqikèc eikìnec twn eleÔjerwn akm¸n I, J , me para-

metrikopoi seic γ1(t), γ2(s), t, s ∈ [0, 1] antÐstoiqa. 'Estw α⃗ to di�nusma pou en¸nei

to shmeÐo b�shc thc I0 se autì thc J0, èstw βj. Ac peristrèyoume to α⃗ gÔrw apì to

βj, diathr¸ntac ta I0, J0 �kampta sto α⃗, dhlad  diathr¸ntac thn sqetik  jèsh twn α⃗

me ta I0, J0 stajer�. 'Estw ìti to α⃗ peristrèfetai, tìte to Ðdio k�nei kai to γ̇1 × γ̇2,
¸spou γ̇1× γ̇2 = (||γ̇1× γ̇2||, 0, 0). 'Estw θ(τ) h gwnÐa metaxÔ twn γ̇1× γ̇2 kai α⃗(τ)+ v⃗

kai θ0(τ) h gwnÐa peristrof c tou α⃗. Tìte dθ ≈ sin dθ ≈ ||α⃗||dθ0
||v⃗+α⃗|| .
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∣∣∣ d
dτ

(
Lmv⃗(τ)

)∣∣∣ ≤ 1

2π

( 1

(ml||v⃗|| − ||α⃗|| − b)2
+

||α⃗′||
(ml||v⃗|| − ||α⃗|| − b)3

)
, (3.98)

kai parìmoia gia thn d
dτ

(
L−mv⃗(τ)

)
. 'Ara h

∑
m

∑
v⃗:|v⃗|2=n

(dLmv⃗(τ)
dτ +

dL−mv⃗(τ)
dτ

)
sugklÐnei

omoiìmorfa, kai �ra h Fn(τ) eÐnai diaforÐsimh, kai

dFn(τ)

dτ
=

∑
m

∑
v⃗:||v⃗||2=n

d

dτ

(
Lmv⃗(τ) + L−mv⃗(τ)

)
. (3.99)

Ac melet soume thn sÔgklish tou
∑

n
d
dτFn(τ). ParathroÔme ìti to

∑
n

d
dτFn(τ) mporeÐ

na grafteÐ san:

∑
n

d

dτ
Fn(τ) =

∑
n>n0

∑
v⃗:||v⃗||2=n

gcd(v1,v2,v3)=1

∑
m

d

dτ

(
Lmv⃗(τ) + L−mv⃗(τ)

)

+
∑
n≤n0

∑
v⃗:||v⃗||2=n

gcd(v1,v2,v3)=1

∑
m

( d

dτ
Lmv⃗(τ) +

d

dτ
L−mv⃗(τ)

)
.

(3.100)

'Estw T1 kai T2 to pr¸to kai to deÔtero �jroisma, antÐstoiqa. Gia touc ìrouc sto T1 to

L mma 3.3.14 mporeÐ na efarmosteÐ:

T1 ≤
∑
m

∑
n>n0

∑
v⃗:||v⃗||2=n

gcd(v1,v2,v3)=1

∑
m

21||α⃗||2

2π

1

(ml||v⃗|| − 3||α⃗||)4

=
21||α⃗||2

2π

∑
m

∑
n>n0

R3(n)

(ml
√
n− 3||α⃗||)4

≤ 21||α⃗||2

2πl4

∑
m

1

m4

∑
n>n0

R3(n)

(
√
n− 3||α⃗||/l)4

≤ 21ζ(4)

8πl2

∑
n>n0

R3(n)

(
√
n− 2)4

<∞,

(3.101)

kai h sÔgklish eÐnai omoiìmorfh.

Qrhsimopoi¸ntac thn Ex. 3.98 paÐrnoume to parak�tw �nw fr�gma gia to T2:
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T2 <
1

2π

∑
n≤n0

∑
v⃗:||v⃗||2=n

gcd(v1,v2,v3)=1

∑
m

( 1

(ml − ||α⃗|| − b)2
+

||α⃗′(τ)||
(ml − ||α⃗|| − b)3

)

<
1

2π

∑
n≤n0

r3(n)
( 4

(l − 2b)2
+

4l

(l − 2b)3
+

∑
m>1

( 1

(ml − l)2
+

l/2

(ml − l)3
))

=
1

2π

∑
n≤n0

r3(n)
( 4

(l − 2b)2
+

4l

(l − 2b)3
+
ζ(2)

l2
+
ζ(3)

2l2

)
=

1

2π

( 4

(l − 2b)2
+

4l

(l − 2b)3
+

1

l2
(ζ(2) +

ζ(3)

2
)
) ∑

n≤n0

r3(n) <∞,

(3.102)

kai h sÔgklish eÐnai omoiìmorfh. 'Ara h
∑

n
d
dτFn(τ) = T1 + T2 sugklÐnei omoiìmorfa. 'Ara,

∑
n

d

dτ
Fn(τ) =

d

dτ

∑
n

Fn(τ) = Φ′(τ) <∞, (3.103)

kai, afoÔ h sÔgklish eÐnai omoiìmorfh, h Φ′(τ) eÐnai suneq c.

Je¸rhma 3.3.16. O periodikìc arijmìc perièlixhc dÔo eleÔjerwn akm¸n I, J se treÐc PSS

sugklÐnei.

Apìdeixh. Oi dÔo eleÔjerec akmèc I, J antistoiqoÔn se mÐa diamìrfwsh x⃗1 ston Ω. 'Opwc

eÐpame sthn eisagwg  aut c thc paragr�fou, to x⃗1 mporeÐ na metallaqjeÐ se mÐa �llh diamìr-

fwsh x⃗0 ∈ Ω h opoÐa antistoiqeÐ se dÔo eleÔjerec akmèc I ′, J ′ me prwtarqikèc eikìnec I ′0, J
′
0

me parametrikopoi seic γ1(τ), γ2(s), tètoiec ¸ste γ̇1 × γ̇2 = (||γ̇1 × γ̇2||, 0, 0). 'Estw r⃗(τ) èna

monop�ti apì to x⃗0 ato x⃗1 tètoio ¸ste ϕ(τ), ψ(τ), ||α⃗(τ)||, tìte

∫
∇LKP (x⃗) · ds = LKP (r⃗(1))− LKP (r⃗(0))⇔ LKP (x⃗1)

= LKP (x⃗0) +

∫
∇LKP (x⃗) · ds.

(3.104)

Apì to L mma 3.3.12 LKP (x⃗0) <∞. EpÐshc, gia autì to monop�ti to L mma 3.3.15 mporeÐ

na efarmosteÐ, kai �ra,
∫
∇LKP (x⃗) · ds <∞. 'Ara o LKP sugklÐnei omoiìmorfa kai apì to

L mma 3.3.12 kai 3.3.15, fr�ssetai apì p�nw apì:
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LKP (x⃗) ≤
1

2
+

24

πl2
√
n0

∑
n>n0

r2(n)
1

(
√
n− 3/2)3

+
12

πl2
(
√
n0 − 1)

√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

π

( 4

(l − 2b)2
+

∑
2≤n<3n0

r3(n)

((
√
n− 1)2l2

)
+

(21ζ(4)
8πl2

∑
n>n0

R3(n)

(
√
n− 2)4

+
1

2π

( 4

(l − 2b)2
+

4l

(l − 2b)3
+

1

l2
(ζ(2) +

ζ(3)

2
)
) ∑

n≤n0

r3(n)
)
.

(3.105)

Parat rhsh 3.3.17. Qrhsimopoi¸ntac tic proseggÐseic r2(n) ≈ π, r3(n) ≈ 4π
3

√
n,R3(n) ≈

4π
3ζ(3)

√
n
kai

∑
n≤n0

r3(n) ≈ 4π
3 n0
√
n0, paÐrnoume to parak�tw �nw fr�gma

LKP (x⃗) ≤
1

2
+

24

l2
√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

πl2
(
√
n0 − 1)

√
n0

∑
n>n0

1

(
√
n− 3/2)3

+
12

π

( 4

(l − 2b)2
+

4π

3

∑
2≤n<3n0

√
n

((
√
n− 1)2l2

)
+

7ζ(4)

2ζ(3)l2

∑
n>n0

√
n

(
√
n− 2)4

+
2

3

( 4

(l − 2b)2
+

4l

(l − 2b)3
+

1

l2
(ζ(2) +

ζ(3)

2
)
)
n0
√
n0.

(3.106)

ParathroÔme ìti gia LCb = 50, l = 1, n0 = 10, ta opoÐa eÐnai kat�llhla megèjh gia rosomoÐ-

wsh polumerik¸n thgm�twn, gia dÔo akmèc se èna sÔsthma me treÐc PSS h Ex. 3.106 dÐnei

LKP (I, J) < 0.5554554.

Pìrisma 3.3.18. O periodikìc arijmìc perièlixhc anoitk¸n eleÔjerwn akm¸n eÐnai suneq c

sun�rthsh twn suntetagmènwn twn alusÐdwn sqedìn pantoÔ.

Pìrisma 3.3.19. O periodikìc arijmìc auto-perièlixhc mÐac eleÔjerhc akm c se mÐa, dÔo

  treÐc PSS sugklÐnei kai eÐnai suneq c sun�rthsh twn suntetagmènwn sqedìn pantoÔ.

3.3.4 Arijmhtik� Apotelèsmata

Ta arijmhtik� mac apotelèsmata epibebai¸noun thn sÔgklish sthn perÐptwsh enìc sust ma-

toc me mÐa PSS, pou apodeÐqjhke sto 3.3.1 (deÐte Eikìna 3.10). Ta dedomèna deÐqnoun ta

merik� ajroÐsmata apì n = 1 èwc n = 40000. H pr¸th eikìna antistoiqeÐ sto zeÔgoc prwtar-

qik¸n akm¸n: l⃗1 = {(0, 0,−1/2), (0, 0, 1/2)} kai l⃗2 = {(−1/2,−1/2, 0), (−1/2, 1/2, 0)}, ìpou
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oi PSS efarmìzontai ston x−�xona. Ta dedomèna akoloujoÔn mÐa kampÔlh sthc morf c

u ∗ xv, ìpou u = 0 kai v = 1, pou upodeiknÔoun ìti o periodikìc arijmìc perièlixhc sug-

klÐnei polÔ sÔntoma sthn tim  0.166665. H deÔterh eikìna deÐqnei thn perÐptwsh mÐac tuqaÐ-

ac diamìrfwshc: l⃗1
′
= {(0.56916,−0.933527,−0.0700424), (0.384144,−0.396046, 0.277891)}

kai l⃗2
′
= {(−0.105847, 0.544368,−0.258865), (−0.354166, 0.756421, 0.447822)}. ParathroÔ-

me mÐa parìmoia sumperifor�, ìpou o periodikìc arijmìc perièlixhc t¸ra sugklÐnei sthn tim 

−0.00890185.

10 000 20 000 30 000 40 000

0.140

0.145

0.150

0.155

0.160

0.165

10 000 20 000 30 000 40 000

-0.008

-0.006

-0.004

-0.002

Sq ma 3.10: MÐa PSS. Ta dedomèna deÐqnoun ta merik� ajroÐsmata apì n = 1 èwc

n = 40000. Ta dedomèna akoloujoÔn mÐa sun�rthsh thc morf c u ∗ xv, me u = 0 kai

v = 1. H pr¸th grafik  par�stash antistoiqeÐ sthn eidik  diamìrfwsh kai h deÔterh

se mÐa tuqaÐa diamìrfwsh.

H Eikìna 3.11 dÐqnei thn diafor� twn arijm¸n perièlixhc antÐjetwn metafor¸n. To di�nu-

sma metafor�c eÐnai to ±mv⃗ = (±m, 0, 0),m ∈ N. H pr¸th eikìna deÐqnei ta dedomèna gia thn

eidik  diamìrfwsh {(0, 0,−1/2), (0, 0, 1/2)} kai {(−1/2,−1/2, 0), (−1/2, 1/2, 0)}. Ta dedo-

mèna akoloujoÔn mÐa sun�rthsh thc morf c u ∗xv, ìpou u = 0.159155 kai v = −1.5 to opoÐo

epibebai¸nei to L mma 3.3.6. H epìmenh eikìna deÐqnei ta dedomèna gia mÐa tuqaÐa diamìrfwsh

l⃗1
′
, l⃗2

′
. Ta dedomèna akoloujoÔn mÐa exÐswsh thc morf c u ∗ xv, ìpou u = 0.0766163 kai

v = −1.49797 to opoÐo epÐshc epibebai¸nei to L mma 3.3.6.
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Sq ma 3.11: H diafor� twn antÐjetwn metafor¸n sthn perÐptwsh thc eidik c diamìr-

fwshc, kai mÐac tuqaÐac diamìrfwshc antÐstoiqa.

Ta arijmhtik� mac dedomèna sthn Eikìna 3.12 epibebai¸noun thn sÔgklish sthn periptwsh

dÔo PSS, pou apodeÐqjhke sto 3.3.7. Ta dedomèna deÐqnoun ta merik� ajroÐsmata apì n = 1

èwc n = 80. H pr¸th eikìna deÐqnei ta dedomèna gia thn eidik  diamìrfwsh. Ta dedomèna

akoloujoÔn mÐa sun�rthsh thc morf c u ∗ xv, me u = 0.0988229 kai v = 0.0030873, pou

upodeiknÔei ìti o periodikìc arijmìc perièlixhc twn dÔo eleÔjerwn akm¸n teÐnei sto 0.10152.

H deÔterh eikìna deÐqnei ta dedomèna gia thn tuqaÐa diamìrfwsh pou qrhsimopoi same prÐn. Ta

dedomèna akoloujoÔn mÐa sun�rthsh thc morf c u ∗ xv, me u = 0.0601284 kai v = 0.0055015,

pou upodeiknÔei ìti o periodikìc arijmìc perièlixhc twn dÔo akm¸n teÐnei sto 0.0630835.
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Sq ma 3.12: DÔo PSS. Ta dedomèna deÐqnoun ta merik� ajroÐsmata apì n = 1 èwc

n = 80. H pr¸th eikìna deÐqnei ta dedomèna gia thn eidik  diamìrfwsh. H deÔterh

eikìna deÐqnei ta dedomèna gia mÐa tuqaÐa diamìrfwsh.

H Eikìna 3.13 deÐqnei thn diafor� twn arijm¸n perièlixhc antÐjetwn metafor¸n. To

di�nusma metafor�c eÐnai to ±mv⃗ = m(±v1,±v2, 0),m, v1, v2 ∈ N. H pr¸th eikìna deÐqnei
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ta dedomèna gia thn eidik  diamìrfwsh. Ta dedomèna akoloujoÔn mÐa sun�rthsh thc morf c

u∗xv, ìpou u = 0.150336 kai v = −1.51938 pou epibebai¸nei to L mma 3.3.6. H deÔterh eikìna

deÐqnei thn perÐptwsh mÐac tuqaÐac diamìrfwshc. Ta dedomèna akoloujoÔn mÐa sun�rthsh thc

morf c u ∗ xv, ìpou u = 0.080145 and v = −1.48682 to opoÐo epÐshc epibebai¸nei to L mma

3.3.6.

3500 4000 4500 5000 5500 6000

4.´10-7

6.´10-7

8.´10-7

3500 4000 4500 5000 5500 6000

3.´10-7

4.´10-7

5.´10-7

Sq ma 3.13: DÔo PSS. H diafor� twn arijm¸n perièlixhc antÐjetwn metafor¸n gia

thn eidik  kai gia mÐa tuqaÐa diamìrfwsh antÐstoiqa.

Ta arijmhtik� mac apotelèsmata sthn Eikìna 3.14 (a) epibebai¸noun thn sÔgklish gia thn

eidik  diamìrfwsh sthn perÐptwsh tri¸n PSS, pou apodeÐqjhke sthn 3.3.12 kai genikeÔjhke

sthn 3.3.16. Ta dedomèna deÐqnoun ta merik� ajroÐsmata apì n = 1 èwc to n = 30. H

pr¸th eikìna deÐqnei ta dedomèna gia thn eidik  diamìrfwsh. Ta dedomèna akoloujoÔn mÐa

kampÔlh thc morf c u ∗ xv, me u = 0.095931 kai v = 0.00673545, pou upodeiknÔei ìti o

periodikìc arijmìc perièlixhc twn dÔo akm¸n teÐnei sto 2.05992 ∗ 10−13. H deÔterh eikìna

deÐqnei ta dedomèna gia thn tuqaÐa diamìrfwsh pou melet same prÐn. Ta dedomèna akoloujoÔn

mÐa sun�rthsh thc morf c u ∗ xv, me u = 0.0601284 kai v = 0.0055015, pou upodeiknÔei ìti o

periodikìc arijmìc perièlixhc teÐnei sto −0.257091, �ra epibebai¸nei to Je¸rhma 3.3.16.
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Sq ma 3.14: TreÐc PSS. Ta dedomèna deÐqnoun ta merik� ajroÐsmata apì n = 1 èwc

n = 80. H pr¸th eikìna deÐqnei ta dedomèna gia thn eidik  diamìrfwsh an¸ h deÔterh

gia thn tuqaÐa.

H Eikìna 3.15 deÐqnei thn diafor� twn arijm¸n perièlxhc twn antÐjetwn metafor¸n. To

di�nusma metafor¸n eÐnai to ±mv⃗ = m(±v1,±v2, 0),m, v1, v2 ∈ N. H pr¸th eikìna deÐqnei

ta dedomèna gia thn eidik  diamìrfwsh. Ta dedomèna akoloujoÔn mÐa sun�rthsh thc morf c

u ∗ xv, me u = 4.78072 kai v = −1.45841 pou epibebai¸nei to L mma 3.3.6. H epìmenh eikìna

deÐqnei ta dedomèna gia thn tuqaÐa diamìrfwsh. Ta dedomèna akoloujoÔn mÐa sun�rthsh thc

morf c u ∗ xv, ìpou u = 1.88333 kai v = −1.41697 pou epibebai¸nei epÐshc to L mma 3.3.6.
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Sq ma 3.15: TreÐc PSS. H diafor� twn arijm¸n perièlixhc antÐjetwn metafor¸n sthn

eidik  perÐptwsh sthn kai gia mÐa tuqaÐa diamìrfwsh antÐstoiqa.
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3.4 O topikìc periodikìc arijmìc perièlixhc,

LK

Gia thn efarmog  se t gmata polumer¸n, ìpou h puknìthta eÐnai meg�lh, ta topologik�

empìdia èqoun ènan polÔ topikì qarakt ra kai kaneÐc mporeÐ na protim sei na epikentrwjeÐ

mìno sta topik� empìdia [40, 132, 133, 59]. Topik� topologik� empìdia eÐnai autèc oi sfiqtèc

diamorf¸seic twn tìxwn mèsa se èna kelÐ pou apoteloÔn empìdia se mikrèc kin seic mÐac

alusÐdac, afoÔ mÐa alusÐda apagoreÔetai na per�sei mèsa apì ton eautì thc   mèsa apì

opoiad pote �llh alusÐda mèsa sto kelÐ me kin seic pou af noun ta telik� shmeÐa thc atajer�.

'Ara, to parak�tw mètro topik c perièlixhc mporeÐ na eÐnai èna kalÔtero mètro diaplok c gia

èna t gma polumeroÔc.

Orismìc 3.4.1 (Topikìc arijmìc perièlixhc). 'Estw I kai J dÔo eleÔjerec se èna periodikì

sÔsthma. 'Estw J1, J2, . . . , Jn oi eikìnec thc J pou tèmnoun to elaqistikì xedÐplwma mÐac

eikìnac thc I, èstw I1. O topikìc periodikìc arijmìc perièlixhc, LK, metaxÔ dÔo eleÔjerwn

alusÐdwn I kai J orÐzetai wc:

LK(I, J) =
∑

1≤u≤n

L(I1, Ju) (3.107)

Par�deigma 3: ParathreÐste to kelÐ pou faÐnetai sthn Eikìna 3.1c. Tìte gia ton upologi-

smì tou LK(I, J) prèpei na jewr soume tic eikìnec thc J pou tèmnoun to elaqistikì xedÐplwma

thc I1, ìpwc faÐnetai sthn Eikìna 3.1c: LK(I, J) = L(I1, J1)+L(I1, J2)+L(I1, J3)+L(I1, J4).

ParathroÔme ìti e�n oi alusÐdec den akoump�n tic èdrec tou kelioÔ, kai �ra keÐtontai

entel¸c mèsa sto kelÐ, oi LKP kai LK isoÔntai me ton arijmì perièlixhc twn dÔo alusÐdwn.

Parat rhsh 3.4.2. O topikìc arijmìc perièlixhc, LK, exart�tai apì to mègejoc tou

kelioÔ. EpÐshc, kaj¸c to elaqistikì xedÐplwma mporeÐ na all�zei kat� thn kÐnhsh tou I, tìte o

LK mporeÐ epÐshc na all�zei. 'Ara o LK den eÐnai mÐa topologik  analloÐwth gia dÔo kleistèc

eleÔjerec alusÐdec. To elaqistikì xedÐplwma mÐac eikìnac, èstw I1, eÐnai omoiomorfikì me mÐa

3-pollaplìthta, èstw M . E�n to gènoc thc M eÐnai megalÔtero tou 0, mporeÐ na up�rqei mÐa

eikìna thc J pou eÐnai diaplegmènh me thn I1 all� pou den tèmnei to elaqistikì xedÐplwma thc

I1 (deÐte Eikìna 3.16). ParathroÔme wstìso, ìti to mègejoc enìc kelioÔ prosomoÐwshc pou

eÐnai kat�llhlo gia thn prosomoÐwsh polumerik¸n thgm�twn kai �llown fusik¸n susthm�twn,

eÐnai tìso meg�lo pou eÐnai adÔnaton na emfanistoÔn diamorf¸seic san aut  pou faÐnetai sthn

Eikìna 3.16. 'Ara, sthn pr�xh, o topikìc periodikìc perièlixhc eÐnai analloÐwtoc isotopÐac

gia kleistèc alusÐdec.
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Sq ma 3.16: 'Ena par�deigma gia to opoÐo LK ̸= LKP . H kìkkinh kampÔlh den tèmnei

to elaqistikì xedÐplwma thc mplè kampÔlhc, all� eÐnai topologik� diaplegmènec. E�n

h mplè kampÔlh kinhjeÐ mèsa sto mplè kelÐ, tìte h kìkkinh kampÔlh ja tèmnei to

elaqistikì thc xedÐplwma kai LK = LKP .

Idiìthtec tou topikoÔ periodikoÔ arijmoÔ perièlixhc

Prìtash 3.4.3. O topikìc periodikìc arijmìc perièlixhc LK metaxÔ dÔo eleÔjerwn alu-

sÐdwn I kai J se èna sÔsthma me PSS eÐnai summetrikìc, dhlad  LK(I, J) = LK(J, I).

Apìdeixh. 'Estw mÐa eikìna thc J , J1, pou tèmnei to elaqistikì xedÐplwma mÐac eikìnac thc

I, èstw I1. Tìte k�je �llh eikìna thc J pou tèmnei to elaqistikì xedÐplwma thc I1 eÐnai

mÐa metafor� thc J1 kat� èna di�nusma v⃗u. Tìte h I1 tèmnei to elaqistikì an�ptugma k�je

eikìnac Ju = J1 + v⃗u. 'Ara h metafor� thc I1 kat� −v⃗u , dhlad  h Iu = I1 − v⃗u, tèmnei to
elaqistikì xedÐplwma thc J1.

O topikìc arijmìc perièlixhc eÐnai mÐa suneq c sun�rthsh. Pr�gmati, to sÔnolo twn

shmeÐwn asunèqeiac sto q¸ro twn dunat¸n diamorf¸sewn èqei mètro mhdèn, �ra o LK eÐnai

suneq c sun�rthsh twn suntetagmènwn twn alusÐdwn sqedìn pantoÔ. Oi parak�tw idiìth-

tec èpontai apì to gegonìc ìti o LK eÐnai èna mètro diaplok c pou basÐzetai ston arijmì

perièlixhc.

(i) Sthn perÐptwsh kleist¸n alusÐdwn o LK eÐnai ènac akèraioc. Pr�gmati, isoÔtai me to

misì algebrikì �jroisma diastaur¸sewn se mÐa probol  mÐac eikìnac thc I, èstw I1, kai

twn probol¸n twn eikìnwn thc J pou tèmnoun to elaqistikì xedÐplwma thc I1 se mÐa tuqaÐa

kataÔjunsh probol c. Gia kleistèc alusÐdec twn opoÐwn to elaqistikì xedÐplwma èqei gènoc

mhdèn, tìte o LK eÐnai analloÐwth isotopÐac.

(ii) Sthn perÐptwsh anoikt¸n alusÐdwn, o LK isoÔtai me ton mèso algebrikì arijmì twn

distaur¸sewn metaxÔ thc probol c mÐac eikìnac tou I, èstw I1, kai thn probol  twn eikìnwn
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thc J pou tèmnoun to elaqistikì xedÐplwma thc I1. Epiplèon, kaj¸c ta telik� shmeÐa twn

gennhtìrwn alusÐdwn sugklÐnoun, o LK teÐnei ston topikì arijmì perièlixhc twn kleist¸n

alusÐdwn.

Epiplèon, o topikìc periodikìc arijmìc perièlixhc èqei tic parak�tw idiìthtec wc proc to

mègejoc tou kelioÔ:

(i) o LK lamb�nei upìyhn ìlec tic topikèc diaplokèc pou h mÐa eleÔjerh alusÐda epib�llei

se mÐa eikìna thc �llhc, ìmwc lamb�nei upìyhn kai thn gewmetrik  dom  twn alusÐdwn se

megalÔterh klÐmaka.

(ii) o LK eÐnai anex�rthtoc apì thn epilog  tou kelioÔ kai thc eikìnac thc I pou qrhsimo-

poioÔme gia ton upologismì tou LK(I, J) me mÐa �llh eleÔjerh alusÐda J .

(iii) Gia kleistèc alusÐdec se èna periodikì sÔsthma, kaneÐc mporeÐ na koll sei perissìtera

keli� gia na fti�xei èna nèo megalÔtero kelÐ ètsi ¸ste LK = LKP , kai tìte o LK eÐnai mÐa

topologik  analloÐwth.

Proter mata tou topikoÔ arijmoÔ perièlixhc gia thn melèth thc perièlixhc se PSS

Ta sust mata pou qrhsimopoioÔn PSS apoteloÔntai apì èna �peiro pl joc metafor¸n

enìc peperasmènou pl jouc alusÐdwn. Efarmìzontac èna paradosiakì mètro diaplok c ja a-

paitoÔse upologismoÔc p�nw se èna �peiro,   toul�qiston p�ra polÔ meg�lo pl joc alusÐdwn.

O topikìc periodikìc arijmìc perièlixhc, LK, upologÐzetai qrhsimopoi¸ntac èna peperasmèno

pl joc keli¸n kai alusÐdwn, elatt¸nontac thn poluplokìthta tou upologismoÔ.

Idanik�, kaneÐc ja  jele na metr sei thn diaplok  katèujeÐan mèsa spì èna kelÐ, ìmwc ta

tìxa twn gennhtìrwn alusÐdwn mèsa sto kelÐ eÐnai sqetik� kont�. Gia na l�boume upìyhn

touc megalÔterouc bajmoÔc diaplok c èna meg�lo pl joc tìxwn prèpei na qrhsimopoihjeÐ gia

na dhmiourg sei mÐa polÔplokh alusÐda.

O topikìc arijmìc perièlixhc upologÐzetai metaxÔ makri¸n polumerik¸n alusÐdwn, lamb�-

nontac upìyhn ìlh thn gewmetrik  dom  twn alusÐdwn. Epiplèon, e�n jèlame na perioristoÔme

se mikrìtero pl joc keli¸n, ja  tan adÔnaton na d¸soume èna summetrikì mètro diaplok c

to opoÐa na lamb�nei upìyhn ìla ta topik� empìdia. Pr�gmati:

Prìtash 3.4.4. O topikìc arijmìc perièlixhc LK(I, J) metaxÔ dÔo kleist¸n   anoikt¸n

eleÔjerwn alusÐdwn I kai J lamb�nei upìyhn ìso to dunatìn ligìtera keli� pou eÐnai apaa-

raÐthta gia na metr soume ìla ta topik� empìdia pou mÐa eleÔjerh alusÐda epib�llei se mÐa

eikìna thc �llhc kai thn Ðdia stigm  eÐnai summetrikìc.

PerÐlhyh apìdeixhc. To elaqistikì xedÐplwma (minimal unfolding (mu)) thc I1 perièqei ìla

ta topologik� empìdia pou epib�llontai sthn I1 apì thn J . 'Omwc èqoume ìti LKmu(I, J) =∑
l L(I1, jl) ̸=

∑
n L(J1, in) = LKmu(J, I), ìpou jl, in eÐnai oi metaforèc twn tìxwn thc j kai i
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sto elaqistikì xedÐplwma thc I1 kai J1 antÐstoiqa. Prosjètontac touc epiplèon ìrouc se k�je

�jroisma ¸spou na l�boume èna summetrikì mètro diaplok c paÐrnoume LKmu = LK.

O topikìc arijmìc auto-perièlixhc

Gia tic efarmogèc, ìpou oi alusÐdec eÐnai anoiktèc endiaferìmaste se ènan periorismì tou

periodikoÔ arijmoÔ auto-perièlixhc pou na lamb�nei ìla ta topologik� empìdia pou epib�llon-

tai se mÐa alusÐda apì tic eikìnec thc �llhc. AntÐstoiqa me ton orismì tou topikoÔ arijmoÔ

perièlixhc orÐzoume:

Orismìc 3.4.5 (Topikìc arijmìc auto-perièlixhc). 'Estw I mÐa eleÔjerh alusÐda se èna

periodikì sÔsthma. 'Estw I2, . . . , In oi eikìnec thc I pou tèmnoun to elaqistikì xedÐplwma

mÐac eikìnac thc I, èstw I1. Tìte o topikìc periodikìc arijmìc auto-perièlixhc, SL, mÐac

eleÔjerhc alusÐdac I orÐzetai wc:

SL(I) = Sl(I1) +
∑

2≤u≤n

L(I1, Ju) (3.108)

E�n agno soume thn strèwh thc alusÐdac tìte autì gÐnetai h topik  periodik  sustrof :

WR(I) =Wr(I1) +
∑

2≤u≤n

L(I1, Ju) (3.109)

E�n agno soume ton arijmì auto-perièlixhc mÐac eikìnac tìte lamb�noume ton topikì pe-

riodikì arijmì perièlixhc auto-eikìnwn:

LKS(I) =
∑

2≤u≤n

L(I1, Ju) (3.110)

3.5 O arijmìc perièlixhc kelioÔ, LKC

'Ena meionèkthma tou topikoÔ periodikoÔ arijmoÔ perièlixhc eÐnai ìti den eÐnai topologik 

analloÐwth sthn perÐptwsh kleist¸n eleÔjerwn alusÐdwn. EpÐshc, gia anoiktèc alusÐdec, o

orismìc tou topikoÔ periodikoÔ arijmoÔ perièlixhc exart�tai apì to elaqistikì xedÐplwma mÐac

eikìnac kai kaj¸c h alusÐda kineÐtai, all�zei, dÐnontac asunèqeiec. ParathreÐste ìti o topikìc

arijmìc perièlixhc anoikt¸n alusÐdwn eÐnai anex�rthtoc apì to kelÐ kai eÐnai omoiìmorfa

suneq c ston q¸ro twn dunat¸n diamorf¸sewn.

'Ara ènac pio kat�llhloc periorismìc tou periodikoÔ arijmoÔ perièlixhc mporeÐ na oristeÐ

wc ex c:
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Orismìc 3.5.1 (KelÐ AlusÐdac). 'Estw I1 mÐa eikìna thc eleÔjerhc alusÐdac I. OrÐzoume

to KelÐ AlusÐdac, SC(I1), san thn ènwsh tou el�qistou pl jouc keli¸n pou apaitoÔntai gia

na dhmiourg soume èna megalÔtero kubikì kelÐ pou perièqei thn I1 kai thc opoÐac to kentrikì

kelÐ eÐnai to kelÐ sto opoÐo keÐtai to kèntro b�rouc thc I1.

Orismìc 3.5.2 (Periodikìc arijmìc perièlixhc kelioÔ). 'Estw I kai J dÔo eleÔjerec alu-

sÐdec. 'Estw J1, J2, . . . , Jn oi eikìnec thc J pou tèmnoun to SC(I1). O periodikìc arijmìc

perièlixhc kelioÔ, LKC(I, J), orÐzetai wc:

LKC(I, J) =
∑

1≤u≤m

L(I1, Ju) (3.111)

Prwter mata tou periodikoÔ arijmoÔ perièlixhc kelioÔ, LKC , se sÔgkrish me ton topikì

periodikì arijmì perièlixhc LK:

(i) Gia kleistèc alusÐdec o periodikìc arijmìc perièlixhc kelioÔ isoÔtai me ton periodikì arijmì

perièlixhc, dhlad  LKC(I, J) = LKP (I, J). 'Ara o LKC eÐnai mÐa topologik  analloÐwth gia

kleistèc alusÐdec.

(ii) Gia anoiktèc alusÐdec o LKC(I, J) lamb�nei upìyhn perissìterec eikìnec alusÐdwn,

kai mporeÐ na eÐnai kalÔterh prosèggish tou LKP (I, J) apì ton LK(I, J) se sqèsh me to

LKP (I, J).

(iii)'Opwc oi anoiktèc alusÐdec kinoÔntai, to SC(I) all�zei, �ra dÐnei asunèqeiec ston LKC ,�ra

afoÔ o LKC eÐnai kal  prosèggish tou LKP perimènoume ìti ja èqei mikrìterec diakum�nseic.

Parat rhsh 3.5.3. OmoÐwc, orÐzoume ton periodikì arijmì sustrof c kelioÔ kai ton

periodikì arijmì perièlixhc auto-eikìnwn kelioÔ.

Parat rhsh 3.5.4. O LKC den eÐnai summetrikìc. Par�ola aut�, perimènoume oi LKC(I, J)

kai LKC(J, I) na eÐnai kalèc proseggÐseic tou LKP (I, J) = LKP (J, I).

3.6 Efarmog  sta polumer 

Se aut  thn par�grafo efarmìzoume ta mètra diaplok c pou anaptÔqjhkan se autì to ke-

f�laio se pragmatik� t gmata polumeroÔc.

3.6.1 O algìrijmoc CReTA

Gia na melet soume thn diaplok  se èna polumerikì t gma, prèpei na adropoi soume to sÔsth-

ma ètsi ¸ste ta gewmetrik� qarakthristik� pou sqetÐzontai me thn diaplok  na eÐnai emfan 
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[42]. O algìrijmoc CReTA (Contour Reduction Topological Analysis) [132] krat�ei ta �kra

twn alusÐdwn stajer� sto q¸ro, kai apagoreÔontac tic alusÐdec na pern�n h mÐa mèsa apì

thn �llh   apì ton eautì touc, elaqistopoieÐ tautìqrona to m koc twn alusÐdwn, mèqri na

gÐnoun sÔnola eujÔgrammwn tmhm�twn pou en¸nontai stic korufèc enìc diktÔou. 'Otan den

up�rqoun �llec kin seic na gÐnoun, tìte h di�metroc twn alusÐdwn mikraÐnei kai suneqÐzetai

h Ðdia diadikasÐa, ¸spou ft�soume se èna el�qisto ìrio p�qouc. H Eikìna 3.1 deÐqnei èna

atomistikì dèigma polumeroÔc kai to antÐstoiqo meiwmèno dÐktuo.

O algìrijmoc CReTA [132, 133] dÐnei qr simh plhroforÐa thc topologÐac enìc polumeri-

koÔ t gmatoc se sqèsh me peiramatik� apotelèsmata. Qrhsimopoi¸ntac ton topikì periodikì

arijmì perièlixhc LK, kajorÐzoume ton bajmì ston opoÐo o algìrijmoc CReTA diathreÐ to

mètro perièlixhc se polumerik� t gmata,   e�n q�netai shmantik  topologik  plhroforÐa kat�

thn efarmog  tou. EpÐshc, k�noume thn Ðdia sÔgkrish afoÔ kleÐsoume tic anoiktèc alsÐdec me

mÐa epiplèon akm .

'Opwc anafèrame nwrÐtera, ta grammik� polumer  den eÐnai peplegmèna me thn topologik 

ènnoia. MÐa mèjodoc gia na melet soume thn diaplok  twn grammik¸n polumer¸n eÐnai na

kleÐsoume thc alusÐdec kai na upologÐsoume ton tÔpo kìmbou   krÐkou pou prokÔptei [50, 90].

Qrhsimopoi¸ntac to LK ja elègxoume e�n h mèjodoc kleisÐmatoc prosjètontac mÐa akm 

[81, 50, 134] eÐnai axiìpisth kai e�n o LK mporeÐ na diakrÐnei th diafor� metaxÔ twn anoikt¸n

kai kleist¸n arqik¸n   meiwmènwn alusÐdwn.

Ta dedomèna pou analÔsame aforoÔn 80 deÐgmata poluaijulenÐou (PE) [132] puknìthtac

ρ ≈ 0.77− 0.78g/cm3. K�je deÐgma apoteleÐtai apì 8 alusÐdec PE apì 1000 q�ntrec h k�je

mÐa, �ra telik� ta apotelèsmat� mac ston LK basÐzontai se 2240 diaforetik� zèugh alusÐdwn

PE.

3.6.2 O topikìc periodikìc arijmìc perièlixhc thgm�twn

poluaijulenÐou

Arqik�, upologÐzoume thn kanonikopoihmènh katanom  pijanìthtac thc LK gia zèugh PE

alusÐdwn se èna deÐgma me ton LK gia aut¸n twn antÐstoiqwn meiwmènwn zeug¸n. H Eikìna

3.17A deÐqnei ìti h katanom  pijanìthtac tou topikoÔ periodikoÔ arijmoÔ perièlixhc gia tic

arqikèc kai tic kat� CReTA meiwmènec alusÐdec PE. Oi dÔo katanomèc eÐnai sqedìn parìmoiec.

H mèsh apìluth tÐm  tou LK eÐnai 1.97 kai h mèsh apìluth tim  tou LK gia zeÔgh meiwmènwn

alusÐdwn eÐnai 2.01. H Eikìna 3.17B deÐqnei thn katanom  pijanìthtac twn diafor¸n tou LK

prÐn kai met� thn efarmog  tou algorÐjmou CReTA, dhlad  D = LKoriginal − LKreduced.

ParathroÔme ìti h katanom  eÐnai arket� lept  (me tupik  apìklish 0.30), èqei mèsh tim 

−0.19, kai mèsh apìluth diafor� (dhlad  < |D| >) tou topikoÔ periodikoÔ arijmoÔ perièlixhc
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metaxÔ twn arqik¸n kai meiwmènwn alusÐdwn 0.29, pou dèiqnei ìti o LK eÐnai sqedìn to Ðdio

gia tic arqikèc kai tic meiwmènec alusÐdec. 'Ara, toul�qiston se sqèsh me to LK, kaneÐc

mporeÐ na melet�ei thn diaplok  enìc t gmatoc PE sthn meiwmènh tou anapar�stash met� thn

efarmog  tou algorÐjmou CReTA.

Sth sunèqeia, upologÐzoume ton topikì periodikì arijmì perièlixhc LK afoÔ k�noume

kleÐsimo twn arqik¸n alusÐdewn apì �kro se �kro kai to sugkrÐnoume me to LK afoÔ kleÐ-

soume me ton Ðdio trìpo tic meiwmènec alusÐdec. H Eikìna 3.17C deÐqnei thn kanonikopoihmènh

katanom  pijanìthtac tou LK gia tic kleistèc arqikèc kai meiwmènec alusÐdec. ParathroÔme

mÐa mikrìterh taÔtish twn dÔo katanom¸n. H mèsh apìluth tim  tou LK twn arqik¸n klei-

st¸n alusÐdwn eÐnai 2.01 kai h mèsh apìluth tim  tou LK gia tic meiwmènec kleistèc alusÐdec

eÐnai 1.86. H Eikìna 3.17D deÐqnei thn kanonikopoihmènh akatanom  pijanìthtac thc diafor�c

D = LKOrgClosed − LKRedClosed. MporoÔme na doÔme ìti h akatanom  eÐnai lÐgo pio plati�

me tupik  apìklish 0.92 se sqèh me ta arqik� dedomèna. H mèsh apìluth diafor� eÐnai 0.57.

'Opwc anafèrame sthn Parat rhsh 3.4.2, ja perimèname o LK na eÐnai analloÐwtoc gia klei-

stèc alusÐdec stic perissìterec peript¸seic. To kleÐsimo gÐnetai prÐn kai met� thn efarmog 

tou algorÐjmou CReTA. 'Ara oi diaforèc metaxÔ twn arqik¸n kai twn meiwmènwn alusÐdwn

ofeÐlontai kat� to pijanìtero se kin seic kat� tic opoÐec o algìrijmoc k�nei mÐa alusÐda na

tèmnei to di�nusma tou apì �kro eic �kro kleisÐmatoc. MporoÔme na doÔme ìti h mèjodoc tou

apì �kro eic �kro kleisÐmatoc diathreÐ polÔ all� ìqi ìlh apì thn topologik  plhroforÐa twn

arqik¸n sta meiwmèna sust mata.

Sth sunèqeia upologÐzoume thn diafor� metaxÔ tou LK gia tic anoiktèc kai tic kleistèc

arqikèc alusÐdec kai thn diafor� metaxÔ tou LK twn anoikt¸n kai kleist¸n meiwmènwn alusÐ-

dwn. Oi Eikìnec 3.18A kai 3.18C deÐqnoun to kanonikopoihmèno LK gia tic arqikèc anoiktèc

kai tic antÐstoiqec kleistèc alusÐdec kai ton kanonikopoihmèno LK gia tic meiwmènec anoiktèc

kai tic antÐstoiqec kleistèc alusÐdec antÐstoiqa. Kai stic dÔo peript¸seic, parathroÔme mÐa

akìma mikrìterh taÔtish metaxÔ twn dÔo katanom¸n. Stic Eikìnec 3.18B kai 3.18D faÐnetai

h kanonikopoihmènh katanom  pijanìthtac thc diafor�c LKOrgOpen − LKOrgClosed kai thc

diafor�c LKRedOpen − LKRedClosed antÐstoiqa. MporoÔme na doÔme ìti oi katanomèc eÐnai

pio platièc, me tupikèc apoklÐseic 2.00 kai 1.91, antÐstoiqa. H mèsh apìluth diafor� eÐnai

1.57 kai 1.52 antÐstoiqa. Autì deÐqnei ìti o topikìc periodikìc arijmìc perièlixhc diathreÐ

parìmoia all� diaforetik  plhroforÐa gia anoiktèc kai kleistèc alusÐdec.
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Sq ma 3.17: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou LK

gia tic arqikèc kai gia tic meiwmènec alusÐdec enìc t gmatoc thgm�twn PE-1000 kai h

Eikìna B thn katanom  pijanìthtac twn antÐstoiqwn diafor¸n. H Eikìna C deÐqnei thn

kanonikopoihmènh katanom  pijanìthtac tou LK gia tic arqikèc kai gia tic meiwmènec

alusÐdec met� to apì �kro eic �kro kleÐsimo kai h Eikìna D deÐqnei tic antÐstoiqec

diaforèc
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Sq ma 3.18: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou LK

gia tic arqikèc alusÐdec prin kai met� to apì �kro eic �kro kleÐsimo kai h Eikìna B

thn katanom  pijanìthtac twn antÐstoiqwn diafor¸n. H Eikìna C deÐqnei thn kanoni-

kopoihmènh katanom  pijanìthtac tou LK gia tic meiwmènec alusÐdec prÐn kai met� to

apì �kro eic �kro kleÐsimo kai h Eikìna D deÐqnei tic antÐstoiqec diaforèc.
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3.6.3 O topikìc periodikìc arijmìc auto-perièlixhc thg-

m�twn poluaijulenÐou

Arqik�, upologÐzoume thn kanonikopoihmènh katanom  pijanìthtac tou SLP gia tic arqikèc

kai meiwmènec alusÐdec (Eikìna 3.19A). ParathroÔme ìti ta deÐgmata pou lamb�noume upìyhn

gia ta mètra auto-diaplok c aforoÔn 620 alusÐdec. ParathroÔme ìti ta arqik� kai meiwmèna

sust mata dÐnoun diaforetik� apotelèsmata. EpÐshc, parathroÔme ìti oi timèc tou SLP twn

arqik¸n alusÐdwn brÐskontai sto di�sthma (−40, 40) pou eÐnai polÔ megalÔtero apì autì

tou topikoÔ eriodikoÔ arijmoÔ perièlixhc, to opoÐo eÐnai to (−10, 10). O mèsoc apìlutoc

SLP eÐnai Ðsoc me 10.8933. ParathroÔme ìti eÐnai polÔ megalÔtero apì thn antÐstoiqh tim 

tou LK. O topikìc periodikìc arijmìc auto-perièlixhc twn meiwmènwn alusÐdwn eÐnai polÔ

mikrìteroc apì autìn twn arqik¸n. H mèsh apìluth tim  tou SL twn meiwmènwn alusÐdwn

eÐnai 2.67215, o opoÐoc eÐnai thc t�xhc thc antÐstoiqhc tim c tou LK. Ac upenjumÐsoume ìti

o topikìc periodikìc arijmìc auto-perièlixhc eÐnai èna �jroisma dÔo ìrwn:

SLP (I) = Sl(I1) +
∑
u̸=1

L(I1, Iu) (3.112)

ìpou Sl(I1) eÐnai o arijmìc auto-perièlixhc mÐac eikìnac kai
∑

u̸=1 L(I1, Iu) eÐnai to �jroisma

ìlwn twn oloklhrwm�twn Gauss mÐac eikìnac me tic eikìnec thc.

O algìrijmoc CReTA diathreÐ ta topologik� empìdia pou epib�lloun oi periodikèc ei-

kìnec thc mÐac alusÐdac se mÐa apì tic eikìnec thc, �ra, ìpwc deÐqnoun ta arijnhtik� mac

apotelèsamata sthn prohgoÔmenh par�grafo, perimènoume mÐa mikr  apìklish tou deÔterou

ìrou gia ta arqik� kai telik� sust mata. H Eikìna 3.19B deÐqnei ìti h kanonikopoihmènh

katanom  pijanìthtac tou periodikoÔ arijmoÔ perièlixhc auto-eikìnwn, LKSL gia tic arqikèc

kai meiwmènec eikìnec. ParathroÔme ìti oi katanomèc twn arqik¸n kai meiwmènec alusÐdec eÐnai

parìmoiec. H mèsh tim  tou LKSL gia ta arqik� sust mata eÐnai 1.771092 pou moi�zei me ton

LK metaxÔ twn eikìnwn �llwn alusÐdwn. Gia tic meiwmènec alusÐdec eÐnai 1.797891 pou eÐnai

polÔ kleist� stic antÐstoiqec meiwmènec alusÐdec. H tim  eÐnai lÐgo mikrìterh ap�oti o LK

metaxÔ �llwn eikìnwn, pou upodeiknÔei ìti mporeÐ na up�rqei ligìterh perièlixh metaxÔ twn

auto-eikìnwn. Autì dèiqnei ìti h meg�lh apìklish ofeÐletai ston arijmì auto-perièlixhc mÐac

eikìnac. H Eikìna 3.19C deÐqnei ìti h kanonikopoihmènh katanom  pijanìthtac tou arijmoÔ

auto-perièlixhc mÐac eikìnac k�je eleÔjerhc alusÐdac gia tic arqikèc kai meiwmènec alusÐdec

(autìc èinai o pr¸toc ìroc sto �jroisma tou SLP ). ParathroÔme mÐa parìmoia diafor� me-

taxÔ twn arqik¸n kai twn meiwmènwn alusÐdwn ìpwc kai ston SLP . EpÐshc, oi timèc eÐnai thc

Ðdiac t�xhc. Pr�gmati, o arijmìc auto-perièlixhc mporèi na ekfrasteÐ wc ex c:
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Sq ma 3.19: A. H kanonikopoihmènh katanom c pijanìthtac tou SL gia ta arqik� kai

ta meiwmèna sust mata. B. H kanonikopoihmènh katanom  pijanìthtac tou LKS gia

ta arqik� kai ta meiwmèna sust mata. C. H kanonikopoihmènh katanom  pijanìhtac

tou Sl gia ta arqik� kai ta meiwmèna sust mata. D. H kanonikopoihmènh katanom 

pijanìthtac tou WR gia ta arqik� kai ta meiwmèna sust mata.
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Sl(I1) =Wr(I1) + τ(I1) (3.113)

ìpou o Wr(I1) eÐnai h sustrof  mÐac eikìnac kai τ(I1) h olik  strèyh mÐac eikìnac. Peri-

mènoume ìti h olik  strèyh mÐac alusÐdac ja ephrreasteÐ shmantik� apì thn diadikasÐa thc

meÐwshc, afoÔ oi alusÐdec teÐnoun na gÐnoun pio grammikèc kai epÐpedec. Apì thn �llh, den

perimènoume polÔ meg�lh diafor� gia thn sustrof  mÐac alusÐdac. H Eikìna 3.19D deÐqnei thn

kanonikopoihmènh katanom  pijanìthtac tou WRP gia ta arqik� kai ta meiwmèna sust mata.

UpenjumÐzoume ìti autì ekfr�zetai wc

WRP (I) =Wr(I1) +
∑
u̸=1

L(I1, Iu)

=Wr(I1) + LKSL

(3.114)

ParathroÔme ìti oi timèc eÐnai thc Ðdiac t�xhc ìpwc o LKSL, all� h mèsh apìluth tim  eÐnai

3.013212, pou eÐnai megalÔteroc, ìpwc anamènetai, afoÔ h sustrof  mÐac alusÐdac prostÐje-

tai. H mèsh apìluth sustrof  eÐnai 2.3383. Gia ta meiwmèna sust mata o mèsoc apìlutoc

LKSL eÐnai 2.125795. H mèsh apìluth sustrof  twn meiwmènwn alusÐdwn eÐnai 0.971465. 'A-

ra, h parathroÔmenh diafor� ofeÐletai sthn sustrof  twn arqik¸n kai meiwmènwn alusÐdwn.

H sustrof  ephrre�zetai apì thn diamìrfwsh twn alusÐdwn, kai kaj¸c teÐnoun na gÐnontai

grammikèc, mikraÐnei. O algìrijmoc CReTA mporeÐ na epitrèyei stic alusÐdec na tèmnoun ton

eautì touc, all� autì eÐnai sp�nio kai den ja prèpei na ephrre�zei ta apotelèsmat� mac. 'Ara

h parathroÔmenh tupik  apìklish touWR ofeÐletai ston orismì thc sustrof c mÐac eikìnac.

Sthn Eikìna 3.20 faÐnetai h kanonikopoihmènh katanom  pijanìthtac tou SL gia tic arqi-

kèc, meiwmènec, anoiktèc kai kleistèc alusÐdec. ParathroÔme ìti oi katanomèc eÐnai parìmoiec

gia tic anoiktèc kai tic antÐstoiqec kleistèc alusÐdec. H diafor� gÐnetai shmantik  mìno ìtan

sugkrÐnoume ta arqik� me ta meiwmèna sust mata. Pr�gmati, sthn perÐptwsh twn kleist¸n

alusÐdwn prosjètoume thn sumbol  mÐac mìno akm c. Perimènoume oi apoklÐseic na eÐnai pa-

rìmoiec me autèc pou eÐdame sthn melèth tou LK sthn prohgoÔmenh par�grafo. Se aut  thn

perÐptwsh h diafor� eÐnai mikrìterh lìgw tou meg�lou jorÔbou pou eis�getai sta dedomèna

apì tic meg�lec timèc thc strèyhc se sqèsh me thn sustrof  kai thn perièlixh twn alusÐdwn.

H Eikìna 3.21 deÐqnei thn kanonikopoohmènh katanom  pijanìthtac tou LKS gia ta arqi-

k�, ta meiwmèna, ta anoikt� kai ta kleist� sust mata. ParathroÔme ìti h auxhtikèc t�sseic

eÐnai parìmoiec me tou LK. Oi katanomèc twn arqik¸n kai twn meiwmènwn susthm�twn eÐnai

parìmoiec. MÐa mikr  apìklish parathreÐtai metaxÔ twn anoikt¸n kai twn antÐstoiqwn klei-

st¸n susthm�twn. 'Ara parathroÔme ìti autì to mètro auto-diaplok c eÐnai sugkrÐsimo me
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Sq ma 3.20: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou SL

gia ta arqik� kai ta meiwmèna sust mata met� thn efarmog  tou algorÐjmou CReTA kai

h Eikìna B deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou SL gia tic arqikèc

kleistèc kai tic meiwmènec kleistèc alusÐdec. H Eikìna C deÐqnei thn kanonikopoihènh

katanom  pijanìthtac tou SL gia tic arqikèc alusÐdec prÐn kai met� to kleÐsimo kai h

Eikìna D deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou SL gia tic meiwmènec

alusÐdec prÐn kai met� to kleÐsimo.
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ton topikì periodikì arijmì perièlixhc LK, pou suzht same sthn prohgoÔmenh par�grafo.

UpenjumÐzoume ìti athn perÐptwsh kelist¸n alusÐdwn o LKS eÐnai ènac �rtioc arijmìc. Ta

arijmhtik� mac apotelèsmata to epibebai¸noun.

H Eikìna 3.22 deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou sl gia tic arqikèc,

meiwmènec,anoiktèc kai kleistèc alusÐdec. ParathroÔme ìti oi katanomèc eÐnai parìmoiec gia tic

anoiktèc kai kleistèc alusÐdec. H diafor� gÐnetai shmantik  mìno metaxÔ twn arqik¸n kai twn

meiwmènwn alusÐdwn. H diafor� faÐnetai na eÐnai akìma mikrìterh apì aut  pou parathr jhke

sthn melèth tou LK lìgw thc meg�lhc tim c thc olik c strèyhc mÐac alusÐdac.

Sthn Eikìna 3.23 blèpoume thn kanonikopoihmènh katanom  pijanìthtac tou WR gia tic

alusÐdec prÐn kai met� thn efarmog  tou algorÐjmou CReTA kai prÐn kai met� to kleÐsimo.

P�li parathroÔme ìti to WR eÐnai sqedìn to Ðdio gia ta arqik� kai ta meiwmèna sust ma-

ta. EpÐshc parathroÔme ìti to WR twn kleist¸n alusÐdwn apoklÐnei perissìtero apì autì

twn anoikt¸n. Blèpoume ìti h diafor� metaxÔ twn anoikt¸n kai twn kleist¸n susthm�twn

eÐnai polÔ parìmoia me aut  pou parathr same sthn melèth tou LK, afoÔ ta dedomèna den

ephrre�zontai apì ton upologismì thc olik c strèyhc twn alusÐdwn.

3.6.4 O periodikìc arijmìc perièlixhc kelioÔ thgm�twn

poluaijulenÐou

Se aut  thn par�grafo upologÐzoume ton periodikì arijmì perièlixhc kalioÔ. Ta arijmhtik�

mac apotelèsmata stic prohgoÔmenec paragr�fouc upodeiknÔoun ìti h perièlixhc metaxÔ twn

arqik¸n kai twn meiwmènwn alusÐdwn eÐnai sqedìn h Ðdia gia ta dÔo sust mata, �ra mporoÔme

na qrhsimopoi soume ta meiwmèna sust mata gia touc upologismoÔc mac. H Eikìna 3.24A

deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou LK kai tou LKC gia èna deÐgma

54 thgm�twn. ParathroÔme mÐa èntonh omoiìthta metaxÔ twn dÔo. UpenjumÐzoume ìti gia

èna tuqaÐo zeÔgoc, oi dÔo timèc, LK kai LKC den tautÐzontai. Se aut  thn katanom  oi

timèc qwrÐzontai se monadiaÐa diast mata. Autì upodeiknÔei ìti oi apoklÐseic eÐnai mikrìterec

apì èna, pou eÐnai h proseggistik  tim  enìc topologikoÔ empodÐou. Dhlad , ta dÔo mètra

lamb�noun upìyhn to Ðdio pl joc topik¸n empodÐwn. Sthn perÐptwsh kleist¸n alusÐdwn ta

arijmhtik� mac apotelèsmata deÐqnoun ìti ta dÔo mètra tautÐzontai. 'Ara sthn pr�xh to LK

eÐnai topologik  analloÐwth kleist¸n alusÐdwn.

Sth sunèqeia sugkrÐnoume ta LK kai LKC me to LKP . Pio sugkekrimèna, gia èna

zèugoc alusÐdwn upologÐzoume to LKC kaj¸c megal¸noume to mègejoc tou kelioÔ èwc

kai 10 forèc autì tou arqikoÔ. SumbolÐzoume LKkC ton periodikì arijmì perièlixhc ke-

lioÔ gia èna kelÐ k forèc megalÔtero tou arqikoÔ. H Eikìna 3.24B deÐqnei to |LK −
LKkC |/|LKkC | kai to |LKC − LKkC |/|LKkC | gia k = 1, . . . , 10. ParathroÔme ìti gia
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Sq ma 3.21: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou LKS

gia tic arqikèc kai tic meiwmènec alusÐdec met� thn efarmog  tou algorÐjmou CReTA

kai h Eikìna B thn kanonikopoihmènh katanom  pijanìthtac tou LKS gia tic arqikèc

kleistèc kai tic meiwmènec kleistèc alusÐdec. H Eikìna C deÐqnei thn kanonikopoihmènh

katanom  pijanìthtac tou Sl gia tic arqikèc alusÐdec prin kai met� to kleÐsimo kai h

Eikìna D deÐqnei thn kanonikopoihmènh katanom  tou LKS gia tic meiwmènec alusÐdec

prin kai met� to kleÐsimo.
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Sq ma 3.22: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou Sl

gia tic arqikèc kai tic meiwmènec alusÐdec met� thn efarmog  tou algorÐjmou CReTA

kai h Eikìna B thn kanonikopoihmènh katanom  pijanìthtac tou Sl gia tic arqikèc

kleistèc kai meiwmènec kleistèc alusÐdec. H Eikìna C deÐqnei thn kanonikopoihmènh

katanom  pijanìthtac tou Sl gia atic arqikèc alusÐdec prÐn kai met� to kleÐsimo kai h

Eikìna D deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou Sl gia tic meiwmènec

alusÐdec prÐn kai met� to kleisimo.
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Sq ma 3.23: H Eikìna A deÐqnei thn kanonikopoihmènh katanom  pijanìthtac tou WR

gia tic arqikèc alusÐdec prÐn ka met� to kleÐsimo kai h Eikìna B thn katanom  pijanì-

thtac twn antÐstoiqwn diafor¸n. H Eikìna C deÐqnei thn kanonikopoihmènh katanom 

pijanìthtac tou WR gia tic meiwmènec alusÐdec prin kai met� to kleÐsimo kai h Eikìna

D deÐqnei tic antÐstoiqec diaforèc
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Sq ma 3.24: A. H kanonikopoihmènh katanom  pijanìthtac tou LK kai tou LKC . B.

Ta |LK − LKkC |/|LKkC | kai |LKC − LKkC |/|LKkC |, k = 1, . . . , 10.

k = 1, |LK − LKkC |/|LKkC | ≈ 0.45 dhlad  eÐnai sqedìn LK = LKC
2 . Gia k ≥ 2, tìte

to |LK − LKkC |/|LKkC | mènei stajerì sto 0.45 kai to |LKC − LKkC |/|LKkC | teÐnei sto
0.1, dhlad  LKC ≈ 9LKkC

10 . Autì deÐqnei ìti to LKC eÐnai mÐa kal  prosèggish tou LKkC ,

to opoÐo shmaÐnei ìti eÐnai mÐa kal  prosèggish tou LKP .

3.7 Sumper�smata

Ta sust mata me PSS qrhsimopoioÔntai suqn� stic efarmogèc kai pio sugkekrimèna sthn

prosomoÐwsh polumerik¸n thgm�twn. Se autì to kef�laio b�lame thn b�sh gia thn melèth

thc diaplok c se sust mata me PSS. OrÐsame ton periodikì arijmì perièlixhc, LKP , kai

deÐxame ìti sthn perÐptwsh kleist¸n alusÐdwn eÐnai mÐa topologik  analloÐwth pou tautÐzetai

me ton arijmì perièlixhc dÔo alusÐdwn ston q¸ro taÔtishc. EpekteÐname ton orismì autì kai

se anoiktèc alusÐdec, ìpou up�rqoun allhlepidr�seic meg�lhc klÐmakac kai apodeÐxame ìti o

LKP sugklÐnei sthn perÐptwsh susthm�twn me mÐa, dÔo   treÐc PSS antÐstoiqa (Jewr mata

3.3.1,3.3.7 kai 3.3.16). OmoÐwc, orÐsame mètra auto-diaplok c se sust mata me PSS, ton

periodikì arijmì auto-perièlixhc, ton periodikì arijmì sustrof c kai ton periodikì arijmì

perièlixhc auto-eikìnwn.

Gia thn efarmog  se fusik� sust mata ìpou oi allhlepidr�seic mikr c klÐmakac mporeÐ

na èqoun megalÔtero endiafèron, orÐsame dÔo periorismoÔc tou periodikoÔ arijmoÔ perièlixhc,

ton topikì periodikì arijmì perièlixhc, LK, kai ton periodikì arijmì perièlixhc kelioÔ, LKC ,

kai melet same tic idiìthtèc touc. Efarmìsame aut� ta megèjh se deÐgmata poluaijulenÐou
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kai ta arijmhtik� mac apotelèsmata èdeixan ìti o LK mporeÐ na metr sei thn diaplok  se èna

sÔsthma me PSS. Efarmìzontac ton LK kai sugkrÐnontac tic katanomèc thc perièlixhc prÐn

kai met� thn efarmog  tou algorÐjmou CReTA deÐxame ìti o CReTA diathreÐ thn plhroforÐa

perièlixhc, kai ìti to LK anakl� tic topologikèc diaforèc metaxÔ twn anoikt¸n kai kleist¸n

susthm�twn. Ta arijmhtik� mac apotelèsmata epÐshc èdeixan ìti h mèjodoc tou apì �kro eic

�kro kleisÐmatoc twn alusÐdwn eÐnai polÔ euaÐsjhth sthn kÐnhsh twn alusÐdwn, akìma kai

an ta topik� empìdia diathroÔntai. Autì deÐqnei ìti o topikìc periodikìc arijmìc perièlixhc

mporeÐ na eÐnai èna pio dunatì mètro diaplok c anoikt¸n alusÐdwn. OmoÐwc orÐsame kai

melet same ton topikì periodikì arijmì auto-perièlixhc, SL, thn topik  periodik  sustrof ,

WR kai ton topikì periodikì arijmì perièlixhc auto-eikìnwn, LKS. Tèloc upologÐsame

ton periodikì arijmì perièlixhc kelioÔ gia diaforetik� megèjh kelioÔ kai ta arijmhtik� mac

apotelèsmata èdeixan ìti o LKC parèqei mÐa kal  prosèggish tou LKP . Ta arijmhtik� mac

apotelèsmata èdeixan ìti o LK èqei mÐa megalÔterh apìklish apì ton LKP , ìmwc ta topik�

empìdia pou metr�n oi LK kai LKC eÐnai parìmoia.



Kef�laio 4

PÐnakac Perièlixhc

Se autì to kef�laio qrhsimopoÐoÔme ton periodikì arijmì perièlixhc gia na orÐsoume èna mètro

diaplok c gia olìklhro to t gma polumeroÔc, ton periodikì pÐnaka perièlixhc. Melet�me tic

idiìthtèc tou kai thn ex�rths  tou apì to mègejoc tou kelioÔ prosomoÐwshc (Je¸rhma 4.1.28,

Je¸rhma 4.1.30). Gia na l�boume peretaÐrw plhroforÐa gia thn diaplok  tou sust matoc

apì ton periodikì pÐnaka perièlixhc, ton susqetÐzoume me èna gr�fhma kai qrhsimopoioÔme

ergaleÐa thc jewrÐac grafhm�twn gia na melet soume thn omoiogèneia thc diaplok c se èna

t gma. UpologÐzoume touc pÐnakec perièlixhc diafìrwn susthm�twn tuqaÐwn perip�twn gia

na elègxoume an o pÐnakac perièlixhc mporeÐ na diakrÐnei ta m  omoiogen  sust mata.

MÐa qr simh perigraf  twn polÔplokwn idiot twn ix¸douc twn polumer¸n epitugq�netai

me to montèlo swl na. Me autì to montèlo, to prìblhma pollwn swm�twn thc kÐnhshc mÐac

alusÐdac pou eÐnai peplegmènh me �llec se èna t gma an�getai sthn melèth mÐac monadik c

alusÐdac se ènan swl na pou anaparist� touc periorismoÔc pou epib�lloun oi diaplokèc me tic

�llec alusÐdec. O swl nac antikajist� tic allhlepidr�seic me tic �llec alusÐdec, jewr¸ntac

ìti h alusÐda kineÐtai an�mesa se mÐa sullog  apì stajer� empìdia. Autì eÐnai mÐa prosèggish,

afoÔ ìlec oi alusÐdec epitrèpetai na kinoÔntai thn Ðdia stigm , �ra ta topologik� empìdia

den eÐnai stajer� ston q¸ro [133, 124, 96]. Belti¸seic sthn jewrÐa èginan lamb�nontac

upìyhn epiplèon fainìmena kai mhqanismoÔc pou up�rqoun sta pragmatik� sust mata all�

agno jhkan sthn arq . DÔo shmantikoÐ mhqanismoÐ pou up�rqoun stic montèrnec jewrÐec

swl na eÐnai oi diakum�nseic m kouc (CLFs) kai oi exafanÐseic empodÐwn (CR) pou sumbaÐnoun

lìgw thc kÐnhshc twn gÔrw alusÐdwn [96]. Kat� mÐa ènnoia, autèc oi melètec tonÐzoun thn

idèa ìti h diaplok  twn polumerik¸n alusÐdwn eÐnai èna prìblhma poll¸n swm�twn.

Idanik�, kaneÐc ja  jele na mporeÐ na qarakthrÐsei thn diaplok  enìc polumerikoÔ sust -

matoc se mÐa kat�stash me mÐa mìno metablht , pou lamb�nei upìyhn thn olik  diamìrfwsh

145
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tou t gmatoc [133]. Sun jwc, gia thn mètrhsh thc diaplok c, mètra auto-diaplok c mÐac

alusÐdac,   to pl joc twn topologik¸n empodÐwn an� alusÐda, upologÐzoun mÐa mèsh tim 

se èna deÐgma, h opoÐa qrhsimopoieÐtai gia na qarakthrÐsei thn diaplok  enìc sust matoc. H

diaplok  ètsi antimetwpÐzetai kat� k�poion trìpo san prìblhma enìc s¸matoc kai èmmesa san

èna prìblhma poll¸n swm�twn. Autì ìmwc den lamb�nei upìyhn thn pio polÔplokh diaplok 

pou par�goun ìlec oi sunist¸sec enìc t gmatoc mazÐ.

Se autì to kef�laio ja qrhsimopoi soume ton arijmì perièlixhc gia na orÐsoume èna mètro

diaplok c gia olìklhro to sÔsthma twn alusÐdwn pou diamorf¸noun to t gma: OrÐzoume ton

pÐnaka perièlixhc, LM , mÐac sullog c alusÐdwn, èstw I, J, . . . ,W , na eÐnai o pÐnakac me

stoiqeÐa aij = L(I, J) e�n i ̸= j   aii = SL(I), klp. AfoÔ o arijmìc perièlixhc eÐnai

summetrikìc, autìc eÐnai profan¸c ènac summetrikìc pÐnakac. O pÐnakac perièlixhc lamb�nei

upìyhn ìlh thn an� zeÔgh plhroforÐa perièlixhc tou t gmatoc, kaj¸c kai thn auto-perièlixh

k�je alusÐdac. 'Opwc eÐpame kai sta prohgoÔmena kef�laia, o arijmìc perièlixhc eÐnai mÐa

asjen c analloÐwth, all� èqei fusik  ermhnÐa kai mporeÐ na efarmosjeÐ fusik� se anoiktèc

alusÐdec. Epiplèon, sthn perÐptwsh anoikt¸n alusÐdwn, to olokl rwma perièlixhc exart�tai

apì thn apìstash twn alusÐdwn, pou eÐnai èna qarakthristikì thc diaplok c twn polumer¸n

kai epÐshc eÐnai mÐa suneq c sun�rthsh sto q¸ro twn diamorf¸sewn.

O pÐnakac perièlixhc èqei epÐshc tic parap�nw idiìthtec, eÐnai ènac pragmatikìc summetri-

kìc pÐnakac kai oi idiotimèc tou eÐnai pragmatikoÐ arijmoÐ. Sthn perÐptwsh kleist¸n alusÐdwn,

autèc eÐnai analloÐwtec upì suneqeÐc kin seic twn alusÐdwn. ProteÐnoume na qrhsimopoi sou-

me ta qarakthristik� pos� tou pÐnaka perièlixhc gia na ta susqetÐsoue me thn diaplok  twn

polumer¸n.

4.1 Periodikìc PÐnakac Perièlixhc

'Opwc exhg same sto Kef�laio 3, eÐnai kat�llhlo na melet�me thn diaplok  se èna sÔsthma me

PSS pou par�getai apì èna kelÐ C, an�gont�c to sthn diaplok  twn gennhtìrwn alusÐdwn

mèsa sto kelÐ. Dojèntoc enìc kelioÔ C pou par�gei to periodikì sÔsthma, orÐzoume ton

periodikì pÐnaka perièlixhc, LMC , wc ton pÐnaka me stoiqeÐa aij = LKP (I, J) e�n i ̸= j kai

aii = SLP (I). Gia èna sÔsthma pou prosomoi¸netai apì èna kelÐ me n genn torec alusÐdec, o

LMC èqei mègejoc n×n. 'Ara o periodikìc arijmìc perièlixhc mac epitrèpei na an�goume thn

melèth thc diaplok c mÐac �peirhc sullog c alusÐdwn pou apoteloÔn to periodikì sÔsthma,

sthn melèth enìc pÐnaka peperasmènhc di�stashc. O stìqoc mac eÐnai na ex�goume apì ton

periodikì pÐnaka perièlixhc mÐac posìthta pou na qarakthrÐzei to periodikì sÔsthma.

ParathroÔme ìti o pÐnakac perièlixhc exart�tai apì to mègejoc tou kelioÔ prosomoÐwshc.

Ac jewr soume gia par�deigma èna kelÐ C pou apoteleÐtai apì n genn torec alusÐdec, kai
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èstw LMC o antÐstoiqoc periodikìc pÐnakac perièlixhc megèjouc n× n. Sth sunèqeia, èstw

C ′ = kC to kelÐ pou dhmiourgeÐtai koll¸ntac k antÐgrafa tou C sÔmfwna me tic PSS. Tìte

isqÔei to parak�tw:

L mma 4.1.1. E�n to kelÐ C èqei n genn torec alusÐdec, tìte to kelÐ C ′ = mC pou

par�getai koll¸ntac m antÐgrafa tou C sÔmfwna me tic PSS, èqei mn genn torec alusÐdec.

Apìdeixh. 'Estw i1, i2, . . . , iw ta tìxa thc gennhtìrou alusÐdac i sto C. 'Estw epÐshc C1

èna �llo kelÐ sto periodikì sÔsthma tètoio ¸ste C1 ∈ mC. Tìte up�rqei èna di�nusma

v⃗1 = (k1, k2, k3), k1, k2, k3 < k tètoio ¸ste C1 = C + LC v⃗1 ∈ mC, ìpou LC eÐnai to

m koc tou kelioÔ C. Tìte up�rqei mÐa metafor� tou i1 sto C1: i1 + LC v⃗1 ∈ C1. 'Omwc, ex

orismoÔ tou nèou kelioÔ C ′ = mC, m kouc LmC = mLC , oi metaforèc tou i1 sto periodikì

sÔsthma pou par�getai apì to C ′ ekfr�zontai san i1+LC′ v⃗ = i1+mLC v⃗. Oi metaforèc tou

tìxou i1 + LC v⃗1 sto mC ekfr�zontai wc i1 + LC v⃗1 +mLC v⃗. 'Ara den mporeÐ potè na eÐnai

i1 +mLC v⃗ = i1 + LC(m + 1)v⃗′ gia v⃗, v⃗′, me suntetagmènec sto Z. 'Ara to tìxo i1 + LC v⃗1

an kei se mÐa �llh genn tora alusÐda tou C ′. Autì isqÔei gia k�je metafor� tou i1 mèsa sto

C ′. AfoÔ to C ′ apoteleÐtai apì m keli� C, tìte to C ′ orÐzei mn genn torec alusÐdec.

Parat rhsh 4.1.2. OmoÐwc, e�n to kelÐ C èqei n eleÔjerec alusÐdec, tìte to kelÐ C ′ =

mC pou dhmiourgeÐtai koll¸ntacm antÐgrafa tou C sÔmfwna me tic PSS, èqeimn eleÔjerec

alusÐdec.

'Ara o antÐstoiqoc periodikìc pÐnakac perièlixhc, LMC′ èqei mègejocmn×mn. Pr�gmati,
ta keli� C kai C ′ perigr�foun diaforetik� topologik� antikeÐmena. E�n tautÐsoume tic èdrec

tou kelioÔ, tìte ja p�roume ènan krÐko n−sunistws¸n se mÐa 3−pollaplìthta sthn pr¸th

perÐptwsh kai ènan krÐko mn−sunistws¸n sthn deÔterh perÐptwsh. 'Ara parathroÔme ìti oi

periodikoÐ pÐnakec perièlixhc LMC kai LMC′ eÐnai diaforetikoÐ, ìmwc to periodikì sÔsthma

pou par�goun ta keli� kai twn opoÐwn thn diaplok  jèloume na melet soume, eÐnai ta Ðdia.

'Ara, up�rqei topologik  plhroforÐa pou den mac eÐnai qr simh gia aut n thn melèth kai thn

opoÐa ja jèlame na diaqwrÐsoume. Gia autìn ton lìgo, ja melet soume thn ex�rthsh tou

periodikoÔ pÐnaka perièlixhc apì tto mègejoc tou kelioÔ kai ja anazht soume posìthtec pou

paramènoun analloÐwtec apì to mègejoc tou kelioÔ.

Stic epìmenec paragr�fouc, ja apodeÐxoumc ìti k�poiec apì tic idiotimèc tou periodikoÔ

pÐnaka perièlixhc eÐnai anex�rthtec apì to mègejoc tou kelioÔ. Pr¸ta ja melet soume thn

aploÔsterh perÐptwsh tou periodikoÔ pÐnaka perièlixhc enìc kelioÔ me mÐa PSS. Aut  h

perÐptwsh ja aplopoi sei thn katanìhsh thc genikìterhc perÐptwshc dÔo kai tri¸n PSS.

Parat rhsh 4.1.3. Ta arijmhtik� mac apotelèsmata sthn Par�grafo 3.6.3 upodeiknÔ-

oun ìti h olik  strèyh pou perièqetai ston periodikì arijmì auto-perièlixhc dÐnei jìrubo dta
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dedomèna kai b�zei polÔ b�roc sta diag¸nia stoiqeÐa tou pÐnaka. Gia autìn ton lìgo, kaneÐc

mporeÐ na jèlei na agno sei thn olik  strèyh twn alusÐdwn kai na qrhsimopoi sei thn perio-

dik  stroform    ton periodikì arijmì perièlixhc auto-eikìnwn gia ta diag¸nia stoiqeÐa. Gia

thn efarmog  sta polumer  mporeÐ kaneÐc na jèlei na qrhsimopoi sei ton topikì periodikì a-

rijmì perièlixhc, topikì arijmì auto-perièlixhc klp gia na orÐsei ènan topikì periodikì pÐnaka

perièlixhc, pou lamb�nei upìyhn ìla ta topik� empìdia twn alusÐdwn.

4.1.1 Sust mata me mÐa PSS

Se aut  thn par�grafo ja jewr soume sust mata me mÐa PSS. Aut  h kat�stash sunant�tai

suqn� sthn prosomoÐwsh polumer¸n se periorismèno q¸ro.

ParathroÔme ìti en¸nontac m keli� paÐrnoume èna megalÔtero kelÐ pou sumbolÐzoume

mC, to opoÐo efarmìzei PSS stic alusÐdec pou akoump�n tic èdrec tou sthn x−kateÔjunsh.
MporoÔme na en¸soume keli� tou tÔpoumC koll¸ntac tic x−èdrec touc sÔmfwna me tic PSS
gia na fti�xoume to Ðdio periodikì sÔsthma ìpwc to kelÐ C. 'Ara to mC eÐnai èna �llo kelÐ

gia to Ðdio periodikì sÔsthma. QwrÐc bl�bh thc genikìthtac se mÐa PSS ja en¸noume keli�

p�nta proc thn jetik  kateÔjunsh tou x−�xona. Ac sumbolÐsoume ta keli� pou apoteloÔn to
mC wc ex c: Cj = C0+(j, 0, 0), ìpou C0 = C. Apì to L mma 4.1.1 up�rqeoun m genn torec

alusÐdec sto kelÐ mC. 'Estw i(0) h genn torac alusÐda to shmeÐo b�shc thc opoÐac keÐtai

sto kelÐ C0. Onom�zoume tic genn torec alusÐdec sÔmfwna me thn jèsh twn shmeÐwn b�shc

touc se sqèsh me to shmeÐo b�shc thc i(0).

To parak�tw apotèlesma ja mac faneÐ qr simo sth sunèqeia:

L mma 4.1.4. E�n mÐa eikìna mÐac eleÔjerhc alusÐdac I tèmnei k keli� C, tìte up�rqoun k

eikìnec thc I pou tèmnoun èna kelÐ C.

Apìdeixh. 'Estw C1, . . . , Ck ta keli� pou tèmnei mÐa eikìna thc I, èstw I1. SumbolÐzoume C,

kai onom�zoume kentrikì kelÐ, to kelÐ sto opoÐo keÐtai to shmeÐo b�shc thc I1. Tìte ta keli�

C1, . . . , Ck kajorÐzontai apì èna pl joc dianusm�twn v⃗1, . . . , v⃗k pou sumbolÐzoun tic jèseic

tou antÐstoiqou kelioÔ Ci se sqèsh me to kentrikì kelÐ. 'Estw iw èna tìxo thc I1 pou keÐtai

sto kelÐ Cw, pou orÐzetai apì to di�nusma v⃗w. Tìte ac metafèroume thn I1 kat� −v⃗w. Autì
dÐnei mÐa �llh eikìna thc I, èstw Iw. To tìxo iw − v⃗w an kei sthn Iw kai keÐtai sto kentrikì

kelÐ. 'Ara h Iw tèmnei to C. K�je �llo tìxo thc I1 sto Cw metafèretai sto C kai an kei sto

Iw. 'Ara, toul�qiston oi parak�tw eikìnec tèmnoun to C: I1− v⃗1, . . . , I1− v⃗k. Ac upojèsoume
ìti up�rqei mÐa �llh eikìna thc I, èsw In pou tèmnei to C. 'Estw in èna tìxo thc In sto C.

Tìte upojètoume ìti to shmeÐo b�shc thc In keÐtai mèsa sto kelÐ C − v⃗n. AfoÔ h In eÐnai mÐa

eikìna thc I, ja eÐnai In = I1 − v⃗n. 'Ara, to tìxo in − v⃗n an kei sthn I1 kai keÐtai mèsa sto

kelÐ Cn = C + v⃗n.
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L mma 4.1.5. 'Estw I mÐa eleÔjerh alusÐda se èna sÔsthma me mÐa PSS pou par�getai

apì to kelÐ C. Ac upojèsoume ìti to elaqistikì xedÐplwma mÐac eikìnac thc I apoteleÐtai

apì k keli�. 'Estw mC to nèo kelÐ pou dhmiourgeÐtai koll¸ntac m antÐgrafa tou C, ìpou

m = ak + b, b < k kai a ∈ N. Tìte up�rqoun m eleÔjerec alusÐdec sto mC, ètsi ¸ste gia

((a − 1)k + b + 1) = c oi eikìnec touc den akoumpoÔn to sÔnoro tou mC, kai eÐnai k − 1 ta

opoÐa èqoun dÔo eikìnec pou tèmnoun to mC.

Apìdeixh. Ac jewr soumeto mikrìtero tetr�edro pou dhmiourgeÐtai koll¸ntac antÐgrafa tou

C, pou perièqei mÐa eikìna sthc I. (Sthn perÐptwsh enìc kelioÔ me mÐa PSS, autì to tetr�edro

ja tautÐzetai me to elaqistikì xedÐplwma thc I.) E�nm = k tìte mìno èna tetr�edro megèjouc

k mporeÐ na diamorfwjeÐ, akrib¸c to kC, �ra up�rqei mìno mìa eleÔjerh alusÐda thc opoÐac

h eikìna xedipl¸netai sto kC. 'Ara gia m = k h sqèsh ((a − 1)k + b + 1) = c isqÔei. Ja

apodeÐxoume me epagwg  ìti isqÔei gia k�je m.

Ac upojèsoume ìti isqÔei gia m keli� kai ac upojèsoumc ìti koll�me akìmc èna kelÐ sta

dexi�, ètsi ¸ste m+ 1 = ak + b+ 1. Tìte to tetr�edro megèjouc m+ 1 pou xekin� apì to

kelÐ C(m+1−k+1) eÐnai to elaqistikì xedÐplwma mÐac �llhc eikìnac thc I, dhlad , mÐac �llhc

eleÔjerhc alusÐdac sto (m+ 1)C.

'Ara oi upìloipecm+1−c+1 = m−c eleÔjerec alusÐdec eÐnai tètoiec ¸ste oi prwtarqikèc
touc eikìnec aggÐzoun tic èdrec tou (m+1)C. 'Estw I mÐa apì autèc tic eleÔjerec alusÐdec.

AfoÔ mu(I) < m, k�je eikìna mÐac eleÔjerhc alusÐdac pou akoump�ei to sÔnoro (m+ 1)C

xedipl¸netai se dÔo antÐgrafa tou (m + 1)C. Tìte apì to L mma 4.1.4, up�rqoun akrib¸c

dÔo antÐgrafa thc I pou tèmnoun to (m+ 1)C.

4.1.1.1 MÐa kleist  alusÐda se èna kelÐ me mÐa PSS

Xekin�me me èna par�deigma pou eunoeÐ thn katanìhsh twn prohgoÔmenwn orism¸n kai deÐqnei

tic idiìthtec tou pÐnaka perièlixhc. Sth sunèqeia ja epikentrwjoÔme sthn genik  perÐptwsh

mÐac alusÐdac se èna sÔsthma me mÐa PSS.

Par�deigma 1[O periodikìc pÐnakac perièlixhc tou kelioÔ thc Eikìnac 4.1]: ParathroÔme

ìti to kelÐ pou faÐnetai sthn Eikìna 4.1 apoteleÐtai apì mìno mÐa eleÔjerh kleist  alusÐda,

èstw I, se èna sÔsthma me mÐa PSS ètsi ¸ste h alusÐda na xedipl¸netai se dÔo keli�.

Up�rqoun dÔo eikìnec thc I, èstw I2 kai I3 pou tèmnoun to elaqistikì xedÐplwma mÐac eikìnac,

I1 thc I. O arijmìc auto-perièlixhc mÐac eikìnac thc I eÐnai 0.
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Sq ma 4.1: To kelÐ C apoteleÐtai apì mÐa genn tora alusÐda, èstw i, sthn opoÐa

epib�llei mÐa PSS. Up�rqoun dÔo eikìnec thc I, èstw I1, I2 pou tèmnoun to C.

Gia autì to kelÐ, èstw C, o periodikìc pÐnakac perièlixhc èqei mègejoc 1 × 1 kai isoÔtai me

ton periodikì arijmì auto-perièlixhc thc I. Dhlad ,

LMC = SLP (I) = Sl(I1) + L(I1, I2) + L(I1, I3) = 0 + 1 + 1 = 2 (4.1)

Sq ma 4.2: To kelÐ 2C perièqei dÔo genn torec alusÐdec, i(1) (ta mplè tìxa) kai i(2)

(ta kìkkina tìxa) sta opoÐa epib�llei mÐa PSS.

'Otan koll�me dÔo keli� C gia na fti�xoume èna megalÔtero kelÐ 2C, tìte paÐrnoume èna

nèo kelÐ pou perièqei dÔo gen torec alusÐdec, èstw i(1) kai i(2). Autèc antistoiqoÔn se dÔo

eleÔjerec alusÐdec I(1) kai I(2) sto periodikì sÔsthma. MÐa eikìna thc I(1) xedipl¸netai

entel¸c sto 2C, all� up�rqoun dÔo eikìnec thc I(2) pou tèmnoun to 2C (deÐte thn Eikìna

4.2). Tìte èqoume

LM2C =

[
SLP (I

(1)) LKP (I
(1), I(2))

LKP (I
(1), I(2)) SLP (I

(2))

]
=

[
0 2

2 0

]
(4.2)
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Prosjètontac thn pr¸th kol¸na sthn deÔterh kai afair¸ntac thn pr¸th seir� apì thn deÔ-

terh paÐrnoume ènan ìmoio pÐnaka:[
1 0

−1 1

]
·

[
0 2

2 0

]
·

[
1 0

1 1

]
=

[
2 0

0 −2

]
(4.3)

me idiotimèc λ1 = SLP (I) = 2, λ2 = −2

Sq ma 4.3: To kelÐ 3C perièqei treÐc genn torec alusÐdec, i(1) (ta mplè tìxa), i(2) (ta

kìkkina tìxa), kai i(3) (ta pr�sina tìxa), sta opoÐa epib�llei mÐa PSS.

Gia to keli 3C pou dhmiourgeÐtai met� thn sugkìllhsh tri¸n antigr�fwn tou C (deÐte

Eikìna 4.3) èqoume

LM3C =

0 1 1

1 0 1

1 1 0

 (4.4)

pou eÐnai ìmoioc me ton pÐnaka 2 2 1

0 −1 0

0 0 −1

 (4.5)

me idiotimèc λ′1 = λ1 = SLP (I) = 2 kai λ′2,3 = −1. ParathroÔme ìti autìc o pÐnakac èqei to

Ðdio qarakthristikì polu¸numo ìpwc to eujÔ �jroisma LMC ⊕ LM22, ìpou

LM22 =

[
−1 0

0 −1

]
(4.6)

Gia to kelÐ 4C pou dhmiourgeÐtai met� apì thn sugkìllhsh tess�rwn antigr�fwn tou C

èqoume
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LM4C =


0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0

 (4.7)

pou eÐnai ìmoioc me ton pÐnaka 
2 2 1 1

0 −1 0 −1
0 1 0 1

0 −1 0 −1

 (4.8)

Autìc o pÐnakac èqei to Ðdio qarakthristikì polu¸numo ìpwc to eujÔ �jroisma LMC⊕LM22,

ìpou

LM22 =

−1 0 −1
1 0 1

−1 0 −1

 (4.9)

me idiotimèc λ′′1 = λ1 = SLP (I) kai λ
′′
2 = −2, λ′′34 = 0.

Parat rhsh 4.1.6. ParathroÔme ìti ta qarakthristik� polu¸numa ìlwn twn parap�nw

pin�kwn èqoun koinì par�gonta to (λ − 2). EpÐshc, λ1 = 2 eÐnai h megalÔterh idiotim  gia

ìlouc.

Sth sunèqeia ja melet soume thn perÐptwsh mÐac alusÐdac se mÐa PSS pou xedipl¸netai

se k keli�. O periodikìc pÐnakac perièlixhc tou sust matoc èqei mègejoc 1 × 1, LMC =

SLP (I) = Sl(I1) +
∑

i L(I1, Ii).

E�n koll soume m keli� gia na fti�xoume èna megalÔtero kelÐ mC, tìte apì to L mma

4.1.1 up�rqoun m genn torec alusÐdec sto k1C. O pÐnakac perièlixhc autoÔ tou kelioÔ èqei

mègejoc m×m kai èqei thn parak�tw morf :

LMmC =


SLP (I

(1)) LKP (I
(1), I(2)) . . . LKP (I

(1), I(m))

LKP (I
(1), I(2)) SLP (I

(2)) . . . LKP (I
(2), I(m))

. . . . . . . . . . . .

LKP (I
(1), I(m)) LKP (I

(2), I(m)) . . . SLP (I
(m))

 (4.10)
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L mma 4.1.7. 'Estw C èna kelÐ me mÐa PSS pou apoteleÐtai mìno apì mÐa alusÐda thc opoÐac

h eikìna xedipl¸netai se k keli�. 'Estw mC to kelÐ pou diamorf¸netai afoÔ koll soume m

antÐgrafa tou C, tìte to �jroisma ìlwn twn ìrwn mÐac seir�c tou LMmC isoÔtai me SLP (I),

gia k�je m.

Apìdeixh. Ac upologÐsoume to olikì �jroisma twn ìrwn thc pr¸thc seir�c:

SLP (I
(1)) + LKP (I

(1), I(2)) + . . .+ LKP (I
(1), I(m))

= Sl(I1) +
∑
u∈Z

L(I1, I1 + uk1LCb(1, 0, 0))

+
∑
u∈Z

L(I1, I1 + LCb(1, 0, 0) + u ·mLCb(1, 0, 0))+

+ . . .+
∑
u∈Z

L(I1, (I1 + (k1 − 1)LCb(1, 0, 0)) + u ·mLCb(1, 0, 0))

= Sl(I1) +
∑
u∈Z

L(I1, I1 + umLCb(1, 0, 0))

+
∑
u∈Z

L(I1, I1 + (1 + um)LCb(1, 0, 0))+

+ . . .+
∑
u∈Z

L(I1, I1 + (m− 1 + um)LCb(1, 0, 0))

= Sl(I1) +
∑
u∈Z

L(I1, I1 + uLCb(1, 0, 0)) = SLP (I)

(4.11)

ParathroÔme ìti

SLP (I
(1)) = SLP (I

(2)) = . . . = SLP (I
(m))

= SL(I1) +
∑
u∈Z

L(I1, Imu) = SL(I1) +
∑
u∈Z

L(I1, I1 +muL(1, 0, 0))
(4.12)

afoÔ o SL(I1) eÐnai o Ðdioc gia k�je eikìna Iu, kai ìlec oi eikìnec Ii +muL(1, 0, 0)) kai Ii

eÐnai sthn Ðdia sqetik  jèsh ìpwc h I1 +muL(1, 0, 0) se sqèsh me to I1.

EpÐshc èqoume

LKP (I
h1 , Ih2) =

∑
u∈Z

L(Ih1 , Ih2 +muL(1, 0, 0))

=
∑
u∈Z

L(Ih1 , Ih1 + ((h2 − h1) +mu)L(1, 0, 0))
(4.13)

kai
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LKP (I
h′
1 , Ih

′
2) =

∑
u∈Z

L(Ih
′
1 , Ih

′
2 +muL(1, 0, 0))

=
∑
u∈Z

L(Ih
′
1 , Ih

′
1 + ((h′2 − h′1) +mu)L(1, 0, 0))

=
∑
u∈Z

L(Ih
′
1 , Ih

′
1 + ((h2 − h1) +mu)L(1, 0, 0))

(4.14)

All� Ih1 , Ih1+((h2−h1)+mu)L(1, 0, 0) eÐnai sthn Ðdia sqetik  jèsh ìpwc oi Ih
′
1 , Ih

′
1+((h2−

h1) + mu)L(1, 0, 0), �ra, LKP (I
h′
1 , Ih

′
2) = LKP (I

h1 , Ih2). 'Ara, èqoume LKP (I
(1), I(2)) =

LKP (I
(2), I(3)), klp. Dhlad , gia k�je I(h

′
1), I(h

′
2) tètoio ¸ste h′2 − h′1 = h2 − h1, eÐnai

LKP (I
(h1)′, I(h2)′) = LKP (I

(h1), I(h2)) (4.15)

'Ara apì thn Ex. 4.12 kai thn Ex. 4.15 èqoume ìti to �jroisma twn stoiqeÐwn k�je

gramm c eÐnai SLP (I).

Parat rhsh 4.1.8. Akrib¸c to Ðdio isqÔei gia to �jroisma twn ìrwn k�je kol¸nac.

Parat rhsh 4.1.9. [Epipt¸seic tou L mmatoc 4.1.7]

(i) H sunolik  perièlixhc pou efarmìzetai se mÐa alusÐda, lìgw thc perièlixhc me tic eikìnec

twn �llwn alusÐdwn kai thn perièlixhc me tic eikìnec tou eautoÔ thc, paramènei stajerìc kai

eÐnai anex�rthtoc apì to mègejoc tou kelioÔ.

(ii) To sunolikì �jroisma twn stoiqeÐwn tou pÐnaka perièlixhc exart�tai grammik� apì to

mègejoc tou kelioÔ. 'Estw Total(LMC) to sunolikì �jroisma twn stoiqeÐwn tou periodikoÔ

pÐnaka perièlixhc LMC . Tìte, eÐnai Total(LMmC) = mTotal(LMC) = mSL(I).

(iii) Apì tic Ex. 4.12 kai 4.15, èpetai ìti o LMmC eÐnai ènac summetrikìc kuklikìc pÐnakac.

AutoÐ oi pÐnakec èqoun idiaÐterec idiìthtec pou touc sqetÐzoun me metasqhmatismoÔc Fourier.

Parat rhsh 4.1.10. Sthn perÐptwsh kleist¸n alusÐdwn, gia èna arket� meg�lo kelÐ,

o pÐnakac perièlixhc ja perièqei mhdenik� stoiqeÐa. Kaj¸c to mègejoc tou kelioÔ aux�nei

to pl joc twn m  mhdenik¸n stoiqeÐwn mei¸netai, dÐnontac ènan araiì pÐnaka. MporoÔme na

d¸soume thn morf  autoÔ tou pÐnaka: Ean sukgoll soume ligìtera apì k keli�, èstw m < k

gia na fti�xoume èna megalÔtero kelÐ mC, tìte kamÐa apì tic eikìnec thc I den xedipl¸netai

sto mC, kai ìla ta stoiqeÐa tou pÐnaka perièlixhc mporèi na eÐnai mh mhdenik�. E�n m ≥ k,

tìte parathroÔme ìti mÐa eikìna mÐac eleÔjerhc alusÐdac den mporèi na eÐnai diaplegmènh me

kamÐa apì tic metaforèc thc mèsa sto mC, �ra eÐnai
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SLP (I
(h)) = sl(I1) := s, e�n k < m (4.16)

'Omoia eÐnai

LKP (I
(h1), I(h2)) = 0, e�n |h2 − h1| > k mod m (4.17)

kai ìpwc faÐnetai sthn apìdeixh tou L matoc 4.1.7, eÐnai

LKP (I
(h1)′, I(h2)′) = LKP (I

(h1), I(h2)) := lh1−h2 , e�n h′2 − h′1 = h2 − h1 mod m (4.18)

'Ara o periodikìc pÐnakac perièlixhc ja èqei thn morf :

LMmC =



s l1 . . . lk 0 . . . 0 lk . . . l1

l1 s l1 . . . lk 0 . . . 0 . . . l2

l2 l1 s l1 . . . lk 0 . . . lk . . .
...

. . . lk . . . 0 lk . . . l1 s l1 l2

l2 . . . lk . . . 0 lk . . . l1 s l1

l1 . . . lk 0 . . . 0 lk . . . l1 s


(4.19)

pou eÐnai o pÐnakac gia ton opoÐo ta stoiqeÐa thc i−st c seir�c eÐnai lii = s, li,(i−d)modm =

ld, li,(i+d)modm = ld gia d = 1, . . . , k and lij = 0 se k�je �llh perÐptwsh.

Prìtash 4.1.11. JewroÔme mÐa eleÔjerh alusÐda I sto periodikì sÔsthma diamorf¸netai

apì èna keli me mÐa PSS. Upojètoume ìti mÐa eikìna thc I xedipl¸nei se k keli�. Tìte o perio-

dikìc pÐnakac perièlixhc LmC tou periodikoÔ sust matoc pou par�getai apì èna megalÔtero

kelÐ apì m sugkollhmmèna keli�, mC èqoume

LmCb =

[
SLP (I) D

0 E

]
(4.20)

ìpou D kai E eÐnai pragmatikoÐ pÐnakec megèjouc 1× (m−1) kai (m−1)× (m−1) antÐstoiqa.

Apìdeixh. Ja deÐxoume ìti autìc o pÐnakac mporeÐ na ekfrasteÐ sthn parak�tw morf :

Q−1LmCbQ =

[
SLP (I) C

0 D

]
(4.21)

ìpou Q kai Q−1 eÐnai ginìmena apl¸n pin�kwn, dhlad 
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Q =



1 0 0 0 0 0 0 0 0 0

1 1 0 . . . 0 0 0 0 0 0

. . .

1 . . . 1 1 0 0 . . . 0 . . . 0

1 1 . . . 1 1 0 . . . 0 . . . 0

1 1 . . . 1 1 1 . . . 0 . . . 0

1 1 . . . 1 1 1 1 0 . . . 0

. . .

1 1 . . . 1 1 1 1 1 1 0

1 1 . . . 1 1 1 1 1 1 1



=
∏

1≤l≤m−1

Qm−1 (4.22)

pou eÐnai o pÐnakac gia ton opoÐo [Q]ij = 1 gia j ≤ i kai [Q]ij = 0, j > i, kai

Q−1 =



1 0 0 . . . 0 0 . . . 0

−1 1 0 0 . . . 0 . . . 0

. . .

0 . . . −1 1 0 0 . . . 0

0 . . . 0 −1 1 0 . . . 0

. . .

0 . . . 0 . . . 0 −1 1 0

0 . . . 0 0 . . . 0 −1 1


=

∏
1≤l≤m−1

(Qm−l)−1 (4.23)

pou eÐnai o pÐnakac gia ton opoÐo [Q−1]ii = 1, [Q−1]i,i−1 = −1 kai [Q−1]ij = 0 gia j ̸= i, i−1.

O pÐnakac Qk eÐnai thc morf c

Qk =



1 0 . . . 0 0 . . . 0

0 1 . . . 0 0 . . . 0

. . .

0 0 . . . 1 0 . . . 0

0 . . . 0 1 1 0 . . .

. . .

0 0 . . . 0 0 1 0

0 . . . 0 0 . . . 0 1


(4.24)

tou opoÐou ta stoiqeÐa eÐnai [Qk]ij = 1 gia i = j kai [Qk]ij = 0 gia k�je j ̸= i ektìc tou

stoiqeÐou [Qk]k,k−1 = 1. O pollaplasiasmìc LMmCQ
k prosjètei ìla ta stoiqeÐa thc k−st c

kol¸nac LMmC sta stoiqèia thc (k − 1)−kol¸nac.
OmoÐwc, o pÐnakac (Qk)−1 eÐnai thc morf c
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(Qk)−1 =



1 0 . . . 0 0 . . . 0

0 1 . . . 0 0 . . . 0

. . .

0 0 . . . 1 0 . . . 0

0 . . . 0 −1 1 0 . . .

. . .

0 0 . . . 0 0 1 0

0 . . . 0 0 . . . 0 1


(4.25)

ta stoiqeÐa tou opoÐou eÐnai [(Qk)−1]ij = 1 gia i = j kai [(Qk)−1]ij = 0 gia k�je j ̸= i ektìc

tou stoiqeÐou [(Qk)−1]−1
k,k−1 = −1. O pollaplasiasmìc (Qk)−1LMmC k�nei thn afaÐresh

ìlwn twn stoiqeÐwn thc (k − 1)st c seir�c tou LMmC apì ta stoiqeÐa thc k−seir�c.
AfoÔ to �jroisma ìlwn twn stoiqeÐwn mÐac seir�c tou LMmC isoÔtai me SLP (I), eÐnai

profanèc ìti pollaplasi�zontac me Q to stoiqeÐo me deÐktec (1, 1) tou pÐnaka prokÔptei ja

eÐnai SLP (I). All�, gia na p�roume ènan ìmoio pÐnaka prèpei na pollaplasi�soume epÐshc me

Q−1.

To stoiqeÐo [LM ′
mC ]ij tou pÐnaka LM ′

mC = Q−1LMmCQ mporèi na grafteÐ san:

[LM ′
mC ]ij =

∑
1≤u≤m

[Q−1]iu
[ ∑
1≤v≤m

[LMmC ]uv[Q]vj
]

=
∑

1≤u≤m

[Q−1]iu
[ ∑
j≤v≤m

[LMmC ]uv
]
=

∑
j≤v≤m

[LMmC ]iv −
∑

j≤v≤m

[LMmC ]i+1,v

=
∑

j≤v≤m

([LMmC ]iv − [LMmC ]i+1,v)

(4.26)

ìpou parathr same ìti [Q]vj = 0 gia v < j, kai [Q]vj = 1 gia v ≥ j. EpÐshc, eÐnai [Q−1]iu = 0

gia k�je u ̸= i− 1, i kai [Q]i,i−1 = −1, [Q]ii = 1.

'Ara, apì to L mma 4.1.7 gia i > 1, j = 1, èqoume:

[LM ′
mC ]i1 =

∑
1≤v≤m

[LMmC ]iv −
∑

1≤v≤m

[LMmC ]i+1,v = SLP (I)− SLP (I) = 0 (4.27)

'Ara, o pÐnakac perièlixhc mporeÐ na grafteÐ san

LMmC ∼ LM ′
mC =


SLP ∗ . . . ∗ ∗
0 ∗ . . . ∗ ∗
. . .

0 ∗ . . . ∗ ∗
0 ∗ . . . ∗ ∗

 (4.28)
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ParathroÔme ìti apì to parap�nw apotèlesma èpetai ìti

Parat rhsh 4.1.12. (1) to qarakthristikì polu¸numo tou LMmC eÐnai tètoio pou SLP (I)⊕
E, ìpou E ènac pragmatikìc pÐnakac megèjouc m− 1×m− 1.

(2) oi idiotimèc tou LC brÐskontai an�mesa stic idiotimèc tou LmC .

Parat rhsh 4.1.13. 'Estw b = {I(1), . . . , I(m)} oi alusÐdec sto kelÐ mCb. Aut  eÐnai

h arqik  b�sh sthn opoÐa antistoiqeÐ o pÐnakac LkCb. Tìte h nèa b�sh tou b′ mporeÐ na

ekfrasteÐ wc proc thn pali� san b′ = Q−1bQ, dhlad 

b′ = Q−1bQ =


I(m)

I(m) − I(1)

I(m) − I(2)

. . .

I(m) − I(m−1)

 (4.29)

Par�deigma 2[Genik  perÐptwsh mÐac kleist c eleÔjerhc alusÐdac se mÐa PSS pou xedi-

pl¸netai se dÔo keli�]: Gia mÐa eleÔjerh alusÐda, èstw I, pou xedipl¸netai se dÔo keli� C,

up�rqoun mìno dÔo eikìnec, I1 kai I2, pou tèmnoun to C. Gia to sÔsthma pou par�getai apì

to C, o pÐnakac perièlixhc

LMC = SLP (I) = Sl(I1) + L(I1, I2) (4.30)

E�n sugkoll soume dÔo keli� pou diamorf¸noun èna kelÐ 2C, tìte to nèo kelÐ par�gei

dÔo eleÔjerec alusÐdec, èstw I(1) kai I(2) kai o pÐnakac perièlixhc eÐnai

LM2C =

[
SLP (I

(1)) LKP (I
(1), I(2))

LKP (I
(1), I(2)) SLP (I

(2))

]
(4.31)

AfoÔ up�rqei mìno mÐa eikìna thc I(1) se èna kelì 2C, mÐa eikìna thc I(1) den eÐnai peplegmènh

me tic eikìnec thc, �ra, eÐnai SLP (I
(1) = Sl(I1). 'Omoia, afoÔ mÐa eikìna thc I(2) xedipl¸nei

se dÔo keli�, tìte eÐnai adÔnato na eÐnai peplegmènh me mÐa metafor� thc kat� 2C, �ra eÐnai

SLP (I
(2) = SLP (I

(1) = Sl(I1) := s. 'Estw I
(1)
1 h eikìna thc I(1) sto C kai I

(2)
1 , I

(2)
2

oi dÔo eikìnec thc I(2) pou tèmnoun to 2C. ParathroÔme ìti oi I
(1)
1 , I

(2)
1 , I

(2)
2 eÐnai ìlec

eikìnec thc I se èna sÔsthma pou par�getai apì to C, kai eÐnai metaforèc thc I1, dhlad ,

I
(2)
1 = I

(1)
1 +LCb(1, 0, 0) kai I

(2)
2 = I

(1)
1 −LCb(1, 0, 0). EÐnai L(I

(1)
1 , I

(2)
1 ) = L(I

(1)
1 , I

(2)
1 ) := l/2
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afoÔ ta zeÔgh twn eikìnwn eÐnai sthn Ðdia sqetik  jèsh. 'Ara èqoume LKP (I
(1), I(2)) = l.

'Ara o pÐnakac perièlixhc mporeÐ na grafteÐ san

LM2C =

[
s l

l s

]
(4.32)

pou eÐnai ìmoioc me ton pÐnaka

[
SLP l/2

0 s− l/2

]
(4.33)

me idiotimèc λ1 = SLP (I) = Sl(I1)+L(I1, I2) and λ2 = Sl(I2)−L(I1, I2) = Sl(I1−L(I1, I2).
E�n koll soume trÐa tètoia keli� paÐrnoume ton parak�tw pÐnaka

LM3C =

 s l/2 l/2

l/2 s l/2

l/2 l/2 s

 (4.34)

pou eÐnai ìmoioc me ton pÐnaka

s+ l l l/2

0 s− l/2 0

0 0 s− l/2

 (4.35)

me idiotimèc λ′1 = λ1 kai λ′2,3 = s− l/2 = SL(A1)−Lk(A1, A2)/2. 'Omoia, gia thn sugkìllhsh

twn tess�rwn keli¸n èqoume ton parak�tw pÐnaka perièlixhc

LM4C =


s l/2 0 l/2

l/2 s l/2 0

0 l/2 s l/2

l/2 0 l/2 s

 (4.36)

me idiotimèc λ′′1 = λ1 kai λ′′2,3 = s, λ′′4 = 1− s.

Parat rhsh 4.1.14. Sto prohgoÔmeno par�deigma parathroÔme ìti

(i) o SLP (I) eÐnai mÐa idiotim  gia ìlouc touc periodikoÔc pÐnakec perièlixhc

(ii) e�n s · l > 0 tìte h megalÔterh idiotim  eÐnai SLP (I) gia k�je mègejoc keli¸n

(iii) e�n s · l < 0 tìte SLP den eÐnai h megalÔterh idiotim  anex�rthta tou megèjouc tou kelioÔ
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4.1.1.2 n kleistèc alusÐdec se èna kelÐ me mÐa PSS

Se aut  thn par�grafo ja epekteÐnoume ta prohgoÔmena apotelèsmata sthn perÐptwsh n

alusÐdwn se èna sÔsthma me mÐa PSS. Pr¸ta dÐnoume èna bohjhtikì par�deigma.

Par�deigma 1[O periodikìc pÐnakac perièlixhc tou kelioÔ thc Eikìnac 4.4]: Autì to kelÐ

apoteleÐtai apì dÔo kleistèc genn torec alusÐdec, èstw i kai j. Autèc antistoiqoÔn se dÔo

kleistèc eleÔjerec alusÐdec I kai J sto periodikì sÔsthma, ètsi ¸ste mÐa eikìna tou I keÐtai

entel¸c mèsa sto C, kai mÐa eikìna J xedipl¸nei se dÔo keli�.

Sq ma 4.4: 'Ena kelÐ me dÔo genn torec alusÐdec epib�llei mÐa PSS. MÐa eikìna thc

eleÔjerhc alusÐdac I (kìkkina tìxa) xedipl¸netai sto C. DÔo eikìnec thc eleujerhc

alusÐdac J (mplè tìxa) tèmnoun to C.

gia to kelÐ C, èqoume ton pÐnaka perièlixhc

LMC =

[
SLP (I) LKP (I, J)

LKP (I, J) SLP (J)

]
=

[
1 3

3 0

]
(4.37)

me idiotimèc λ1 =
1
2(1 +

√
37) kai λ2 =

1
2(1−

√
37).

Sq ma 4.5: To kelÐ 2C apoteleÐtai apì tèsseric alusÐdec genn torec
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Ac sugkoll soume dÔo keli� gia na fti�xoume èna megalÔtero kelÐ 2C. Se autì to

kelÐ keÐtai tèsseric alusÐdec genn torec, èstw i(1), i(2), j(1), j(2) (deÐte Eikìna 4.5). Autèc

antistoiqoÔn se tèsseric eleÔjerec alusÐdec sto periodikì sÔsthma, I(1), I(2), J (1), J (2) kai o

pÐnakac perièlixhc tou nèou kelioÔ eÐnai

LM2C =


SLP (I

(1)) LKP (I
(1), I(2)) LKP (I

(1), J (1)) LKP (I
(1), J (2))

LKP (I
(1), I(2)) SLP (I

(2)) LKP (I
(2), J (1)) LKP (I

(2), J (2))

LKP (I
(1), J (1)) LKP (I

(2), J (1)) SLP (J
(1)) LKP (J

(1), J (2))

LKP (I
(1), J (2)) LKP (I

(2), J (2)) LKP (J
(1), J (2)) SLP (J

(2))



=


1 0 1 2

0 1 2 1

1 2 0 0

2 1 0 0


(4.38)

pou eÐnai ìmoioc me ton pÐnaka 
1 3 0 0

3 0 0 0

0 0 1 1

0 0 1 0

 (4.39)

me idiotimèc λ′1 = λ1, λ
′
2 = λ2 and λ′3 =

1
2(1 +

√
5) kai λ′4 =

1
2(1−

√
5).

ParathroÔme ìti autìc o pÐnakac èqei to Ðdio qarakthristikì polu¸numo me to eujÔ �jroisma

LMC ⊕ LM22, ìpou

LM22 =

[
1 1

1 0

]
(4.40)

'Estw n alusÐdec, I, J, . . . ,W se èna sÔsthma me mÐa PSS.

O periodikìc pÐnakac perièlixhc autoÔ tou sust matoc eÐnai megèjouc n× n,

LMC =


SLP (I) LKP (I, J) . . . LKP (I,W )

LKP (I, J) SLP (J) . . . LKP (J,W )

. . .

LKP (I,W ) LKP (J,W ) . . . SLP (W )

 (4.41)
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'Otan en¸noume m keli�, o pÐnakac LMmC tou kelioÔ mC eÐnai megèjouc mn×mn. Se
k�je eleÔjerh alusÐda tou kelioÔ C, antistoiqoÔn m eleÔjerec alusÐdec sto kelÐ mC. Sthn

paragmatikìthta oim eleÔjerec alusÐdec eÐnaim uposullogèc eikìnwn thc arqik c eleÔjerhc

alusÐdac. K�noume thn sÔmbash ìti ston LMmC oi seirèc u, u+1, . . . , u+m−1 antistoiqoÔn
stic eleÔjerec alusÐdec pou dhmiourgoÔntai apì thn Ðdia arqik  eleÔjerh alusÐda sthn seir�

u tou arqikoÔ pÐnaka perièlixhc LMC .

L mma 4.1.15. 'Estw C èna kelÐ me mÐa PSS pou apoteleÐtai apì n alusÐdec pou xedipl¸-

nontai se ki, i = 1, . . . , n keli� h k�je mÐa. 'Estw mC to kelÐ pou diamorf¸netai koll¸ntac m

anÐgrafa tou C, tìte to �jroisma ìlwn twn stoiqeÐwn k�je seir�c (u− 1)m+ v, v = 1, . . . ,m

tou LMmC isoÔtai me to �jroisma ìlwn twn stoiqeÐwn thc u−seir�c tou LMC , gia k�je m.

Apìdeixh. Ac upologÐsoume to sunolikì �jroisma twn stoiqeÐwn thc pr¸thc seir�c:

To �jroisma twn pr¸twn k stoiqeÐwn isoÔtai me SLP (I):

SLP (I
(1)) + LKP (I

(1), I(2)) + . . .+ LKP (I
(1), I(m))

= Sl(I1) +
∑
u∈Z

L(I1, I1 + umLCb(1, 0, 0))

+
∑
u∈Z

L(I1, (I1 + LCb(1, 0, 0)) + u ·mLCb(1, 0, 0))

+ . . .+
∑
u∈Z

L(I1, (I1 + (m− 1)LCb(1, 0, 0)) + u ·mLCb(1, 0, 0))

= Sl(I1) +
∑
u∈Z

L(I1, I1 + umLCb(1, 0, 0)) +
∑
u∈Z

L(I1, I1 + (1 + um)LCb(1, 0, 0))

+ . . .+
∑
u∈Z

L(I1, I1 + (m− 1 + um)LCb(1, 0, 0))

= Sl(I1) +
∑

u ∈ ZL(I1, I1 + uLCb(1, 0, 0)) = SLP (I)

(4.42)

To �jroisma twn epìmenwn m stoiqeÐwn eÐnai LKP (I, J):
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LKP (I
(1), J (1)) + LKP (I

(1), J (2)) + . . .+ LKP (I
(1), J (m))

=
∑
u∈Z

L(I1, J1 + umLCb(1, 0, 0)) +
∑
u∈Z

L(I1, (J1 + LCb(1, 0, 0)) + u ·mLCb(1, 0, 0))

+ . . .+
∑
u∈Z

L(I1, (J1 + (m− 1)LCb(1, 0, 0)) + u ·mLCb(1, 0, 0))

=
∑
u∈Z

L(I1, J1 + umLCb(1, 0, 0)) +
∑
u∈Z

L(I1, J1 + (1 + um)LCb(1, 0, 0))

+ . . .+
∑
u∈Z

L(I1, J1 + (m− 1 + um)LCb(1, 0, 0))

=
∑
u∈Z

L(I1, J1 + uLCb(1, 0, 0)) = LKP (I, J)

(4.43)

'Omoia gia ìla ta sÔnola twn epìmenwn m stoiqeÐwn. 'Ara telik� to �jroisma twn stoiqeÐwn

thc pr¸thc seir�c tou LMmC , eÐnai

SLP (I) + LKP (I, J) + . . .+ LKP (I,W ) (4.44)

pou isoÔtai me to �jroisma twn stoiqeÐwn thc pr¸thc seir�c tou LMC .

ParathroÔme ìti gia tic epìmenec m − 1seirèc èqoume p�li ìti to �jroisma twn pr¸twn

m stoiqeÐwn eÐnai:

SLP (I
(1)) = SLP (I

(2)) = . . . = SLP (I
(m))

= SL(I1) +
∑
u∈Z

L(I1, Imu) = SL(I1) +
∑
u∈Z

L(I1, I1 +muL(1, 0, 0))
(4.45)

OmoÐwc ìlec oi alusÐdec J (1), . . . , J (m) klp.

EpÐshc, eÐnai

LKP (I
h1 , Jh2) =

∑
u∈Z

L(Ih1 , Jh2 +muL(1, 0, 0)) (4.46)

kai

LKP (I
h′
1 , Jh′

2) =
∑
u∈Z

L(Ih
′
1 , Jh′

2 +muL(1, 0, 0))

=
∑
u∈Z

L(Ih1 + vL(1, 0, 0), Ih
′
1 + (v +mu)L(1, 0, 0))

(4.47)

'Omwc Ih1 , Jh2 + muL(1, 0, 0) eÐnai sthn Ðdia sqetik  jèsh ìpwc ta Ih1 + vL(1, 0, 0), Ih
′
1 +

(v +mu)L(1, 0, 0), �ra,
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LKP (I
h′
1 , Jh′

2) = LKP (I
h1 , Jh2), e�nh′1 − h′2 = h1 − h2(modm) (4.48)

To Ðdio isqÔei gia ìla ta zeÔgh Ii, . . . ,W u.

'Ara to �jroisma twn epìmenwn m− 1 seir¸n eÐnai xan�

SLP (I) + LKP (I, J) + . . .+ LKP (I,W ) (4.49)

OmoÐwc, gia tic epìmenec m seirèc to sunolikì �jroisma eÐnai

SLP (J) + LKP (I, J) + . . .+ LKP (J,W ) (4.50)

kai to Ðdio gia ìlec tic epìmenec m sullogèc seir¸n.

Parat rhsh 4.1.16. (i) Autì deÐqnei ìti h sunolik  perièlixh pou efarmìzetai se mÐa

alusÐda paramènei stajer , kai eÐnai anex�rthth apì to mègejoc tou kelioÔ.

(ii) To sunolikì �jroisma twn stoiqeÐwn tou pÐnaka perièlixhc exart�tai grammik� apì to

mègejoc tou kelioÔ. TonÐzoume ìti sthn perÐptwsh mìno mÐac alusÐdac to sunolikì �jroisma

ìlwn twn stoiqeÐwn mÐac seir�c eÐnai to Ðdio gia k�je seir�, all� sthn perÐptwsh perissìterwn

alusÐdwn, to �jroisma k�je seir�c mporeÐ na diafèrei.

(iii) Apì tic Ex 4.45 kai 4.48, o LMmC eÐnai ènac kuklikìc pÐnakac.

Prìtash 4.1.17. 'Estw LMC o periodikìc pÐnakac perièlixhc enìc periodikoÔ sust matoc

par�getai apì to kelÐ C me mÐa PSS, pou perièqei n alusÐdec. Tìte k�je �lloc periodikìc

pÐnakac perièlixhc LMmC tou Ðdiou periodikoÔ sust matoc par�getai apì to kelÐ MC eÐnai

thc morf c

LMmC =

[
LMC D

0 E

]
(4.51)

ìpou D eÐnai megèjouc 1× (m− 1) kai E eÐnai megèjouc (m− 1)× (m− 1).

Apìdeixh. ParathroÔme ìti mporoÔme na doÔme ènan pÐnaka perièlixhc san ènan mplok pÐnaka

ta stoiqeÐa tou opoÐou eÐnai pÐnakec di�stashc m×m, wc ex c:

LMmC =


LM1,1 LM1,2 . . . LM1,nm

LM1,2 LM2,2 . . . LM2,nm

...

LM1,nm LM2,nm . . . LMnm,nm

 (4.52)
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Oi diag¸nioi pÐnakec, èstw LM1,1, aforoÔn thn perièlixh twn gennhtìrwn alusÐdwn pou

eÐnai eikìnec thc Ðdiac gennhtìrou alusÐdac, èstw I, sto arqikì kelÐ C. ParathroÔme ìti o

pÐnakac LM1,1 eÐnai akrib¸c o periodikìc pÐnakac perièlixhc tou kelioÔ CI pou dhmiourgeÐtai

apì to kelÐ C ean agno soume ìlec tic genn torec alusÐdec ektìc thc i.

Q =



1 0 0 0 0 0 0 0 0 0

1 1 0 . . . 0 0 0 0 0 0

. . .

1 . . . 1 1 0 0 . . . 0 . . . 0

1 1 . . . 1 1 0 . . . 0 . . . 0

1 1 . . . 1 1 1 . . . 0 . . . 0

1 1 . . . 1 1 1 1 0 . . . 0

. . .

1 1 . . . 1 1 1 1 1 1 0

1 1 . . . 1 1 1 1 1 1 1



(4.53)

pou eÐnai o pÐnakac gia ton opoÐo [Q]ij = 1 gia j ≤ i kai [Q]ij = 0, j > i, kai

Q−1 =



1 0 0 . . . 0 0 . . . 0

−1 1 0 0 . . . 0 . . . 0

. . .

0 . . . −1 1 0 0 . . . 0

0 . . . 0 −1 1 0 . . . 0

. . .

0 . . . 0 . . . 0 −1 1 0

0 . . . 0 0 . . . 0 −1 1


(4.54)

pou eÐnai o pÐnakac gia ton opoÐo [Q−1]ii = 1, [Q−1]i,i−1 = −1 kai [Q−1]ij = 0 gia j ̸= i, i−1.

E�n pollaplasi�soume ton LMmC me touc pÐnakec Q′ = Q ⊕ Q ⊕ . . . ⊕ Q kai (Q′)−1 =

Q−1 ⊕Q−1 ⊕ . . .⊕Q−1, (n eujèa ajroÐsmata gia k�je ìro), ìpou Q kai Q−1 eÐnai ginìmena

apl¸n pin�kwn ìpwc sthn Prìtash 4.1.11, upologÐzoume ta stoiqeÐa tou pÐnaka (Q′)1LMmCQ
′

wc ex c:

Pr¸ta gia ta diag¸nia stoiqeÐa èqoume

[(Q′)−1LMmCQ
′]ii =

∑
1≤u≤n

[(Q′)−1]i,u
∑

1≤v≤n

LMu,v[Q
′]v,j (4.55)

kai èqoume ìti [Q′]v,j = O an v ̸= j, kai [Q′]j,j = Q. 'Omoia, [(Q′)−1]v,j = O an v ̸= j, kai

[(Q′)−1]j,j = Q−1 �ra eÐnai
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[Q−1LMmCQ]ij = [(Q′)−1]i,iLMu,j [Q
′]j,j = Q−1LMi,jQ (4.56)

Tìte ta diag¸nia stoiqeÐa, deÐxame ìti sthn apìdeixh thc Prìtashc 4.1.11 ìti

Q−1LMi,iQ =


SLP ∗ . . . ∗
0 ∗ . . . ∗
...

0 ∗ . . . ∗

 (4.57)

gia i ̸= j, tìte sthn apìdeixh tou L mmatoc 4.1.7 apodeÐxame ìti to �jroisma ìlwn twn

stoiqeÐwn mÐac seir�c tou LMi,j isoÔtai me LKP (I, J). Tìte upologÐzoume

[Q−1LMi,jQ]u,v =
∑

1≤s≤m

[Q−1]u,s
[ ∑
1≤t≤m

[LMi,j ]v,t[Q]t,s
]

=
∑

1≤s≤m

[Q−1]u,s
[ ∑
s≤t≤m

[LMi,j ]v,t[Q]t,s
]
=

∑
v≤s≤m

[LMi,j ]s,v −
∑

v≤s≤m

[LMi,j ]s+1,v

=
∑

v≤s≤m

([LMi,j ]s,v − [LMi,j ]s+1,v)

(4.58)

ìpou parathr same ìti [Q]t,s = 0 gia t < s, kai [Q]t,s = 1 gia t ≥ s. EpÐshc [Q]−1
t,s = 0 gia

k�je s ̸= t− 1, t kai [Q−1]t,t−1 = −1, [Q−1]t,t = 1.

'Ara gia u > 1, v = 1, apì to L mma 4.1.15 èqoume ìto to �joisma k�je seir�c LMi,j eÐnai

LKP (I, J):

[Q−1LMi,jQ]u1 =
∑

1≤s≤m

[LMi,j ]u,s −
∑

1≤s≤m

[LMi,j ]u+1,s

= LKP (I, J)− LKP (I, J) = 0

(4.59)

'Ara apodeÐxame ìti

Q−1LMi,jQ =


LKP ∗ . . . ∗
0 ∗ . . . ∗
...

0 ∗ . . . ∗

 (4.60)

'Ara èqoume
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(Q′)−1LMmCQ
′ =

SLP (I) ∗ . . . LKP (I, J) ∗ . . . LKP (I,W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

LKP (I, J) ∗ . . . SLP (J) ∗ . . . LKP (J,W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

. . .

LKP (I,W ) ∗ . . . LKP (J,W ) ∗ . . . SLP (W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .



(4.61)

Tìte antall�ssontac seirèc kai kol¸nec deÐqnoume ìti autìc o pÐnakac eÐnai ìmoioc me

ton epìmeno pÐnaka

LMmC ∼

SLP (I) LKP (I, J) . . . LKP (I,W ) ∗ . . . ∗ . . .

LKP (I, J) SLP (J) . . . LKP (J,W ) ∗ . . . ∗ . . .

. . .

LKP (I,W ) LKP (J,W ) . . . SLP (W ) ∗ . . . ∗ . . .

0 0 . . . 0 ∗ . . . ∗ . . .

. . .

. . .

0 0 . . . 0 ∗ . . . ∗ . . .



∼


LMC ∗ . . . ∗ . . .

0 ∗ . . . ∗ . . .

. . .

. . .

0 ∗ . . . ∗ . . .



(4.62)

Parat rhsh 4.1.18. E�n jewr soume tic alusÐdec se èna t gma na par�goun ènan dianu-

smatikì q¸ro, tìte o pÐnakac LM ′
mC ekfr�zetai wc proc thn nèa b�sh:
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b′ = Q−1′bQ =



Ik − I1
...

Ik − Ik−1

...

Jk − Jk−1

...

Wk −W1

...

Wk −Wk−1



(4.63)

Parat rhsh 4.1.19. Sthn perÐptwsh kleist¸n alusÐdwn o LMmC eÐnai ènac araiìc pÐna-

kac gia m arket� meg�lo. Ac upojèsoume ìti koll�me m > maxIkI keli� (ìpou kI eÐnai to

pl joc keli¸n tou elaqistikoÔ xedipl¸matoc mÐac alusÐdac tou C.) Tìte:

SLP (I
(h)) = sl(I1) := s (4.64)

LKP (I
(h1)′, I(h2)′) = LKP (I

(h1), I(h2)), h′2 − h′1 = h2 − h1 mod m (4.65)

LKP (I
(h1), I(h2)) = 0, h2 − h1 > k mod m (4.66)

kai

LKP (I
(h′

1), J (h′
2)) = LKP (I

(h1), J (h2)), h′2 − h′1 = h2 − h1 mod m (4.67)

'Ara mporeÐ na up�rqoun èwc ki diaforetikèc timèc gia to LKP (I
(h1), I(h2)), èstw l1, l2, . . . , lki ,

kai gia k�je zeÔgoc I(h1), I(h2), up�rqei èna zeÔgoc Ih1 , I(h
1−h2)modm sthn Ðdia sqetik  jèsh.

EpÐshc mporeÐ na up�rqoun mèqri kij = max{ki, kj} diaforetikèc timèc gia ta LKP (I
(h1), J (h2)),

èstw ij1, ij2, . . . , ijkij .

Par�deigma 2[Genikì par�deigma dÔo alusÐdwn se mÐa PSS pou xedipl¸noun se dÔo keli�]:

'Estw dÔo alusÐdec kai èna kelÐ C tètoiec ¸ste xedipl¸nontai kai oi dÔo se dÔo keli�, tìte

o pÐnakac perièlixhc ja èqei thn morf 



4.1. PERIODIK�OS P�INAKAS PERI�ELIXHS 169

LMC =

[
SLP (I) LKP (I, J)

LKP (I, J) SLP (J)

]
(4.68)

ìpou SLP (I) = Sl(I1)+L(I1, I2), SLP (J) = Sl(J1)+L(J1, J2) kai LKP (I, J) = L(I1, J1)+

L(I1, J2).

H auto-perièlixh thc alusÐdac I1 ja eÐnai h auto-perièlixh thc xediplwmènhc eikìnac, afoÔ

perièqetai olìklhrh sto kelÐ. H auto-perièlixh thc alusÐdac I2 ja isoÔtai kai p�li me thn

auto-perièlixh thc xediplwmènhc eikìnac afoÔ den diaplèketai me dikèc thc eikìnec. 'Ara

sumbolÐzoume Sl(I1) = Sl(I2) = sI . OmoÐwc Sl(J1) = Sl(J2) = sJ . AfoÔ oi alusÐdec I1, J1

keÐtontai ex oloklhrou mèsa sto kelÐ, kai oi alusÐdec I2, J2 fj�noun sto sÔnoro tou kelioÔ

kai xanampaÐnoun, mporoÔme na doÔme tic xediplwmènec eikìnec I2, J2 san mÐa metafor� twn

eikìnwn twn I1, J1 krat¸ntac tic sqetikèc touc jèseic stajerèc. 'Ara mporoÔme na doÔme ìti

L(I1, J1) = L(I2, J2) = x. Lìgw thc summetrÐac pou epib�lloun oi PSS mporoÔme na doÔme

epÐshc ìti L(I1, J2) = L(I2, J1) = y, �ra oi prohgoÔmenoi pÐnakec perièlixhc èqoun thn morf 

LMC =

[
sI + lI x+ y

x+ y sI + lI

]
(4.69)

me idiotimèc

λ1,2 =
1

2
(lI + lJ + sI + sJ

±
√

(−lI − lJ − sI − sJ)2 − 4(lI lJ + lJsI + lIsJ + sIsJ − (x+ y)2))
(4.70)

Ac jewr soume thn sugkìllhsh dÔo keli¸n, tìte èqoume dÔo oloklhrwmènec alusÐdec,

I1, J1, mèsa sto kelÐ kai dÔo alusÐdec pou fj�noun sto sÔnoro kai xanampaÐnoun, I2, J2. O

pÐnakac perièlixhc eÐnai

LM2C =


SLP (I

(1)) LKP (I
(1), I(2)) LKP (I

(1), J (1)) LKP (I
(1), J (2))

LKP (I
(1), I(2)) SLP (I

(2)) LKP (I
(2), J (1)) LKP (I

(2), J (2))

LKP (I
(1), J (1)) LKP (I

(2), J (2)) SLP (J
(1)) LKP (J

(1), J (2))

LKP (I
(1), I(2)) LKP (I

(2), I(2)) LKP (J
(1), J (2)) SLP (J

(2))



=


sI lI x y

lI sI y x

x y sJ lJ

y x lJ sJ


(4.71)

me idiotimèc λ′1,2 = λ1,2 kai
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λ′3,4 =
1

2
(−lI − lJ + sI + sJ)

±
√

(lI + lJ − sI − sJ)2 − 4(lI lJ − lJsI − lIsJ + sIsJ − (x− y)2))
(4.72)

O pÐnakac perièlixhc LM2C eÐnai ìmoioc me ton parak�tw pÐnaka

QL2CbQ
−1 =


sI + lI x+ y lA x

x+ y sJ + lJ x lB

0 0 sI − lI x− y
0 0 y − x sJ − lJ

 (4.73)

pou èqei to Ðdio qarakthristikì polu¸numo ìpw; to eujÔ �jroisma LMC ⊕ (LM2C)22, ìpou

(LM2C)22 =

[
sA − lA x− y
y − x sB − lB

]
(4.74)

me idiotimèc λ1, λ2, λ′3, λ
′
4.

Ac jewr soume t¸ra thn sugkìllhsh tri¸n keli¸n, tìte èqoume tèsseric alusÐdec I(1),

I(2), J (1), J (2) pou keÐtontai mèsa sto meg�lo autì kelÐ kai dÔo alusÐdec I(3), J (3) pou

akoumpoÔn tic èdrec tou kelioÔ autoÔ. O pÐnakac perièlixhc pou antistoiqeÐ se autì to

meg�lo kelÐ eÐnai tìte

LM3C =



sI lI/2 lI/2 u v z

lI/2 sI lI/2 z u v

lI/2 lI/2 sI v z u

u z v sJ lJ/2 lJ/2

v u z lJ/2 sJ lJ/2

z v u lJ/2 lJ/2 sJ


(4.75)

ìpou u = L(I1, J1) = L(I2, J2) = L(I3, J3), v = L(I1, J2) = L(I2, J3) = L(I3, J1), z =

L(I1, J3) = L(I2, J1) = L(I3, J2) kai u + v + z = x + y = L(I, J). Akolouj¸ntac thn Ðdia

diadikasÐa me prÐn mporoÔme na deÐxoume ìti autìc eÐnai ìmoioc me ton parak�tw pÐnaka

QLM3CQ
−1 =



sI + lI u+ v + z lI/2 lI u+ z u

u+ v + z sJ + lJ u u+ z lJ lJ/2

0 0 sI − lI/2 0 z − u z − v
0 0 0 sI − lI/2 v − z v − u
0 0 v − u v − z sJ − lJ/2 0

0 0 z − v z − u 0 sJ − lJ/2


(4.76)
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pou èqei to Ðdio qarakthristikì polu¸numo me to eujÔ �jroisma LMC ⊕ (LM3C)22, ìpou

(LM3C)22 =



lI/2 lI u+ z u

u u+ z lJ lJ/2

sI − lI/2 0 z − u z − v
0 sI − lI/2 v − z v − u

v − u v − z sJ − lJ/2 0

z − v z − u 0 sJ − lJ/2


(4.77)

me idiotimèc λ1, λ2, kai

λ′′3,4 =
1

8
(−2lI − 2lJ + 4sI + 4sJ+

((2lI + 2lJ − 4sI − 4sJ)
2 − 16(lI lJ − 2lIsJ − 2lIsJ + 4sIsJ

− 2(x− y)2 − 2(x− z)2 − 2(y − z)2 + yz))1/2)

(4.78)

E�n sugkoll soume tèssera keli� èqoume:

LM4C =



sI lI/2 0 lI/2 u v 0 z

lI/2 sI lI/2 0 z u v 0

0 lI/2 sI lI/2 0 z u v

lI/2 0 lI/2 sI v 0 z u

u z 0 v sJ lJ/2 0 lJ/2

v u z 0 lJ/2 sJ lJ/2 0

0 v u z 0 lJ/2 sJ lJ/2

z 0 v u lJ/2 0 lJ/2 sJ


(4.79)

pou èinai ìmoioc me ton pÐnaka



lI + sI u+ v + z lI lI/2 lI/2 u+ z u+ z u

u+ v + z lJ + sJ u+ z u u+ z lJ lJ/2 lJ/2

0 0 sI − lI/2 −lI/2 0 v v − z v − u
0 0 −lI/2 sI − lI/2 0 z − u z − v z

0 0 lI/2 lI/2 sI −z −u −v
0 0 v v − u v − z sJ − lJ/2 0 −lJ/2
0 0 −z −v −u lJ/2 sJ lJ/2

0 0 z − u z z − v −lJ/2 0 sJ − lJ/2


(4.80)
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pou èqei to Ðdio qarakthristikì polu¸numo me ton LMC ⊕ (LM4C)sub .

Oi idiotimèc tou eÐnai:

λ1,2 =
1
2(lI + lJ + sI + sJ ± ((−lI − lJ − sI − sJ)2− 4(lI lJ + lJsI + lIsJ + sIsJ − u2− 2uv−

v2 − 2uz − 2vz − z2))1/2

λ3,4 =
1
2(−lI − lJ + sI + sJ ± ((lI + lJ − sI − sJ)2− 4(lI lJ − lJsI − lIsJ + sIsJ − u2 +2uv−

v2 + 2uz − 2vz − z2))1/2

λ5,6,7,8 =
1
2(sI + sJ − (s2I − 2sIsJ + s2J + 4u2 + 4v2 − 8vz + 4z2.

Parat rhsh 4.1.20. Sto prohgoÔmeno par�deigma parathroÔme ìti h megalÔterh idiotim 

den eÐnai analloÐwth an�loga em ta prìshma twn sI , sJ , lI , lJ , x, y.

4.1.2 Sust mata me dÔo   treÐc PSS

Se aut  thn par�grafo ja ejwr soume sust mata me dÔo   treÐc PSS. H an�lush se aut 

thn par�grafo akoloujeÐ thn Ðda mèjodo ìpwc sthn perÐptwsh mÐac PSS.

Ja melet soume ton pÐnaka perèlixhc enìc tètoiou stust matoc kaj¸c megal¸noume to

mègejoc tou kelioÔ. Ja epikentrwjoÔme sthn perÐptwsh tri¸n PSS. Ta apotelèsmata gia

dÔo PSS prokÔptoun e�n agno soume thn z−kateÔjunsh. ParathroÔme ìti keli� mporoÔn na
sugkollhjoÔn proc tic x, y kai z kateujÔnseic, ¸ste na fti�xoume èna megalÔtero periodikì

kelÐ. 'Omwc parathroÔme ìti e�n koll soume keli� stic x−, y− kai z− kateujÔnseic tuqaÐa,

h periodik  dom  pou prokÔptei mporeÐ na mhn eÐnai tètoia pou na mporoÔme na koll soume

antÐgrafa tou kelioÔ sÔmfwna me tic PSS gia na fti�xoume èna meg�lo periodikì sÔsthma.

'Ara, se k�je megèjunsh, koll�me keli� se k�je kateÔjunsh gÔrw apì to sÔnoro tou C.

Dhlad , to kelÐ 2C dhmiourgeÐtai apì to kelÐ C koll¸ntac tic gÔrw 26 metaforèc tou C. To

kelÐ mC eÐnai to kelÐ pou dhmiourgeÐtai apì (2m+1)3 antÐgrafa tou C. Apì to L mma 4.1.1

gnwrÐzoume ìti up�rqoun (2m + 1)3 genn torec alusÐdec sto mC (kai (2m + 1)3 eleÔjerec

alusÐdec).

Parat rhsh 4.1.21. Gia dÔo PSS, koll�me keli� gÔrw stic 8 kateujÔnseic tou sunìrou

tou C, shlad , koll�me ta parak�tw keli�: (1, 0, 0), (−1, 0, 0), (0, 1, 0), (0,−1, 0), (1, 1, 0),
(1,−1, 0), (−1, 1, 0), (−1,−1, 0). 'Etsi paÐrnoume xan� èna kubikì kelÐ. OmoÐwc to kelÐ mC

eÐnai to kubikì kelÐ pou dhmiourgeÐtai koll¸ntac (2m+ 1)2 antÐgrafa tou C. E�n to C èqei

n genn torec alusÐdec, tìte apì to L mma 4.1.4, to C èqei (2m+ 1)2n genn torec alusÐdec.

Ac k�noume thn sÔmbash na onom�zoume ta keli� sÔmfwna me thn jèsh touc wc proc

to kelÐ genn tora, pou brÐsketai sth jèsh (0, 0, 0). K�je elèujerh alusÐda eÐnai mÐa meta-

for� thc �llhc, kai onom�zoume tic alusÐdec sÔmfwna me thn metafor� touc wc proc thn
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prwtarqik  touc eikìna I(0,0,0), to shmeÐo b�shc thc opoÐac keÐtai sto kentrikì kelÐ, dhlad 

I(h1,h2,h3) = I(0,0,0)+LC(h1, h2, h3). JewroÔme to mikrìtero tetragwnikì kelÐ pou dhmiourgeÐ-

tai koll¸ntac antÐgrafa tou C, pou perièqei thn I. 'Estw di�stashc kxLCb×kyLCb×kzLCb.

Tìte parathroÔme ìti e�n 2m + 1 < max{kx, ky, kz}, eÐnai adÔnaton gia mÐa eikìna tou I na

xedipl¸netai sto mC.

L mma 4.1.22. 'Estw I mÐa eleÔjerh alusÐda se èna sÔsthma me dÔo PSS me kelÐ gen-

n tora C. 'Estw ìti kx, ky kai kz eÐnai oi mègistec timèc twn diast�sewn tou elaqistikoÔ

xedipl¸matoc mÐac eikìnac I se k�je kateÔjunsh. 'Estw mC to nèo kelÐ pou dhmiourgeÐtai

koll¸ntac (2m + 1)3 antÐgrafa tou C, ìpou 2m + 1 = wxkx + w′
x, 2m + 1 = wyky + w′

y

kai 2m + 1 = wzkz + w′
z, ìpou w

′
x < kx, w

′
y < ky, w

′
z < kz kai wx, wy, wz ∈ N. Up�rqoun

((wx− 1)kx+w′
y +1)((wy − 1)ky +w′

y +1)((wz − 1)kz +w′
z +1) eleÔjerec alusÐdec sto mC

twn opoÐwn oi eikìnec xedipl¸nontai entel¸c.

Apìdeixh. ParathroÔme ìti anex�rthta tou elaqistikoÔ xedipl¸matoc mÐac alusÐdac, se kxkykz

keli� mìno mÐa eikìna thc eleÔjerhc alusÐdac I mporeÐ na xediplwjeÐ sto k1C. Ac upojè-

soume ìti 2m+ 1 = max{kx, ky, kz}. Tìte up�rqei akrib¸c mÐa eleÔjerh alusÐda thc opoÐac

h eikìna xedipl¸netai entel¸c, kai oi upìloipec (2m + 1)3 − 1 eleÔjerec alusÐdec akoum-

poÔn to sÔnoro tou kelioÔ. OmoÐwc, gia k�je m, up�rqoun tìsec eleÔjerec alusÐdec ìsec

oi eikìnec touc xedil¸nontai sto mC, ìsa dhlad  diaforetik� tetr�edra embadoÔ kxkykz u-

p�rqoun mèsa sto mC. Aut� eÐnai akrib¸c (2m + 1 − kx)(2m + 1 − ky)(2m + 1 − kz) =

((wx − 1)kx + w′
x + 1)((wy − 1)ky + w′

y + 1)((wz − 1)kz + w′
z).

4.1.2.1 MÐa kleist  alusÐda se èna kelÐ me dÔo   treÐc PSS

Ac jewr soume mÐa eleÔjerh alusÐda, èstw I se èna sÔsthma me treÐc PSS. O periodikìc

pÐnakac perièlixhc autoÔ tou sust matoc eÐnai di�stashc 1 × 1, LMC = SLP (I) = Sl(I1) +∑
i L(I1, Ii). Akrib¸c to Ðdio isqÔei gia sust mata me dÔo PSS. Genik�, ìla mporoÔn na

anaqjoÔn sthn perÐptwsh dÔo PSS agno¸ntac thn z kateÔjunsh.

L mma 4.1.23. 'Estw C to kelÐ me treÐc PSS (ant. dÔo PSS) pou apoteleÐtai apì mÐa mìno

alusÐda. 'Estw mC to kelÐ pou diamorf¸netai afoÔ koll soume (2m+ 1)3 (ant. (2m+ 1)2)

antÐgrafa tou C ¸ste na fti�xoume èna megalÔtero kelÐ se treÐc PSS (ant. dÔo PSS) twn

opoÐwn oi x, y kai z diast�seic eÐnai 2m+ 1, tìte to �jroisma ìlwn twn ìrwn mÐac seir�c tou

LMmC isoÔtai me SLP (I), gia k�je m.

Apìdeixh. Ac upologÐsoume to sunolikì �jroisma twn ìrwn thc pr¸thc seir�c:
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SLP (I
(0,0,0)) + LKP (I

(0,0,0), I(0,0,1)) + . . .+ LKP (I
(0,0,0), I(−m,−m,−m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, I1 + LCb(0, 1, 0) + (2m+ 1)LCb(u1, u2, u3))

+ . . .+
∑

u1,u2,u3∈Z
L(I1, I1 + LCb(−m,−m,−m) + (2m+ 1)LCb(u1, u2, u3))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, I1 + LCb((2m+ 1)u1, (2m+ 1)u2, (2m+ 1)u3) + 1)

+ . . .

+
∑

u1,u2,u3∈Z
L(I1, I1 + LCb((2m+ 1)u1 −m, (2m+ 1)u2 −m, (2m+ 1)u3 −m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + LCb(u1, u2, u3))

= SLP (I)

(4.81)

ParathroÔme ìti

SLP (I
(0,0,0)) = SLP (I

(0,0,1)) = . . . = SLP (I
(−m,−m,−m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, Im(u1,u2,u3))

= Sl(I1) +
∑
u1∈Z

∑
u2∈Z

∑
u3∈Z

L(I1, I1 +mLCb(u1, u2, u3))

(4.82)

afoÔ Sl(I1) eÐnai to Ðdio gia k�je eikìna Iu, kai ìlec oi eikìnec Ii +mLCb(u1, u2, u3) kai Ii

eÐnai stic Ðdiec sqetikèc jèseic ìpwc oi I1 +mLCb(u1, u2, u3) se sqèsh me thn I1.

EpÐshc eÐnai
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LKP (I
h1,h2,h3 , Ih4,h5,h6)

=
∑

u1,u2,u3∈Z
L(Ih1,h2,h3 , Ih4,h5,h6 + (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(Ih1,h2,h3 , Ih1,h2,h3

+ LCb(h4 − h1, h5 − h2, h6 − h3) + (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(Ih1,h2,h3 , Ih1,h2,h3

+ LCb((h3 − h1) + (2m+ 1)u1, (h4− h2) + (2m+ 1)u2, (2m+ 1)u3)

(4.83)

kai

LKP (I
h′
1,h

′
2,h

′
3 , Ih

′
4,h

′
5,h

′
6)

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 , Ih

′
4,h

′
5,h

′
6 + (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 , Ih

′
1,h

′
2,h

′
3 + LCb((h

′
4 − h′1), (h′5 − h′2), (h′6 − h′3))

+ (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 , Ih

′
1,h

′
2,h

′
3 + LCb((h

′
4 − h′1)

+ (2m+ 1)u1, (h
′
5 − h′2) + (2m+ 1)u2, (h

′
6 − h′3) + (2m+ 1)u3))

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 , Ih

′
1,h

′
2,h

′
3

+ LCb((h4 − h1) + (2m+ 1)u1, (h5 − h2) + (2m+ 1)u2, (h6 − h3) + (2m+ 1)u3))

(4.84)

'Omwc oi Ih1,h2,h3 , Ih1,h2,h3 + LCb((h4 − h1) + (2m + 1)u1, (h5 − h2) + (2m + 1)u2, (h6 −
h3) + (2m+ 1)u3) eÐnai stic Ðdiec sqetikèc jèseic me tic Ih

′
1,h

′
2,h

′
3 , Ih

′
1,h

′
2,h

′
3 +LCb((h4 − h1) +

(2m+1)u1, (h5−h2)+ (2m+1)u2, (h6−h3)+ (2m+1)u3), �ra, LKP (I
h′
1,h

′
2,h

′
3 , Ih

′
4,h

′
5,h

′
6) =

LKP (I
h1,h2,h3 , Ih4,h5,h6).

'Ara gia k�je I(h
′
1,h

′
2,h

′
3), I(h

′
4,h

′
5,h

′
6) ètsi ¸ste h′4−h′1 = h4−h1, h′5−h′2 = h5−h2, h′6−h′3 =

h6 − h3, èqoume

LKP (I
(h′

1,h
′
2,h

′
3), I(h

′
4,h

′
5,h

′
6)) = LKP (I

(h1,h2,h3), I(h4,h5,h6)) (4.85)

'Ara to �jroisma ìlwn twn ìrwn mÐac seir�c eÐnai Ðso me SLP (I).
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Parat rhsh 4.1.24. [Apotelèsmata tou L mmatoc 4.1.23]:

(i) H sunolik  perièlixh tou efarmìzetai se mÐa alusÐda paramènei stajer , anex�rthta apì

to mègejoc tou kelioÔ.

(ii) To sunolikì �jroisma twn ìrwn tou pÐnaka exart�tai grammik� apì to mègejoc tou kelioÔ.

'Estw Total(LMC) to sunolikì �jroisma twn ìrwn tou periodikoÔ pÐnaka perièlixhc LMC .

Tìte èqoume Total(LMmC) = (2m+ 1)Total(LMC) = (2m+ 1)SL(I).

(iii) Apì tic Ex. 4.82 kai 4.85, o LMmC eÐnai ènac kuklikìc pÐnakac.

Prìtash 4.1.25. 'Estw mÐa eleÔjerh alusÐda I sto periodikì sÔsthma pou dhmiourgeÐtai

apì èna kelÐ me treÐc PSS. Upojètoume ìti mÐa eikìna thc I xedipl¸netai se k keli�. Tìte

gia ton periodikì pÐnaka perièlixhc LmC tou periodikoÔ sust matoc pou par�getai apì èna

megalÔtero kelÐ, mC, apì (2m+ 1)3 sugkollhmèna keli�, èqoume

LmCb =

[
SLP (I) D

0 E

]
(4.86)

ìpouD eÐnai megèjouc 1×((2m+1)3−1) kai E eÐnai megèjouc ((2m+1)3−1)×((2m+1)3−1).

Apìdeixh. Gia ton pÐnaka LM ′
mC = Q−1LmCQ èqoume ìti to stoiqeÐo [LM ′

mC ]ij mporeÐ na

ekfrasteÐ san:

[LM ′
mC ]ij =

∑
1≤u≤m

[Q−1]iu
[ ∑
1≤v≤m

[LMmC ]uv[Q]vj
]

=
∑

1≤u≤m

[Q−1]iu
[ ∑
j≤v≤m

[LMmC ]uv
]
=

∑
j≤v≤m

[LMmC ]iv −
∑

j≤v≤m

[LMmC ]i+1,v

=
∑

j≤v≤m

([LMmC ]iv − [LMmC ]i+1,v)

(4.87)

ìpou parathr same ìti [Q]vj = 0 gia v < j, kai [Q]vj = 1 gia v ≥ j. EpÐshc, eÐnai [Q−1]iu = 0

gia k�je u ̸= i− 1, i kai [Q]i,i−1 = −1, [Q]ii = 1.

'Ara, gia i > 1, j = 1, apì to L mma 4.1.23 èqoume:

[LM ′
mC ]i1 =

∑
1≤v≤m

[LMmC ]iv −
∑

1≤v≤m

[LMmC ]i+1,v = SLP (I)− SLP (I) = 0 (4.88)

'Ara o pÐnakac perièlixhc mporeÐ na ekfrasteÐ san
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LMmC ∼ LM ′
mC =


SLP ∗ . . . ∗ ∗
0 ∗ . . . ∗ ∗
. . .

0 ∗ . . . ∗ ∗
0 ∗ . . . ∗ ∗

 (4.89)

Parat rhsh 4.1.26. ParathroÔme ìti o LMmC èqei to Ðdio qarakthristikì polu¸numo

me ton SLP (I)⊕ E.

Parat rhsh 4.1.27. Sthn perÐptwsh kleist¸n alusÐdwn o LMmC eÐnai ènac araiìc

pÐnakac gia meg�lo m. QwrÐc bl�bh thc genikìthtac, upojètoume ìti èqoume èna mega-

lÔtero kelÐ mC tètoio ¸ste 2m + 1 ≥ max{kx, ky, kz}. Pio sugkekrimèna, upojètou-

me ìti 2m + 1 = wxkx + w′
x, 2m + 1 = wyky + w′

y kai 2m + 1 = wzkz + w′
z, ìpou

w′
x < kx, w

′
y < ky, w

′
z < kz kai wx, wy, wz ∈ N. Xan� up�rqoun (2m + 1)3 genn torec

alusÐdec sto mC. Tìte isqÔei to parak�tw:

SLP (I
(h)) = sl(I1) := s (4.90)

LKP (I
(h′

1,h
′
2,h

′
3), I(h

′
4,h

′
5,h

′
6)) = LKP (I

(h1,h2,h3), I(h4,h5,h6)), (4.91)

gia (h′1, h
′
2, h

′
3) = (h1, h2, h3) + (v1, v2, v3), (h

′
4, h

′
5, h

′
6) = (h4, h5, h6) + (v4, v5, v6), kai telik�

LKP (I
(h1,h2,h3), I(h4,h5,h6)) = 0, h4 − h1 > kx, h5 − h2 > ky, h6 − h3 > kz (4.92)

'Ara mporeÐ na up�rqoun èwc (2kx + 1)(2ky + 1)(2kx + 1) = k′′ diaforetikèc timèc gia to

LKP (I
(h1,h2,h3), I(h4,h5,h6)), èstw l1, l2, . . . , lk′′ , kai gia k�je zeÔgoc Ih1,h2,h3 , Ih4,h5,h6 =

Ih1,h2h3 , Ih1+v1,h2+v2,h3+v3 , up�rqei èna zeÔgoc Ih1,h2,h3 , I(h1−v1,h2−v2,h3−v3) me thn Ðdia sqe-

tik  jèsh. O periodikìc arijmìc auto-perièlixhc mporeÐ na ekfrasteÐ san

SLP (I
(1)) = Sl(I1) +

∑
1≤j≤k′′

2lj (4.93)

O periodikìc pÐnakac perièlixhc ja èqei thn morf :
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LMmC =



s l1 . . . lk′′ 0 . . . 0 lk′′ . . . l1

l1 s l1 . . . lk′′ 0 . . . 0 . . . l2

l2 l1 s l1 . . . lk′′ 0 . . . lk′′ . . .

. . .

. . . lk′′ . . . l1 s l1 . . . lk′′ . . . 0

. . .

. . . lk′′ . . . 0 lk′′ . . . l1 s l1 l2

l2 . . . lk′′ . . . 0 lk′′ . . . l1 s l1

l1 . . . lk′′ 0 . . . 0 lk′′ . . . l1 s


(4.94)

pou eÐnai o pÐnakac tou opoÐou ta stoiqeÐa thc i−st c gramm c ja eÐnai lii = s, li,(i−d)modm =

ld, li,(i+d)modm = ld gia d = 1, . . . , k kai lij = 0 se k�je �llh perÐptwsh.

4.1.2.2 n kleistèc alusÐdec se èna kelÐ me dÔo   treÐc PSS

Ac jewr soume n alusÐdec, èstw I, J, . . . ,W se èna sÔsthma me treÐc PSS. Ta apotelèsmat�

mac isqÔoun omoÐwc kai sthn perÐptwsh dÔo PSS. o periodikìc pÐnakac perièlixhc autoÔ tou

sust matoc eÐnai di�stashc n× n,

LMC =


SLP (I) LKP (I, J) . . . LKP (I,W )

LKP (I, J) SLP (J) . . . LKP (J,W )

. . .

LKP (I,W ) LKP (J,W ) . . . SLP (W )

 (4.95)

'Estw ìti sugkolloÔme (2m+ 1)3 keli�, tìte up�rqoun (2m+ 1)3n eleÔjerec alusÐdec.

K�je (2m+1)3 eleÔjerec alusÐdec twn opoiwn oi eikìnec sto periodikì sÔsthma perièqontai

stic eikìnec mÐac eleÔejerhc alusÐdac tou kelioÔ C, omadopoioÔntai se diadoqikèc seirèc kai

kol¸nec tou periodikoÔ pÐnaka perièlixhc LMmC .

Prìtash 4.1.28. 'Estw C èna kelÐ me treÐc PSS pou apoteleÐtai apì n alusÐdec. 'EstwmC

to kelÐ pou dhmiourgeÐtai afoÔ koll soume (2m+1)3 antÐgrafa tou C ¸ste na dhmiourg soume

èna megalÔtero kelÐ se treÐc PSS tou opoÐou oi x, y kai z diast�seic eÐnai (2m+1)C, tìte to

�jroisma ìlwn twn ìrwn k�je seir�c (u − 1)(2m + 1)3 + v, v = 1, . . . , k tou LMmC isoÔtai

me to �jroisma thc u−st c seir�c tou LMC , gia k�je m.

Apìdeixh. Ac upologÐsoume to sunolikì �jroisma twn stoiqeÐwn thc pr¸thc seir�c: To

�jroisma twn pr¸twn (2m+ 1)3 stoiqeÐwn isoÔtai me SLP (I):
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SLP (I
(0,0,0)) + LKP (I

(0,0,0), I(1,0,0)) + . . .+ LKP (I
(0,0,0), I(−m,−m,−m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, (I1 + LCb(1, 0, 0)) + (2m+ 1)LCb(u1, u2, u3))+

+ . . .+
∑

u1,u2,u3∈Z
L(I1, (I1 + LCb(−m,−m,−m)) + (2m+ 1)LCb(u1, u2, u3))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, I1 + LCb((2m+ 2)u1, (2m+ 1)u2, (2m+ 1)u3))+

+ . . .+
∑

u1,u2,u3∈Z
L(I1, I1 + (m+ 1)LCb(u1, u2, u3))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + LCb(u1, u2, u3)) = SLP (I)

(4.96)

To �jroisma twn epìmenwn (2m+ 1)3 stoiqeÐwn eÐnai LKP (I, J):

LKP (I
(0,0,0), J (0,0,0)) + LKP (I

(0,0,0), J (1,0,0)) + . . .+ LKP (I
(0,0,0), J (−m,−m,−m))

=
∑

u1,u2,u3∈Z
L(I1, J1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, (J1 + L(1, 0, 0)) + (2m+ 1)LCb(u1, u2, u3))+

+ . . .+
∑

u1,u2,u3∈Z
L(I1, (J1 + (−m,−m,−m)L(1, 0, 0)) + (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(I1, J1 + (2m+ 1)LCb(u1, u2, u3))

+
∑

u1,u2,u3∈Z
L(I1, J1 + LCb((2m+ 2)u1, (2m+ 1)u2, (2m+ 1)u3))+

+ . . .+
∑

u1,u2,u3∈Z
L(I1, J1 + (m+ 1)LCb(u1, u2, u3))

=
∑

u1, u2, u3 ∈ ZL(I1, J1 + LCb(u1, u2, u3)) = LKP (I, J)

(4.97)

OmoÐwc gia ìla ta sÔnola twn (2m+ 1)3 epìmenwn stoiqeÐwn.

'Ara telik� to �jroisma twn stoiqeÐwn thc pr¸thc seir�c tou LMmC , eÐnai

SLP (I) + LKP (I, J) + . . .+ LKP (I,W ) (4.98)
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pou isoÔtai me to �jroisma twn stoiqeÐwn thc pr¸thc seir�c tou LMC .

EÐnai

SLP (I
(0,0,0)) = SLP (I

(1,0,0)) = . . . = SLP (I
(−m,−m,−m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, Imu)

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)LCb(u1, u2, u3))

(4.99)

afoÔ Sl(I1) eÐnai to Ðdio gia k�je eikìna Iu, kai ìlec oi eikìnec Ii + (2m+1)LCb(u1, u2, u3))

kai Ii eÐnai stic Ðdiec sqetikèc jèseic ìpwc h I1+(2m+1)LCb(u1, u2, u3) se sqèsh me thn I1.

OmoÐwc gia ìlec tic alusÐdec J (0,0,0), . . . , J (−m,−m,−m) klp.

EpÐshc eÐnai

LKP (I
h1,h2,h3 , Jh4,h5,h6)

=
∑

u1,u2,u3∈Z
L(Ih1,h2,h3 , Jh4,h5,h6 + (2m+ 1)LCb(u1, u2, u3))

(4.100)

kai

LKP (I
h′
1,h

′
2,h

′
3 , Jh′

4,h
′
5,h

′
6)

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 , Jh′

4,h
′
5,h

′
6 + (2m+ 1)LCb(u1, u2, u3))

=
∑

u1,u2,u3∈Z
L(Ih

′
1,h

′
2,h

′
3 + LCb(v1, v2, v3), J

h4,h5,h6

+ LCb(v1, v2, v3) + (2m+ 1)LCb(u1, u2, u3))

(4.101)

'Omwc oi Ih1,h2,h3 , Jh4,h5,h6 + (2m + 1)LCb(u1, u2, u3) eÐnai sthn Ðdia sqetik  jèsh ìpwc oi

Ih1,h2,h3 + LCb(v1, v2, v3), J
h4,h5,h6 + LCb(v1, v2, v3) + (2m+ 1)LCb(u1, u2, u3), �ra

LKP (I
(h′

1,h
′
2,h

′
3), J (h′

4,h
′
5,h

′
6)) = LKP (I

(h1,h2,h3), J (h4,h5,h6)).

'Ara èqoume LKP (I
(0,0,0), J (0,0,0)) = LKP (I(1,0,0), J (1,0,0)), klp.

'Ara e�n (h′1, h
′
2, h

′
3) = (h1, h2, h3)+(v1, v2, v3) ìpou (h′4, h

′
5, h

′
6) = (h4, h5, h6)+(v1, v2, v3),

eÐnai

LKP (I
(h′

1,h
′
2h

′
3), J (h′

4,h
′
5,h

′
6)) = LKP (I

(h1,h2,h3), J (h4,h5,h6)) (4.102)

'Ara to �jroisma twn stoiqèiwn twn pr¸twn (2m+ 1)3 seir¸n isoÔtai me
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SLP (I) + LKP (I, J) + . . .+ LKP (I,W ) (4.103)

To Ðdio isqÔei gia ìla ta zeÔgh I(i1,i2,i3), . . . ,W (u1,u2,u3). OmoÐwc, gia to �jroisma mÐac

seir�c (u− 1)(2m+ 1)3 + v tou LMkC eÐnai

SLP (U) + LKP (I, U) + . . .+ LKP (U,W ) (4.104)

Parat rhsh 4.1.29. (1) Autì deÐqnei ìti h sunolik  perièlixh pou efarmìzetai se mÐa

alusÐda eÐnai stajer , anex�rthth apì to mègejoc tou kelioÔ.

(2) To sunolikì �jroisma twn stoiqeÐwn tou pÐnaka perièlixhc exart�tai grammik� apì to

mègejoc tou kelioÔ. 'Estw Total(LMC) to sunolikì �jroisma twn stoiqeÐwn tou periodikoÔ

pÐnaka perièlixhc LMC . Tìte, eÐnai Total(LMmC) = (2m+1)Total(LMC) = (2m+1)SL(I).

(3) O LMmC eÐnai ènac kuklikìc pÐnakac.

Prìtash 4.1.30. JewroÔme n eleÔjerec alusÐdec sto periodikì sÔsthma enìc kelioÔ me

treÐc PSS. Tìte gia ton periodikì pÐnaka perièlixhc LmC tou periodikoÔ sust matoc pou

par�getai apì èna megalÔtero kelÐ ftiagmèno apì (2m+1)3 sugkollhmèna keli� akm c (2m+

1)C, mC, èqoume

LmC =

[
LC D

0 E

]
(4.105)

ìpou o D èqei mègejoc n× ((2m+1)3− 1)n kai o E èqei mègejoc ((2m+1)3− 1)n× ((2m+

1)3 − 1)n.

Apìdeixh. ParathroÔme ìti mporoÔme na doÔme ton pÐnaka perièlixhc san ènan mplìk pÐnaka

tou opoÐou ta stoiqeÐa eÐnai pÐnakec megèjouc (2m+ 1)3 × (2m+ 1)3, wc ex c:

LMmC =


LM1,1 LM1,2 . . . LM1,nm

LM1,2 LM2,2 . . . LM2,nm

...

LM1,nm LM2,nm . . . LMnm,nm

 (4.106)

Oi diag¸nioi pÐnakec, èstw LM1,1, aforoÔn thn perièlixhc twn gennhtìrwn alsÐdwn pou

eÐnai eikìnec thc Ðdiac gennhtìrou alusÐdac, èstw I, sto arqikì kelÐ C. ParathroÔme ìti o

pÐnakac LM1,1 eÐnai akrib¸c o periodikìc pÐnakac perièlixhc tou kelioÔ CI pou dhmiourgeÐtai

apì to kelÐ C e�n agno soume ìlec tic genn torec alusÐdec aktìc thc i.
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E�n pollaplasi�soume ton LMmC me touc pÐnakec Q′ = Q⊕Q⊕ . . .⊕Q, ìpou Q kai Q−1

eÐnai ginìmena apl¸n pin�kwn, ìpwc sto L mma 4.1.15, ìpou up�rqoun n eujèa ajroÐsmata,

kai (Q′)−1Q−1 ⊕ Q−1 ⊕ . . . ⊕ Q−1, upologÐzoume ta stoiqèia tou pÐnaka (Q′)1LMmCQ
′ wc

ex c:

Pr¸ta gia ta diag¸nia stoiqeÐa èqoume

[(Q′)−1LMmCQ
′]ii =

∑
1≤u≤n

(Q′)−1
i,u

∑
1≤v≤n

LMu,vQ
′
v,j (4.107)

'Eqoume ìti Q′
v,j = O e�n v ̸= j, kai Q′

j,j = Q. 'Omoia, (Q′)−1
v,j = O e�n v ̸= j, kai

(Q′)−1
j,j = Q−1 afoÔ eÐnai

[Q−1LMmCQ]ij = (Q′)−1
i,i LMu,jQ

′
j,j = Q−1LMi,jQ (4.108)

Tìte gia ta diag¸nia stoiqeÐa, deÐxame sthn apìdeixh thc Prìtashc 4.1.30 ìti

Q−1LMi,iQ =


SLP ∗ . . . ∗
0 ∗ . . . ∗
...

0 ∗ . . . ∗

 (4.109)

gia i ̸= j, tìte sthn apìdeixh tou L mmatoc 4.1.28 apodeÐxame ìti to �jroisma ìlwn twn

stoiqeÐwn mÐac seir�c tou LMi,j isoÔtai me LKP (I, J). Tìte upologÐzoume

[Q−1LMi,jQ]u,v =
∑

1≤s≤m

[Q−1]u,s
[ ∑
1≤t≤m

[LMi,j ]v,t[Q]t,s
]

=
∑

1≤s≤m

[Q−1]u,s
[ ∑
s≤t≤m

[LMi,j ]v,t[Q]t,s
]
=

∑
v≤s≤m

[LMi,j ]s,v −
∑

v≤s≤m

[LMi,j ]s+1,v

=
∑

v≤s≤m

([LMi,j ]s,v − [LMi,j ]s+1,v)

(4.110)

ìpou parathr same ìti Qt,s = 0 gia t < s, kai Qts = 1 gia t ≥ s. EpÐshc eÐnai Q−1
t,s = 0 gia

k�je s ̸= t− 1, t kai Q−1
t,t−1 = −1, Q

−1
t,t = 1.

'Ara, gia u > 1, v = 1, apì to L mma 4.1.28 èqoume:

[Q−1LMi,jQ]u1 =
∑

1≤s≤m

[LMi,j ]u,s −
∑

1≤s≤m

[LMi,j ]u+1,s

= LKP (I, J)− LKP (I, J) = 0

(4.111)
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'Ara èqoume apodeÐxei ìti eÐnai

Q−1LMi,jQ =


LKP ∗ . . . ∗
0 ∗ . . . ∗
...

0 ∗ . . . ∗

 (4.112)

'Ara èqoume

(Q′)−1LMmCQ
′ =

SLP (I) ∗ . . . LKP (I, J) ∗ . . . LKP (I,W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

LKP (I, J) ∗ . . . SLP (J) ∗ . . . LKP (J,W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

. . .

LKP (I,W ) ∗ . . . LKP (J,W ) ∗ . . . SLP (W ) ∗ . . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .

. . .

0 ∗ . . . 0 ∗ . . . 0 ∗ . . .



(4.113)

Tìte autìc o pÐnakac eÐnai ìmoioc me ton parak�tw pÐnaka
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LMmC ∼

SLP (I) LKP (I, J) . . . LKP (I,W ) ∗ . . . ∗ . . .

LKP (I, J) SLP (J) . . . LKP (J,W ) ∗ . . . ∗ . . .

. . .

LKP (I,W ) LKP (J,W ) . . . SLP (W ) ∗ . . . ∗ . . .

0 0 . . . 0 ∗ . . . ∗ . . .

. . .

. . .

0 0 . . . 0 ∗ . . . ∗ . . .



∼


LMC ∗ . . . ∗ . . .

0 ∗ . . . ∗ . . .

. . .

. . .

0 ∗ . . . ∗ . . .



(4.114)

Parat rhsh 4.1.31. QwrÐc bl�bh thc genikìthtac, upojètoume ìti èqoume èna megalÔ-

tero kelÐ mC tètoio ¸ste 2m + 1 ≥ max{(kx)i, (ky)i, (kz)i}. Pio sugkekrimèna, ac upo-

jèsoume ìti 2m + 1 = (wx)i(kx)i + (wx)
′
i = (wy)i(ky)i + (wy)

′
i = (wz)i(kz)i + (wz)

′
i, ìpou

(wx)
′
i < (kx)i, (wy)

′
i < (ky)i, (wz)

′
i < (kz)i kai (wx)i, (wy)i, (wz)i ∈ N. Xan� up�rqoun

(2m+1)3 genn torec aÔsÐdec sto mC. Autèc an koun t¸ra se ((wx)i(kx)i+1)((wy)i(ky)i+

1)((wz)i(kz)i + 1) eleÔjerec alusÐdec oi eikìnec twn opoÐwn sto mC eÐnai entel¸c xediplw-

mènec, kai se (2m+1)3− ((wx)i(kx)i+1)((wy)i(ky)i+1)((wz)i(kz)i+1) eleÔjerec alusÐdec

pou akoumpoÔn to kelÐ. Tìte isqÔei to parak�tw:

SLP (I
(0,0,0)) = SLP (I

(1,0,0)) = . . . = SLP (I
(−m,−m,−m))

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, Ik1u)

= Sl(I1) +
∑

u1,u2,u3∈Z
L(I1, I1 + (2m+ 1)L(u1, u2, u3))

(4.115)

SLP (I
(h1,h2,h3)) = sl(I1) := s, if k < m (4.116)

LKP (I
(h′

1,h
′
2,h

′
3), I(h

′
4,h

′
5,h

′
6)) = LKP (I

(h1,h2,h3), I(h4,h5,h6)), (4.117)
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ìtan (h′4, h
′
5, h

′
6)− (h′1, h

′
2, h

′
3) = (h4, h5, h6)− (h1, h2, h3).

LKP (I
(h1,h2,h3), I(h4,h5,h6)) = 0, ||(h4, h5, h6)− (h1, h2, h3)|| > ||(kx, ky, kz)i|| (4.118)

LKP (I
(h′

1,h
′
2,h

′
3), J (h′

4,h
′
5,h

′
6)) = LKP (I

(h1,h2,h3), J (h4,h5,h6)) (4.119)

ìtan (h1, h2, h3)− (h′1, h
′
2, h

′
3) = (h4, h5, h6)− (h′4, h

′
5, h

′
6)

LKP (I
(h1,h2,h3), J (h4,h5,h6)) = 0, (4.120)

ìtan ||(h4, h5, h6) − (h1, h2, h3)|| > max{||(kx, ky, kz)i||, ||(kx, ky, kz)j ||}. 'Ara mporeÐ na u-

p�rqoun èwc ki = (kx)i(ky)i(kz)i diaforetikèc timèc gia to LKP (I
(h1,h2,h3), I(h4,h5,h6)), èstw

l1, l2, . . . , lki , kai gia k�je zeÔgoc I
h1,h2,h3 , Ih4,h5,h6 , up�rqei èna zeÔgoc Ih1,h2,h3 , I−h4,−h5,−h6

me thn Ðdia sqetik  jèsh. EpÐshc, mporeÐ na up�rqoun mèqri kij = max{ki, kj} diaforetikèc
timèc gia to LKP (I

(h1,h2,h3), J (h4,h5,h6)), èstw ij1, ij2, . . . , ijkij . O periodikìc arijmìc auto-

perièlixhc mporeÐ na grafteÐ san

SLP (I
(0,0,0)) = Sl(I1) +

∑
1≤u≤ki

2iu (4.121)

kai o periodikìc arijmìc perièlixhc LKP (I, J) mporeÐ na grafteÐ san

LKP (I
(k1,k2,k3), J (h1,h2,h3)) =

∑
1≤u≤kij

iju (4.122)

4.2 Graf mata pin�kwn perièlixhc

Se aut  thn par�grafo proteÐnoume na qrhsimopoi soume graf mata gia na melet soume thn

diaplok  polumerik¸n thgm�twn.

Se ènan gr�fo me b�rh G antistoiqeÐ mÐa sun�rthsh b�rouc w : V ×V → R pou ikanopoieÐ

tic sqèseic w(u, v) = w(v, u) kai w(u, u) ≥ 0. ParathroÔme ìti e�n {u, b} ̸∈ E(G), tìte

w(u, v) = 0. AnaparistoÔme ènan gr�fo me b�rh wc ex c: AnaparistoÔme k�je alusÐda sto

t gma me mÐa koruf . Tìte dÔo korufèc sundèontai me mÐa akm  e�n o apìlutoc arijmìc

perièlixhc touc eÐnai megalÔteroc tou mhdenìc. EpÐshc, up�rqei mÐa akm  apì mÐa koruf  ston

eautì thc e�n h alusÐda èqei apìluto arijmì auto-perièlixhc di�foro tou mhdenìc. 'Ara èqoume
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susqetÐsei èna t gma polumeroÔc me èna gr�fhma. Tìte se k�je akm  autoÔ tou graf matoc

antistoiqeÐ mÐa sun�rthsh b�rouc pou orÐzetai wc w(u, v) = |L(u, v)| kai w(u, u) = |Sl(u)|.
Se èna mh omoiogenèc t gma, up�rqoun perioqèc ìpou ta topologik� empìdia eÐnai pio pu-

kn�,   eÐnai pio epÐmona. H Ôparxh m  omoiogen c diaplok c sto t gma mporeÐ na ephrre�zei

tic idiìthtèc tou. Pr�gmati, ta apotelèsmata thc anomoiogèneiac thc diaplok c twn polu-

mer¸n èqoun parathrhjeÐ se peir�mata [12]. Ja doÔme ìti h omoiogèneia thc diaplok c enìc

t gmatoc polumeroÔc mporeÐ na susqetisteÐ me thn sunnektikìthta tou antÐstoiqou graf -

matoc me b�rh. Gia par�deigma, ac jewr soume thn idiaÐterh perÐptwsh pou ìlec oi, èstw n,

alusÐdec eÐnai auto-peplegmènec all� den eÐnai kajìlou peplegmènec me ton eautì touc. Tìte

profan¸c o pÐnakac perièlixhc ja eÐnai ènac diag¸nioc pÐnakac, kai to t gma apoteleÐtai apì

n apomonwmènec alusÐdec. 'Ara, to antÐstoiqo gr�fhma me b�rh ja eÐnai m  sunnektikì kai

to pl joc twn sunistws¸n tou eÐnai n. Genik�, e�n o pÐnakac perièlixhc èqei thn morf  enìc

mplìk pÐnaka, tìte up�rqoun sullogèc alusÐdwn pou eÐai peplegmènec metaxÔ touc all� ìqi

me tic alusÐdec pou an koun stic �llec sullogèc. Dhlad , up�rqoun apomonwmènec sullogèc

alusÐdwn. ParathroÔme ìti to antÐstoiqo gr�fhma eÐnai epÐshc mh sunnektikì kai to pl joc

twn sunistws¸n tou eÐnai Ðso me to pl joc twn sullog¸n.

Se aut� ta apl� paradeÐgmata, parathroÔme ìti h idiìthta thc anomoiogèneiac mporeÐ na

aniqneujeÐ apì ton pÐnaka perièlixhc elègqontac e�n èqei mplìk diag¸nia morf . EpÐshc pa-

rathroÔme ìti gia na to aniqneÔsoume autì ja arkoÔse na antikatast soume ìla ta w(u, v)

me 1 e�n w(u, v) ̸= 0, pou ja mac èdine ènan pÐnaka geitnÐashc tou graf matoc. All� parath-

roÔme ìti sthn perÐptwsh thc efarmog c se grammik� polumer  (anoiktèc alusÐdec), tìte o

pÐnakac perièlixhc mporeÐ na mhn èqei mhdenikoÔc ìrouc, akìma kai e�n oi alusÐdec den b�zoun

empìdia h mÐa sthn �llh. Tìte qrhsimopoi¸ntac ton pÐnaka geitnÐashc den ja èdeiqne shm�dia

anomoiogèneiac, akìma kai an kapoia apì ta stoiqeÐa tou eÐnai polÔ mikrìtera apì ta �lla.

KaneÐc mporeÐ na epib�llei èna ìrio sta stoiqeÐa tou pÐnaka ètsi ¸ste na l�bei upìyhn mìno

touc pio shmantikoÔc bajmoÔc diaplok c kai na agno sei ton jìrubo twn dedomènwn. EpÐshc,

parathroÔme ìti mporeÐ na up�rqei mÐa alusÐda sto t gma thn opoÐa e�n agnooÔsame, o pÐnakac

perièlixhc ja ginìtan mplìk diag¸nioc. 'Ara to prìblhma eÐnai na bg�loume ìso to dunatìn

logìtera apì to gr�fhma ¸ste na diaqwrÐsoume èna uposÔnolo enìc epijumhtoÔ megèjouc.

Se èna gr�fhma, èna uposÔnolo twn akm¸n pou e�n agnohjeÐ k�nei ton gr�fo m  sunnektikì

onom�zetai kìyimo. Ta koyÐmata sunant¸ntai fusik� sthn melèth thc sunnektikìthtac twn

grafhm�twn ìpou ta megèjh twn mh sunnektik¸n tmhm�twn den mac endiafèroun. Ta isoperi-

metrik� probl mata exet�zoun bèltistec sqèseic metaxÔ tou megèjouc tou koyÐmatoc kai twn

megej¸n twn mh sunnektik¸n tmhm�twn. Genik�, ta isoperimetrik� probl mata pou aforoÔn

koyÐmata antistoiqoÔn me fusikì trìpo stic stajerèc tou Cheeger.

O bajmìc mÐac koruf c v orÐzetai wc:
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dv =
∑
u

w(u, v) (4.123)

volG =
∑
v

dv (4.124)

Gia dÔo sÔnola mh sunnektik�, èstw A kai B, tou V , èstw E(A,B) to sÔnolo twn akm¸n me

mÐa koruf  sto A kai mÐa koruf  sto B. Gia èna uposÔnolo x ⊂ V , orÐzoume

hG(X) =
|E(X, X̄)|

min(
∑

x∈X dx,
∑

y∈X̄ dy)
(4.125)

ìpou X̄ eÐnai to sumpl rwma tou X. H stajer� tou Cheeger enìc graf matoc G orÐzetai wc

hG = min
X

hG(X) (4.126)

Gia èna uposÔnolo X koruf¸n tou V , jewroÔme N(X) = {v ̸∈ X : v ∼ u ∈ X}.
OrÐzoume

gG(X) =
vol(N(X))

min(vol(X), vol(X̄))
(4.127)

kai

gG = min
X

gG(X) (4.128)

Shmei¸noume ìti to gG afor� thn di�plwsh koruf¸n enìc grafÔmatoc. (Oi diaplwtèc

eÐnai graf mata pou èqoun thn idiìthta ìti k�je uposÔnolo koruf¸n (pou den eÐnai polÔ

meg�lo) eÐnai geitonikì me pollèc korufèc. Aut  h idiìthta onom�zetai idiìthta di�plwshc.

Tètoia graf mata èqoun pollèc efarmogèc.)

4.2.1 H stajer� tou Cheeger gia periodik� graf mata

To periodikì sÔsthma antistoiqeÐ se èna �peiro periodikì gr�fhma [25]. Me ton orismì tou

periodikoÔ arijmoÔ perièlixhc an�goume thn melèth tou �peirou periodikoÔ graf matoc se

èna peperasmèno gr�fhma me b�rh. 'Ara gia to kelÐ mC pou èqei mn genn torec alusÐdec,

to antÐstoiqo gr�fhma, èstw mG, ja èqei mn korufèc. GnwrÐzoume ìti ta keli� C kai

mC par�goun to Ðdio periodikì sÔsthma, all� ta antÐstoiqa graf mata, G kai mG eÐnai

diaforetik�. Ja melet soume thn ex�rthsh thc stajer�c tou Cheeger wc proc to mègejoc

tou kelioÔ.
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Sq ma 4.6: DÔo alusÐdec se èna sÔsthma me mÐa PSS, ìpou kai oi dÔo alusÐdec

xedipl¸noun se dÔo keli�. Ta sÔmbola sA, lA, x, y, u, v, z eÐnai ìpwc to Par�deigma

2 sthn Par�grafo 4.1.1.2. Ta graf mata antistoiqoÔun sta keli� C, 2C, 3C kai 4C

antÐstoiqa. Gia k�je kelÐ, jewroÔme ta dÔo sÔnola koruf¸n Y = {kìkkinec korufèc}
kai Ȳ = {mplè korufèc}. Tìte èqoume ìti gia k�je mègejoc kelioÔ eÐnai hG ≤ hG(Y ) =

O(1/k). ParathroÔme ìti to pl joc twn akm¸n pou sundèoun ta dÔo sÔnola koruf¸n

eÐnai E(Y, Ȳ )2C = 4, E(Y, Ȳ )3C = 9, E(Y, Ȳ )4C = 8 gia k�je gr�fhma.

Prìtash 4.2.1. [H stajer� tou Cheeger gia graf mata kleist¸n alusÐdwn] 'Estw C èna

kelÐ me mÐa PSS. Tìte up�rqei èna m0 ètsi ¸ste e�n sugkoll soume m > m0 keli� ¸ste na

dhmiourg soume èna megalÔtero kelÐ mC, eÐnai hmG = O
(
1
m

)
gia k�je m > m0.

Apìdeixh. 'Estw S(G) = (x1, . . . , xn) oi korufèc tou G. Autèc antistoiqoÔn stic genn torec

alusÐdec i1, . . . , in. 'Estw kij , j = 1, . . . , n to plhjoc twn keli¸n pou tèmnei mÐa eikìna mÐac

eleÔjerhc alusÐdac ij . 'Estw m0 = maxj{kij} kai èstw
Sm0G = (x

(1)
1 , . . . , x

(m0)
1 , . . . , x

(1)
n , . . . , x

(m0)
n ),

oi korufèc tou m0G. Autèc oi korufèc sqetÐzontai me tic eleÔjerec alusÐdec (i
(1)
1 , . . . , i

(m0)
n ),

me i
(l)
h = i

(1)
h +(l, 0, 0). QwrÐc bl�bh thc genikìthtac, èstw ìti o m0 eÐnai ènac �rtioc arijmìc

kai èstw X to sÔnolo koruf¸n (x
(1)
1 , . . . , x

(m/2)
1 , x

(1)
2 , . . . , x

(m/2)
2 , . . . , x

(1)
n , . . . , x

(m/2)
n ). Tìte
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èqoume:

hm0G(X) =
|E(X, X̄)|

min{vol(X), vol(X̄)}
(4.129)

ParathreÐste ìti exorismoÔ thc stajer�c tou Cheeger eÐnai hm0G ≤ hm0G(X) ≤ 1.

'Otan sugkolloÔme m keli� tÔpou m0C, ja èqoume mm0n korufèc. Tìte èstw X ′ =

(x
(1)
1 , . . . , x

(−mm0/2)
1 , . . . , x

(1)
k , . . . , x

(mm0/2)
k ) (deÐte Eikìna 4.6 gia thn perÐptwsh dÔo alusÐdwn

me m0 = 2). Tìte to |E(X ′, X̄ ′)| paramènei stajerì, afoÔ to mègejoc tou kelioÔ eÐnai tètoio

¸ste oi nèec eikìnec sto kelÐ den diaplèkontai me to X̄ ′. Tìte apì to L mma 4.1.7 èqoume to

parak�tw:

hmm0G ≤hmm0G(X
′) =

|E(X ′, X̄ ′)|
min{X ′, X̄ ′}

=
|E(X, X̄)|

min{m · vol(X),m · vol(X̄)}
=

1

m
hm0G(X)

(4.130)

ParathroÔme ìti e�n oi alusÐdec eÐnai anoiktèc, tìte to antÐstoiqo gr�fhma eÐnai pl rec,

afoÔ o arijmìc perièlixhc mporeÐ na mhn eÐnai mhdèn akìma kai e�n oi alusÐdec eÐnai makri� h

mÐa apì thn �llh.

Prìtash 4.2.2. [H stajer� tou Cheeger grafhm�twn anoikt¸n alusÐdwn] 'Estw C to

kelÐ me mÐa PSS. Ac upojèsoume ìti sugkolloÔme m > m0 keli� ¸ste na fti�xoume èna

megalÔtero kelÐ mC. Tìte h stajer� tou Cheeger tou graf matoc mG eÐnai hmG = O
(
m
)
.

Apìdeixh. Ac upojèsoume ìti tam0, X,X
′ orÐzontac ìpwc sthn apìdeixh thc Prìtashc 4.2.1.

Tìte eÐnai

hmm0G ≤hmm0G(X
′) =

|E(X ′, X̄ ′)|
min{X ′, X̄ ′}

=
m(m− 1)/4|E(X, X̄)|

min{m · vol(X),m · vol(X̄)}
=
m− 1

4
hm0G(X)

(4.131)

Parat rhsh 4.2.3. ParathroÔme ìti e�n qrhsimopoioÔme ton topikì periodikì arijmì

perièlixhc   ton periodikì arijmì perièlixhc kelioÔ gia touc pÐnakec perièlixhc, tìte ta antÐ-

stoiqa periodik� graf mata den ja eÐnai pl rh kai h Prìtash 4.2.1 ja isqÔei kai gia kleistèc

kai gia anoiktèc alusÐdec.
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H stajer� tou Cheeger mporèi na eÐnai polÔ dÔskolo na upologisjeÐ. 'Ara gia tic efar-

mogèc, mporeÐ na eÐnai katallhlìtero na qrhsimopoioÔme thn Laplasian  enìc graf matoc gia

na upologÐsoume èukola �nw kai k�tw ìria thc stajer� tou Cheeger. H Laplasian  enìc

graf matoc me b�rh eÐnai o pÐnakac:

L(u, v) =
{1− w(v,v)

dv
u = v, dv ̸= 0

−w(u,v)√
dudv

u, v geitonikèc

0 alli¸c

(4.132)

Tìte gia to f�sma tou L eÐnai 0 = λ0 ≤ λ1 ≤ . . . ≤ λn−1 [24].

KaneÐc mporeÐ na d¸sei mÐa ektÐmhsh gia thn stajer� tou Cheeger qthsimopoi¸ntac thn

anisìthta tou Cheeger [24]:

2hG ≥ λ2 ≥
h2G
2

(4.133)

EpÐshc, to parak�tw apotèlesma pou apodeÐqjhke sto [24] parèqei qr simh plhroforÐa

sqetik� me tic idiotimèc tou L:

L mma 4.2.4. Gia èna gr�fhma G n koruf¸n, èqoume

(i)

∑
i

λi ≤ n (4.134)

ìpou h isìthta isqÔei an kai mìno an to G den èqei apomonwmènec korufèc.

(ii) Gia n ≥ 2,

λ1 ≤
n

n− 1
(4.135)

ìpou h isìthta isqÔei an kai mìno an to G eÐnai to pl rec gr�fhma me n korufèc. EpÐshc,

gia èna gr�fhma G qwrÐc apomonwmènec korufèc, èqoume

λn−1 ≥
n

n− 1
(4.136)

(iii) Gia èna gr�fhma pou den eÐnai pl rec, èqoume λ1 ≤ 1

(iv) E�n to G eÐnai sunnektikì, tìte λ1 > 0. E�n λi = 0 kai λi+1 ̸= 0, tìte to G èqei akrib¸c

i+ 1 sunnektikèc sunist¸sec.

(v) Gia k�je i ≤ n− 1, èqoume

λi ≤ 2 (4.137)
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me λn−1 = 2 an kai mìno an mÐa sunnektik  sunist¸sa tou G eÐnai dimer c kai m  tetrimmènh.

(vi) To f�sma enìc graf matoc eÐnai h ènwsh twn fasm�twn twn sunnektik¸n sunistws¸n

tou.

'Allh mÐa endiafèrousa posìthta eÐnai to pl�toc enìc graf matoc. 'Enac summetrikìc

pÐnakac èqei pl�toc w an (M)i,j = 0 gia k�je i, j me |i − j| ≥ w. To pl�toc w(Γ) enìc

graf matoc Γ eÐnai to mikrìtero dunatìn pl�toc gia ton pÐnaka geitnÐas c tou   gia ton

pÐnaka Laplace tou. H parak�tw anisìthta podeiknÔetai sto [17]

Je¸rhma 4.2.5. 'Estw b = ⌈n λ2
λn
⌉, tìte

W(G) ≥
{ b n− b �rtioc
b− 1 n− b perittìc

(4.138)

MÐa klÐka se èna gr�fhma eÐnai èna sÔnolo apì an� zeÔgh geitni�zousec korufèc. MÐa

sunklÐka eÐnai se èna gr�fhma eÐnai èna sÔnolo apì mh geitni�zousec an� zeÔgh korufèc. O

arijmìc anexarthsÐac α(G) eÐnai to mègejoc thc megalÔterhc sunklÐkac ston G. IsqÔei to

parak�tw Je¸rhma [17]

Je¸rhma 4.2.6.

α(G) ≤ |{i|λi ≥ 0}| (4.139)

kai

α(G) ≤ |{i|λi ≤ 0}| (4.140)

Parat rhsh 4.2.7. 'Opwc exhg same sthn prohgoÔmenh Par�grafo, o periodikìc pÐnakac

perièlixhc LMmC gÐnetai ìlo kai pio araiìc kaj¸c tom aux�nei. Pr�gmati, h apìstash metaxÔ

twn alusÐdwn sto kelÐ mC aux�nei me to m kai to pl joc twn alusÐdwn se èna kelÐ epÐshc

aux�nei an�loga me to m (L mma 4.1.1). 'Ara, perimènoume ìti α(mG) = O(m).

4.3 Arijmhtik� apotelèsmata

Se aut  thn par�grafo analÔoume arijmhtik� dedomèna tuqaÐwn perip�twn se sust mata me

PSS gia diaforetik� sust mata. UpologÐzoume touc pÐnakec perièlixhc gia ìla ta deÐgma-

ta kai brÐskoume tic idiotimèc touc. EpÐshc, upologÐzoume thn Laplasian  twn antÐstoiqwn

grafhm�twn kai tic idiotimèc thc. Melet�me thn auxhtik  t�sh aut¸n twn idioti¸n kai �llwn

pijan¸n mètrwn diaplok c wc proc to mègejoc tou kelioÔ.
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Qrhsimopoi¸ntac ton periodikì pÐnaka perièlixhc ja prospaj soume na aniqneÔsoume dia-

forèc stic idiìthtec thc diaplok c susthm�twn me diaforetikèc puknìthtec, moriak� b�rh,

kai diaforetikoÔc bajmoÔc omoiogèneiac. Gia autì proteÐnoume na melet soume ta parak�tw

diaforetik� sust mata (deÐte Eikìna 4.7):

(A) TuqaÐouc peripatouc Ðsou b matoc m kouc 100 se èna kelÐ me treÐc PSS kai puknìthta

ρ = 0.84.

(B) TuqaÐouc peripatouc Ðsou b matoc m kouc 100 se èna kelÐ me treÐc PSS kai puknìthta

ρ = 0.5.

(C) TuqaÐouc peripatouc Ðsou b matoc m kouc 200 se èna kelÐ me treÐc PSS kai puknìthta

ρ = 0.84.

(D) TuqaÐouc peripatouc Ðsou b matoc m kouc 100 se èna kelÐ me mÐa PSS(sumpiesmèno)

qwrismèno se dÔo str¸seic pou den epikalÔptonati se puknìthta ρ = 0.84.

(E) TuqaÐouc peripatouc Ðsou b matoc m kouc 100 se èna kelÐ me mÐa PSS (sumpiesmèno)

qwrismèno se dÔo str¸seic pou epikalÔptontai kat� 50% se puknìthta ρ = 0.84.

Gia aut� ta sust mata upologÐzoume touc topikoÔc periodikoÔc pÐnakec prosomoÐwshc gia

tic antÐstoiqec apì �kro eic �kro kleistèc alusÐdec. Gia ta diag¸nia stoiqeÐa tou pÐnaka

perièlixhc qrhsimopoioÔme ton topikì arijmì perièlixhc auto-eikìnwn, LKS. UpenjumÐzoume

ìti ta arijmhtik� mac apotelèsmata sthn Par�grafo 3.6 upèdeixan ìti to LKS diathreÐ thn

sqetik  plhroforÐa sesqèsh me ta topik� empìdia, parìmoia me tou LK, kai den ephrre�zetai

apì thn meg�lh strèyh kai th sustrof  twn alusÐdwn ou mporeÐ na epib�lloun aporposana-

tolistikì jìrubo sta dedomèna. Gia k�je pÐnaka perièlixhc upologÐzoume kai ton Laplasianì

pÐnaka tou antÐstoiqou graf matoc.

Gia na elègxoume ta apottelèsmat� mac ston periodikì pÐnaka perièlixhc wc proc to

mègejoc tou kelioÔ (Prot�seic 4.1.15,4.1.17,4.1.28,4.1.30 kai 4.2.1) k�noume aut  thn an�lush

gia diaforetik� megèjh keli¸n pou prosomoi¸noun to Ðdio sÔsthma S. ParathroÔme ìti den

sugkolloÔme to Ðdio kelÐ gia na fti�xoume èna kainoÔrgio, all� par�goume èna nèo deÐgma tou

Ðdiou sust matoc se megalÔtero kelÐ. Tìte ja elègxoume e�n ta prohgoÔmena apotelèsmata

isqÔoun kat� mèso ìro gia aut� ta sust mata. Gia k�je sÔsthma se k�je mègejoc kelioÔ ta

dedomèna pou analÔjhkan aforoÔn 100 deÐgmata.

EpÐshc, upologÐzoume touc pÐnakec perièlixhc gia ta 80 deÐgmata PE pou mac par qe o

Q. Tzoumanèkac ta opoÐa analÔsame sthn Par�grafo 3.6, kai ta sugkrÐnoume me ta dedomèna

twn tuqaÐwn perip�twn. UpenjumÐzoume ìti kajèna apì aut� ta deÐgmata afor� 8 alusÐdec

m kouc 1000 se èna kelÐ me treÐc PSS se puknìthta ρ = 0.78g/cm3.
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Sq ma 4.7: Melet�me ta parak�tw sust mata tuqaÐwn perip�twn Ðsou m kouc b matoc:

(A) m kouc N = 100, puknìthtac ρ = 0.84 se èna kelÐ me treÐc PSS, (B) m koc

N = 100, puknìthta ρ = 0.5 se èna kelÐ me treÐc PSS, (C) m koc N = 200, puknìthta

ρ = 0.84 se èna kelÐ me treÐc PSS, (D) m koc N = 100, puknìthta ρ = 0.84 se èna

kelÐ me mÐa PSS, qwrismèno se dÔo perioqèc, ìpou oi misèc alusÐdec keÐtontai sthn

�nw perioq  kai oi misèc sthn k�tw, kai (E) m kouc N = 100, puknìthtac ρ = 0.84 se

èna kelÐ me mÐa PSS, qwrismèno se dÔo perioqèc pou allhloepikalÔptontai kat� 50%.
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4.3.1 An�lush dedomènwn

UpologÐzoume pr¸ta thn mèsh apìluth tim  tou ajroÐsmatoc ìlwn twn stoiqeÐwn tou pÐnaka

perièlixhc wc proc ìlec tic diamorf¸seic se k�je mègejoc kelioÔ. SumbolÐzoume |Total(LMC)|.
H Eikìna 4.8 deÐqnei to < |Total(LMC)| > wc proc to mègejoc tou kelioÔ gia ìla ta su-

st mata. ParathroÔme ìti aux�nei an�loga me to mègejoc tou kelioÔ, ìpwc anamènetai apì

ta L mmata 4.1.7 kai 4.1.28. Gia k�je sÔsthma ta dedomèna akoloujoÔn mÐa sun�rthsh thc

morf c a ∗ x + b. Gia to sÔsthma (A): a = 0.612484, b = 3.23239, (B):a = 0.446629,

b = 2.4189,(C):a = 0.739565, b = 6.18445,(D):a = 0.52917, b = 1.98174,(E):a = 0.540258,

b = 3.00181. ParathroÔme ìti h klÐsh eÐnai parìmoia gia ìla ta sust mata all� h stajer� b

deÐqnei megalÔterh apìklish gia ta diaforetik� sust mata. EÐnai bD < bB < bE < bA < bC .

ParathroÔme ìti to sÔsthma C deÐqnei megalÔterh apìklish apì ìla ta �lla sust mata.

EpÐshc, h antÐstoiqh tim  gia ta deÐgmata PE eÐnai bPE = 19. Autì uponoeÐ ìti oi timèc twn

a kai b exart�tai kurÐwc apì to moriakì b�roc twn alusÐdwn.
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Sq ma 4.8: To mèso apìluto sunolikì �jroisma twn stoiqeÐwn tou pÐnaka wc proc

ìlec tic dunatèc diamorf¸seic.

Sth sunèqeia, upologÐzoume thn mèsh apìluth idiotim  wc proc ìlec tic diamorf¸seic

(Eikìna 4.9(a}. ParathroÔme ìti apì tic Prot�seic 4.1.17 kai 4.1.30 perimènoume ìti k�poiec

apì tic idiotimèc tou pÐnaka paramènoun anex�rthtec apì to mègejoc tou kelioÔ, all�, ìpwc ta

paradeÐgmat� mac sthn Par�grafo 3 epibebai¸noun, h mèsh mègisth idiotim  mporeÐ na diafèrei.

Pr�agmati, blèpoume ìti h mègisth idiotim  aux�nei se ìlec tic peript¸seic. ParathroÔme mÐa

parìmoia auxhtik  t�sh gia ìla ta sust mata. H omoiìthta eÐnai pio dunat  gia ta mh-

periorismèna sust mata (sust mata A,B,C). H diafor� metaxÔ twn susthm�twn A kai B eÐnai
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se k�je m koc perÐpou Ðsh me èna. H diafor� metaxÔ tou sust matoc C kai twn susthm�twn A

kai B eÐnai perÐpou 2 kai 3 antÐstoiqa. H antÐstoiqh tim  gia ta deÐgmata PE eÐnai 8.0756. 'Ara

h megalÔterh idiotim  exart�tai apì to mègejoc tou kelioÔ kai apì to m koc twn alusÐdwn.

TonÐzoume ìti den perimènoume ta dedomèna PE na eÐnai �mesa sugkrÐsima me touc tuqaÐouc

perip�touc Ðdiou m kouc. Perimènoume ìti oi alusÐdec PE eÐnai ligìtero diaplegmènec apì

touc tuqaÐouc perip�touc m kouc 1000.

MÐa eidik  morf  pÐnaka perièlixhc qehsimopoieÐtai ston orismì tou polu¸numouAlexander

enìc kìmbou   krÐkou, sumbolÐzoume V . Tìte h upograf  tou pÐnaka V − V T eÐnai mÐa

analloÐwth isotopÐac tou antÐstoiqou kìmbou   krÐkou.

H Eikìna 4.9 (b) deÐqnei thn upograf  tou pÐnaka LMC − LMT
C . Autì den antistoiqeÐ

se k�poia gnwst  analloÐwth kìmbwn kai krÐkwn. ParathroÔme ìti aux�nei an�loga me to

mègejoc tou kelioÔ. E�n mporeoÔsame na sundèsoume ton periodikì pÐnaka perièlixhc se ènan

kìmbo   krÐko pou perigr�fetai apì tic alusÐdec pou apoteloÔn to t gma, tìte pr�gmati ja

perimèname na exart�tai an�loga apì to pl joc twn sunistws¸n. Oi auxhitkèc t�seic ìlwn

moi�zoun, me mÐa mikr  apìklish gia ta sust mata C kai D pou antistoiqoÔn stic pio makrièc

kai pio anomoiogen  sust mata antÐstoiqa. H antÐstoiqh tim  gia ta deÐgmata PE eÐnai 3.05.
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Sq ma 4.9: (a) H mèsh apìluth mègisth idiotim  100 deigm�twn wc proc to mègejoc

tou kelioÔ. (b) H mèsh apìluth upograf  tou pÐnaka. ParathroÔme ìti h upograf 

den paramènei h Ðdia gia ta Ðdia sust mata, kai den mporeÐ na diakrÐnei ta diaforetik�

sust mata.
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Sq ma 4.10: a) H mèsh asfairikìthta twn idiotim¸n tou pÐnaka wc proc to mègejoc

tou kelioÔ kai b) H mèsh tim  tou pl jouc twn mh arnhtik¸n idiotim¸n tou pÐnaka.

H asfairikìthta twn idiotim¸n enìc pÐnaka megèjouc d orÐzetai wc [129, 95]:

Ad =
1

d− 1

∑d
i>j < (R2

i −R2
j )

2 >

< (
∑

iR
2
i )

2 >
(4.141)

ìpou Ri eÐnai h idiotim  tou pÐnaka kai mporeÐ na qrhsimopoihjeÐ san èna mètro thc sqetik c

apìklishc twn idiotim¸n tou pÐnaka.

H Eikìna 4.10(a) deÐqnei thn mèsh asfairikìthta wc proc to mègejoc tou kelioÔ. Pa-

rathroÔme ìti h auxhtik  t�sh eÐnai parìmoia gia ìla ta sust mata kai ìla teÐnoun se mÐa

stajer  tim . EpÐshc, parathroÔme ìti h asfairikìthta tou sut matoc D, eÐnai megalÔterh

se ìla ta megèjh keli¸n. Autì upodeiknÔei ìti h asfairikìthta mporeÐ na diakrÐnei meta-

xÔ twn omoiogen¸n kai twn anomoiogen¸n susthm�twn me mikr  diafor�. H antÐstoiqh tim 

gia ta deÐgmata PE eÐnai 0.028539, pou eÐnai mikrìterh apì ìla ta upìloipa sust mata sto

antÐstoiqo mègejoc kelioÔ, upodeiknÔontac mÐa megalÔterh omoiogèneia.

H Eikìna 4.10(b) deÐqnei thn mèsh tim  tou pl jouc twn mh arnhtik¸n idiotim¸n tou

pÐnaka perièlixhc wc proc to mègejoc tou kelioÔ. Autì eÐnai èna �nw fr�gma tou arijmoÔ

anexarthsÐac enìc graf matoc α(G). ParathroÔme ìti to α(G) aux�nei an�loga me to mègejoc

tou kelioÔ kai ìla ta sust mata èqoun mÐa parìmoia auxhtik  t�sh me mÐa mikr  apìklish gia

to sÔsthma B. Pr�gmati, perimènoume ìti to α(G) ja aux�nei grammik� me to mègejoc tou

kelioÔ (deÐte Parat rhsh 4.2.7). 'Otan sugkrÐnoume ta apotelèsmata se mikr� megèjh keli¸n,

ìpou oi alusÐdec den mporoÔn na xediplwjoÔn se èna kelÐ, tìte blèpoume ìti to sÔsthmaD pou

èqei duo sunnektikèc sunist¸sec èqei diaforetik  stim  apì ta �lla, ka iisoÔtai me 2, ìpwc
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anamenìtan, afoÔ gnwrÐqoume ìti up�rqoun dÔo alusÐdec pou den eÐnai peplegmenec metaxÔ

touc. H antÐstoiqh tim  gia ta deÐgmata PS eÐnai 4.525. Aut  h tim  eÐnai pio kont� se aut 

tou sust matoc B.

Sth sunèqeia, upologÐzoume thn stajer� tou Cheeger kai thn ex�plwsh koruf¸n twn

susthm�twn. Ta apotelèsmata faÐnontai sthn Eikìna 4.11. To sÔsthma D den faÐnetai sthn

eikìna, afoÔ h tim  tou eÐnai pantoÔ mhdèn Autì anamènetai, afoÔ apoteleÐtai apì dÔo mh

sunnektikèc domèc. Sthn Eikìna 4.11 parathroÔme mÐa parìmoia auxhtik  t�sh gia ìla ta

sust mata, me meiwtik  t�sh, ìpwc anamlenetai apì thn Prìtash 4.2.1. EpÐshc, parathroÔme

ìti eÐnai 0 = D < E < B < A < C gia k�je mègejoc kelioÔ. Pr�gmati, perimènoume to

sÔsthma E na èqei thn mikrìterh tim  afoÔ afor� èna sÔsthma dÔo strwm�twn pou allhloe-

pikalÔptontai kat� 50%. EÐnai endiafèron ìti parathroÔme mÐa diafor� sta �lla sust mata.

Autì uponoeÐ ìti ta pio peplegmèna sust mata eÐnai pio sunnektik� ìpwc autì metr�tai apì

tic parap�nw posìthtec.
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Sq ma 4.11: a)H mèsh stajer� tou cheeger wc proc to mègejoc tou kelioÔ. Parath-

roÔme ìti h stajer� tou Cheeger enìc sust matoc D eÐnai mhdèn gia ìla ta megèjh

keli¸n. b) H mèsh tim  thc ex�plwshc koruf¸n twn grafhm�twn. Oi timèc tou sut -

matoc D eÐnai mhdèn gia ìla ta megèjh keli¸n.

Sthn Eikìna 4.12a) faÐnetai h mèsh sikrìterh idiotim  tou LaplasianoÔ pÐnaka, wc proc

to mègejoc tou kelioÔ. ParathroÔme ìti h tim  eÐnai sqedìn 0 gia ìla ta megèjh keli¸n.

Pr�gmati, autì epibebai¸nei to gegonìc ìti λmin = 0 gia th Laplasian  enìc graf matoc.

Sthn Eikìna 4.12b) faÐnetai h mèsh deÔterh idiotim  tou LaplasianoÔ pÐnaka. ParathroÔme

ìti h < λ2 > mikraÐnei gia ìla ta sust mata wc proc to mègejoc tou kelioÔ. Me thn anisìthta
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tou Cheeger, èqoume ta parak�tw ìria gia thn λ2:

2hG ≥ λ2 ≥
h2G
2

(4.142)

Apì thn Prìtash 4.2.1 eÐnai hmG = O
(
1
m

)
, �ra èqoume:

O
( 2

m

)
≥ (λ2)m ≥ O

( 1

2m2

)
(4.143)

'Ara, perimènoume ìti h λ2 ja mei¸netai epÐshc, k�ti pou epibebai¸netai apì ta arijmhtik� mac

apotelèsmata. Xan� parathroÔme thn di�taxh D < E < A < C. Gia ta deÐgmata PE, eÐnai

λ2 = 0.98628, pou eÐnai megalÔtero apì ta upìloipa, ìpwc anamenìtan.
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Sq ma 4.12: a) H mèsh mikrìterh idiotim , λmin kai b) h mèsh deÔterh mikrìterh idiotim ,

(λmin)2, thc Laplasian c tou graf matoc wc proc to mègejoc tou kelioÔ.

H Eikìna 4.13a) deÐqnei thn mèsh mègisth idiotim  tou LaplasianoÔ pÐnaka, wc proc to

mègejoc tou kelioÔ. ParathroÔme ìti gia ìla ta sust mata eÐnai ⟨λmax⟩ > 1, pou apì

to L mma 4.2.4, shmaÐnei ìti den up�rqoun apomonwmènec korufèc sta graf mata, dhlad ,

kat� mèso ìro, den up�rqoun alusÐdec pou den eÐnai peplegmènec me kamÐa �llh alusÐda sto

t gma. Pr�gmati, autì den eÐnai k�ti pou perimèniume na sumbaÐnei sta dik� mac sust mata.

ParathroÔme ìti gia to sÔsthma tÔpou D, eÐnai ⟨λmax⟩ ≈ 2. Apì to L mma 4.2.4 autì

shmaÐnei ìti up�rqei mÐa sunnektik  sunist¸sa pou eÐnai dimer c. Pr�gmati, gia autì to

sÔsthma up�rqoun dÔo sunnektikèc sunist¸sec, k�je mÐa apì tic opoÐec anaparist� sust mata

pou eÐnai diaplegmèna se mÐa swlhnoeid  perioq . Kaj¸c to mègejoc tou kelioÔ aux�nei,

emfanÐzontai alusÐdec sot Ðdio str¸ma pou brÐskontai makri� h mÐa apì thn �llh gia an eÐnai



4.3. ARIJMHTIK�A APOTEL�ESMATA 199

peplegmènec. Xan� parathroÔme mÐa ex�rthsh sthn sunnektikìthta twn susthm�twn kai to

m koc touc. ParathroÔme thn parak�tw taxinìmhsh: C < A < E < D pou eÐnai h antÐstrofh

apì ekeÐnh gia thn stajer� tou Cheeger kaii thn λ2. Gia ta deÐgmata PE eÐnai λmax = 1.0264

kai λn−1 = 1.0179.
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Sq ma 4.13: a) H mèsh megalÔterh idiotim , λn kai b) h mèsh deÔterh megalÔterh

idiotim , (λn−1)2, thc Laplasian c tou graf matoc wc proc to mègejoc tou kelioÔ.

H Eikìna 4.14 deÐqnei to phlÐko thc mègisthc me thn deÔterh idiotim , pou parèqei èna

fr�gma gia to pl�toc tou pÐnaka. Gia ta deÐgmata PE eÐnai b = 7.7138. ParathroÔme ìti

gia ta sust mata E kai D aux�nei me to mègejoc tou kelioÔ, all� aux�nei gia ta sust mata

A kai B. Gia ta sust mata D kai E perimènoume èna mikrìtero pl�toc afoÔ èqoun qamhl 

sunnektikìthta. EpÐshc parathreÐtai ex�rthsh wc proc to mègejoc tou kelioÔ.

Tèloc oi Eikìnec 4.15,4.16,4.17 deÐqnoun to el�qisto pl�toc twn pin�kwn gia k�poia

endeiktik� deÐgmata k�je sust matoc, pou parèqoun mÐa pio realistik  kai katanoht  èkfrash

thc prohgoÔmenhc an�lushc. Dojèntoc tou pÐnaka enìc graf matoc, h taxinìmhsh elaqÐstou

pl�touc dÐnei mÐa taxinìmhsh twn koruf¸n tou graf matoc pou elaqistopoieÐ to pl�toc.

H Eikìna 4.15 deÐqnei thn katanom  el�qistou pl�touc twn susthm�twn tÔpouD. apì touc

pÐnakec pou prokÔptoun eÐnai profanèc ìti ta sust mata apoteloÔntai apì dÔo mh sunnektik�

mèrh.

H Eikìna 4.16 deÐqnei thn taxinìmhsh el�qistou pl�touc gia sust mata tÔpou E. Pa-

rathroÔme ìti o pÐnakac pou prokÔptei eÐnai diag¸nioc mplìk pÐnakac, pou mporeÐ na eÐnai m 

sundedemènoc. Autì deÐqnei thn asjen  sunnektikìthta tou sustlhmatoc. H Eikìna 4.17 deÐ-

qnei thn taxinìmhsh el�qistou pl�touc gia sust mata tÔpou A. To pl�toc twn pin�kwn eÐnai
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megalÔtero se aut  thn perÐptwsh kai den parathroÔme mh sunnektik� mplìk. H Eikìna 4.18

deÐqnei thn taxinìmhsh el�qistou pl�touc gia ta sust mata tÔpou C. H kat�stash eÐnai pa-

rìmoia me aut  tou sust matoc A. To pl�toc se aut  thn perÐptwsh eÐnai akìma megalÔtero,

deÐqnotnac megalÔterh sunnektikìthta.

4 6 8 10 12 14 16 18 20
0

1

2

3

4

5

6

7

cell size

l 2/l n

 

 

A
C
D
E

4 6 8 10 12 14 16 18 20
0

1

2

3

4

5

6

cell size

bw

 

 

A
C
D
E

Sq ma 4.14: a) To mèso phlÐko λ2/λn kai b) to mèso kat¸tero ìrio tou pl�touc ìpwc

dÐnetai apì thn Ex. 4.138.

H Eikìna 4.19 deÐqnei th di�taxh elaqÐstou pl�touc gia ta sust mata tÔpou B. H ka-

t�stash ed¸ eÐnai parìmoia me aut  twn susthm�twn C kai D. To pl�toc eÐnai mikrì kai

up�rqoun m  sunnektik� mplìk.

H Eikìna 4.20 deÐqnei thn taxinìmhsh elaqÐstou pl�touc gia ta deÐgmata PE. ParathroÔme

ìti to pl�toc eÐnai akìma megalÔtero ap�oti to sÔsthma C.
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Sq ma 4.15: To el�qisto pl�toc twn deigm�twn tou sut matoc D

Sq ma 4.16: To el�qisto pl�toc twn deigm�twn tou sust matoc E.
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Sq ma 4.17: To el�qisto pl�toc gia sust mata tÔpou A.

Sq ma 4.18: To el�qisto pl�toc gia sust mata tÔpou C.
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Sq ma 4.19: To el�qisto pl�toc gia auat mata tÔpou B.

Sq ma 4.20: To el�qisto pl�toc gia deÐgmata PE.



204 KEF�ALAIO 4. P�INAKAS PERI�ELIXHS

4.4 Sumper�smata

Sto kef�laio autì orÐsame èna mètro diaplok c gia mÐa sullog c alusÐdwn, ton pÐnaka pe-

rièlixhc. Qrhsimopoi same ton periodikì arijmì perièlixhc kai ton periodikì arijmì auto-

perièlixhc, gia na metr soume thn diaplok  mÐac sullog c alusÐdwn se PSS. Gia na l�boume

plhroforÐa pou mènei analloÐwth apì to mègejoc tou kalioÔ prosomoÐwshc exet�same thn

ex�rthsh tou periodikoÔ pÐnaka perièlixhc apì to mègejoc tou kelioÔ. Sta L mmata 4.1.7 kai

4.1.28 apodeÐxame ìti to sunolikì �jroisma twn stoiqeÐwn mÐac seir�c tou periodikoÔ pÐnaka

perièlixhc eÐnai anex�rthto tou megèjouc tou kelioÔ. EpÐshc, stic Prot�seic 4.1.17 kai 4.1.30

apodeÐxame ìti k�poiec apì tic idiotimèc tou periodikoÔ pÐnaka perièlixhc den exart¸ntai apì

to mègejoc tou kelioÔ. Ta arijmhtik� mac apotelèsmata se sust mata tuqaÐwn perip�twn

epibebaÐwsan to apotèlesm� mac ìti to sunolikì �jroisma twn stoiqeÐwn tou periodikoÔ pÐ-

naka perièlixhc aux�nei grammik� me to mègejoc tou kelioÔ. EpÐshc, èdeixan ìti h mègisth

idiotim  kai h asfairikìthta twn idiotim¸n exart¸ntai apì to mègejoc tou kelioÔ. Wstìto,

up�rqei èna mègejoc kelioÔ met� to opoÐo aut� ta megèjh teÐnoun se mÐa asumptwtik  tim ,

h opoÐa diafèrei gia k�je sÔsthma an�loga me to m koc twn alusÐdwn   thn omoiogèneia thc

diaplok c antÐstoiqa.

Sth sunèqeia deÐxame ìti mporoÔme na l�boume perissìterh plhroforÐa gia thn diaplok 

tou sust matoc qrhsimopoi¸ntac ergaleÐa pì thn jewrÐa grafhm�twn. DeÐxame ìti mporoÔme

na antistoiq soume k�je kelÐ se èna gr�fhma me b�rh kai na qrhsimopoi soume ton pÐnaka

perièlixhc kai thn laplasian  tou graf matoc gia na metr soume ton bajmì sunnektikìth-

tac tou graf matoc pou sundeètai me thn omoiogèneia thc diaplok c tou t gmatoc. Stic

Prot�seic 4.2.1 kai 4.2.2 apodeÐxame ìti h stajer� tou Cheeger tou antÐstoiqou graf matoc

exart�tai apì to mègejoc tou kelioÔ. Ta arijmhtik� mac apotelèsmata se diaforetik� sust -

mata tuqaÐwn perip�twn epibebaÐwsan ta analutik� apotelèsmata kai èdeixan ìti ìla ta mètra

sunnektikìthtac dÐnoun mÐa parìmoia di�taxh gia ta diaforetik� sust mata, an�loga me ton

qwrikì touc periorismì twn alusÐdwn, kai to m koc touc. Ta apotelèsmat� mac se deÐgmata

PE sumbadÐzoun me aut� twn tuqaÐwn perip�twn.



Kef�laio 5

Sumper�smata

EÐnai gnwstì ìti oi polumerikèc alusÐdec den mporoÔn na diaper�soun h mÐa thn �llh kai autì

ephrre�zei thn kÐnhs  touc kai dhmiourgoÔntai "diaplokès� oi opoÐec ephrre�zoun tic idiìth-

tec ix¸douc enìc t gmatoc. Oi polumerikèc alusÐdec mporeÐ na eÐnai kleistèc   anoiktèc. H

diaplok  twn kleist¸n alusÐdwn mporeÐ na melethjeÐ me ergaleÐa thc JewrÐac Kìmbwn, en¸

sthn perÐptwsh anoikt¸n alusÐdwn h diaplok  den èqei melethjeÐ me saf  majhmatik� erga-

leÐa. Se aut  thn diatrib  deÐxame ìti to olokl rwma perièlixhc kat� Gauss, L, mporeÐ na

qrhsimopoihjeÐ san èna mètro diaplok c gia kleistèc kai anoiktèc alusÐdec. Sthn perÐptwsh

kleist¸n alusÐdwn eÐnai mÐa (asjen c) akèraia topologik  analloÐwth. Pio sugkekrimèna,

eÐnai analloÐwth upì omotopÐa krÐkwn. Sthn perÐptwsh anoikt¸n alusÐdwn deÐxame ìti autì

eÐnai èna mètro pou exart�tai apì thn gewmetrÐa twn alusÐdwn, kai metr� thn peristrof  thc

mÐac alusÐdac gÔrw apì thn �llh. DeÐxame ìti eÐnai mÐa suneq c sun�rthsh twn suntetagmè-

nwn twn alusÐdwn. Qrhsimopoi same ton arijmì perièlixhc kat� Gauss gia ne melet soume

thn diaplok  omoiìmorfwn tuqaÐwn perip�twn se periorismèno q¸ro. Autì eÐnai èna polÔ

apolì montèlo polumer¸n se periorismèno q¸ro. ApìdeÐxame ìti eÐnai ⟨L2⟩ ∼ O(n2) kai

⟨Wr2⟩ ∼ O(n2) gia alusÐdec m kouc n, kai ta arijmhtik� mac apotelèsmata to epibebaÐw-

san. Ta arijmhtik� mac apotelèsmata ston mèso apìluto arijmì perièlixhc omoiìmorfwn

tuqaÐwn perip�twn kai tuqaÐwn perip�twn Ðsou m kouc èdeixan mÐa auxhtik  t�sh thc morf c

⟨|L|⟩ ∼ O(n) kai ⟨|L|⟩ ≈ O(
√
n) antÐstoiqa. 'Ara o arijmìc perièlixhc kat� Gauss diakrÐnei

thn diaplok  diaforetik¸n montèlwn alusÐdwn. Ja  tan endiafèron na melet soume analu-

tik� thn auxhtik  t�sh tou L gia tuqaÐouc perip�touc Ðsou m kouc kai na melet soume pio

realistik� montèla polumerik¸n alusÐdwn. Gia t gmata polumer¸n, up�rqei èna krÐsimo mo-

riakì b�roc pou sqetÐzetai me thn diaplok  kai sto opoÐo oi idiìthtec ix¸douc twn polumer¸n

deÐqnoun mÐa allag  [115, 133]. Ja  tan endiafèron na efarmìsoume ton olokl rwma kat�

Gauss se polumerikèc alusÐdec diaforetikoÔ m kouc gia na entopÐsoume autì to m koc.
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H prosomoÐwsh polumerik¸n thgm�twn eÐnai polÔ shmantikìc par�gontac sthn melèth

touc. EÐnai polÔ dÔskolo na prosomoi¸soume topologik� isorrophmèna deÐgmata. Autì epi-

tugq�netai mèsw twn kin sewn allag c sunnektikìthtac Monte Carlo (MC) [127]. AutoÐ oi

algìrijmoi èqoun aux sei thn dunatìthta prosomoÐwshc idiot twn meg�lhc klÐmakac twn alu-

sÐdwn sta polumer . Gia thn prosomoÐwsh polumerik¸n thgm�twn ìmwc qrhsimopoioÔntai kai

Periodikèc Sunoriakèc Sunj kec (PSS). 'Enac apì touc lìgouc gia touc opoÐouc oi kìmboi

sta polumer  den èqoun melethjeÐ ekten¸c se pukn� t gmata polumer¸n eÐnai h qr sh twn

periodik¸n sunjhk¸n. Prìsfata k�poiec melètec tou poluwnÔmou Jones èginan proc aut  thn

kateÔjunsh [108, 94], all� mporoÔsan na efarmostoÔn mìno se kleistèc alusÐdec kai  tan pe-

riorismènh mìno se sust mata me mÐa kai dÔo PSS. Se aut  thn melèth orÐsame ton periodikì

arijmì perièlixhc, LKP san èna mètro diaplok c kleist¸n   anoikt¸n alusÐdwn se sust mata

me mÐa, dÔo   treÐc PSS. Gia kleistèc alusÐdec se PSS autì eÐnai mÐa akèraia topologik 

analloÐwth. Gia anoiktèc alusÐdec autì eÐnai èna �peiro �jroisma to opoÐo apodeÐxame ìti

sugklÐnei. EpÐshc, gia anoiktèc alusÐdec eÐnai mÐa suneq c sun�rthsh twn suntetagmènwn twn

alusÐdwn. Gia thn efarmog  se grammik� polumer  orÐsame dÔo proseggÐseic tou periodikoÔ

arijmoÔ perièlixhc, ton topikì periodikì arijmì perièlixhc, LK, kai ton periodikì arijmì pe-

rièlixhc kelioÔ, LKC . Melet same ta dÔo mètra kai ta sugkrÐname arijmhtik�. Ta arijmhtik�

mac apotelèsmata èdeixan ìti kat� mèso ìro mporoÔn na d¸soun mÐa kal  prosèggish, me ton

LKC na dÐnei mÐa kalÔterh prosèggish, all� me megalÔtero upologistikì kìstoc. OmoÐwc,

orÐsame mètra autodiaplok c se PSS, ton periodikì arijmì auto-perièlixhc, thn periodik 

sustrof  kai ton periodikì arijmì perièlixhc auto-eikìnwn.

Ta empodia pou sunant� mÐa alusÐda periorÐzoun thn kÐnhs  thc se mÐa swlhnoeid  perio-

q . To montèlo swl na  tan polÔ epituqhmèno sto na perigr�fei probl mata thc reologÐac

twn polumer¸n. Algìrijmoi adropoÐhshc, ìpwc o CReTA, o Z   o PPA mporoÔn na fti�xoun

ta prwtarqik� monop�tia se èna t gma. Apì to prwtarqikì monop�ti kaneÐc mporeÐ na l�bei

topologik  plhroforÐa sqetik� me thn di�metro tou swl na pou eÐnai jemeli¸dhc par�me-

troc. Efarmìsame ton topikì periodikì arijmì perièlixhc se alusÐdec t gmatoc PE prÐn kai

met� thn efarmog  tou algorÐjmou CReTA gia ne elègxoume thn ephrro  tou algorÐjmou

sthn diaplok  twn alusidwn. Ta arijmhtik� mac apotelèsmata èdeixan ìti o LK eÐnai sqe-

dìn o Ðdioc prÐn kai met� thn efarmog  tou algorÐjmou CReTA, �ra o algìrijmoc diathreÐ

thn topologik  plhroforÐa. Se mellontikèc ergasÐec ja eÐqe endiafèron na sundu�soume

ton algìrijmo CReTA kai ton topikì periodikì arijmì perièlixhc kai auto-perièlixhc gia na

l�boume perissìterh plhroforÐa. Gia par�deigma, ja eÐqe endiafèron na qrhsimopoi soume

ton LK gia na melet soume tic diakum�nseic tou kat� mÐa prosomoÐwsh MD, gia na broÔme

ton qrìno diaplok c τe, pou eÐnai o qrìnoc pou qrei�zetai mÐa alusÐda gia na diereun sei ton

gÔrw swl na[115, 16]. MÐa �llh endiafèrousa melèth ja  tan na efarmìsoume ton LK se



207

polumerikèc alusÐdec se èna t gma kat� thn di�rkeia enìc peir�matoc ìpou efarmìzoume mÐa

dÔnamh t�shc stic alusÐdec.

Ta mètra diaplok c pou perigr�fhkan mèqri stigm c aforoÔn mÐa alusÐda   èna zeÔgoc

alusÐdwn (  èna zeÔgoc sullog¸n alusÐdwn). 'Opwc anafèrame prohgoumènwc, h diaplok 

sta t gmata polumer¸n eÐnai èna prìblhma poll¸n swm�twn, kai o stìqoc mac eÐnai na to

perigr�youme me èna mètro diaplok c pou lamb�nei upìyhn ìlh thn diamìrfwsh enìc t gma-

toc. Gia autì ton skopì orÐsame ton pÐnaka perièlixhc. Gia sust mata me PSS orÐsame ton

periodikì pÐnaka perièlixhc qrhsimopoi¸ntac ton periodikì arijmì perièlixhc. Gia thn pro-

somoÐwsh enìc polumerikoÔ sust matoc to mègejoc tou kelioÔ mporeÐ na èqei di�forec timèc

kai eÐnai qr simo na gnwrÐzoume p¸c sqetÐzontai ta t gmata apì diaforetik� megèjh kelioÔ.

ApodeÐxame ìti to �jroisma twn stoiqeÐwn k�je seir�c tou pÐnaka perièlixhc eÐnai anex�rthta

tou megèjouc tou kelioÔ. EpÐshc, apodeÐxame ìti merikèc apì tic idiotimèc tou periodikoÔ pÐna-

ka perièlixhc eÐnai epÐshc anex�rthtec apì to mègejoc tou kelioÔ. 'Ara o periodikìc pÐnakac

perièlixhc lamb�nei plhroforÐa pou eÐnai anex�rthth apì to mègejoc tou kelioÔ kai pou ja

mporoÔse na qarakthrÐsei to t gma. UpologÐsame touc periodikoÔc pÐnakec perièlixhc diafo-

retik¸n susthm�twn tuqaÐwn perip�twn. Ta arijmhtik� mac apotelèsmata epibebaÐwsan tic

analutikèc mac problèyeic. Gia na exet�soume thn omoiogèneia thc diaplok c sta t gmata

polumeroÔc, proteÐname na sqetÐsoume èna t gma me èna gr�fhma me b�rh. H stajer� tou

Cheeger eÐnai èna mègejoc pou mporeÐ na diakrÐnei an�mesa sta anomoiogen  t gmata. MÐa

endiafèrousa melèth ja  tan na qrhsimopoi soume ton pÐnaka perièlixhc ¸ste na entopÐsoume

alusÐdec twn opoÐwn h afaÐresh apì mÐa diamìrfwsh ja �llaze thn diaplok  tou. Autì eÐnai

k�ti pou sunant�tai stic kotsÐdec Brunnian.
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